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Extracting physical information 
from the RG 

in quantum gravity



Gravity is perturbatively non-renormalizable at two-loops.



Asymptotic Safety

Weinberg’s conjecture: There exists a nonperturbative dynamical mechanism which renders physical 
scattering amplitudes finite and computable at energy scales exceeding the Planck scale: a nontrivial UV 
fixed point.

Usually technically investigated via the Functional Renormalization Group 

                              Dynamical Triangulations

[Weinberg (1979)]
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RG in perturbation theory
C a l l a n - S y m a n z i k  e q u a t i o n

only the finitely many beta functions that are 

related to the relevant couplings are considered

The RG
[Callan (1970), Symanzik (1970)] 

Wilsonian Exact RG
E x a c t  R G E

the quantum fluctuations in the path integral 

can be integrated out progressively 

[Wilson (1971), Kadanoff (1966)]

Functional RG
F u n c t i o n a l  R G E

scale-dependent version of the effective action, 

the Effective Average Action 

[Wetterich (1991) 
Reuter and Wetterich (1994)]

�⇤

<latexit sha1_base64="UHvNa+uCDVrORSopcTn0wJRRl10=">AAACAHicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRFFBQBIk8pCRE68smnHJnW3drpChKw1fQQkWHaPkTCv4Fx7iAwFSjmR3t7viRkpZc98PJLSwuLa/kVwtr6xubW8XtnYYNYyOwLkIVmpYPFpUMsE6SFLYig6B9hU1/dD7zm/dorAyDGxpH2NUwDORACqBEuu1cgNbQ61wliT70iiW37Kbgf4mXkRLLUOsVPzv9UMQaAxIKrG17bkTdCRiSQuG00IktRiBGMMR2QgPQaLuT9OopP4gtUMgjNFwqnor4MzEBbe1Y+8mkBrqz895M/M9rxzQ47U5kEMWEgZgtIqkwXWSFkUkdyPvSIBHMLkcuAy7AABEayUGIRIyTfgpJH978939J46jsVcrH15VS9SxrJs/22D47ZB47YVV2yWqszgQz7JE9sWfnwXlxXp2379Gck2V22S8471/3zpbO</latexit>

k = 1

<latexit sha1_base64="IXSIM2+WgCADn0+nDsSvyJ/BbwY=">AAAB/HicbVA9SwNBEN2LXzF+RS1tFoNgFe4koo0QtLGMYD4wOcLcZhKX7O0du3NCCPFX2GplJ7b+Fwv/i5d4hSa+6vHeDPPmBbGSllz308ktLa+sruXXCxubW9s7xd29ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4NfWbD2isjPQtjWL0Qxho2ZcCKJXuhvyCd6Tu06hbLLlldwa+SLyMlFiGWrf41elFIglRk1BgbdtzY/LHYEgKhZNCJ7EYgxjCANsp1RCi9cezxBN+lFigiMdouFR8JuLvjTGE1o7CIJ0Mge7tvDcV//PaCfXP/bHUcUKoxfQQSYWzQ1YYmVaBvCcNEsE0OXKpuQADRGgkByFSMUm7KaR9ePPfL5LGSdmrlE9vKqXqZdZMnh2wQ3bMPHbGquya1VidCabZE3tmL86j8+q8Oe8/ozkn29lnf+B8fAOAvJTZ</latexit>

k = ⇤

<latexit sha1_base64="IIN0xqkgO8O9fH4ynrZ0NL3ID+0=">AAAB/XicbVC7SgNBFJ2NrxhfUUubwSBYhV2JaCMEbSwsIpgHbJZwd3ITh8w+mLkrhBD8Clut7MTWb7HwX9ysW2jiqQ7nnMu99/ixkoZs+9MqLC2vrK4V10sbm1vbO+XdvZaJEi2wKSIV6Y4PBpUMsUmSFHZijRD4Ctv+6Grmtx9QGxmFdzSO0QtgGMqBFECp5I74Be/epPE+9MoVu2pn4IvEyUmF5Wj0yl/dfiSSAEMSCoxxHTsmbwKapFA4LXUTgzGIEQzRTWkIARpvkp085UeJAYp4jJpLxTMRf09MIDBmHPhpMgC6N/PeTPzPcxManHsTGcYJYShmi0gqzBYZoWXaBfK+1EgEs8uRy5AL0ECEWnIQIhWTtJxS2ocz//0iaZ1UnVr19LZWqV/mzRTZATtkx8xhZ6zOrlmDNZlgEXtiz+zFerRerTfr/SdasPKZffYH1sc3zBuU+g==</latexit>

k = 0

<latexit sha1_base64="XAhcn5mbNBe7sExTAzzs2JCVTQ4=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4koo0QtLGM4CWBJIS9zSQu2ftgd04IR36DrVZ2YuvPsfC/eHdeoYmverw3w7x5XqSkIdv+tEorq2vrG+XNytb2zu5edf+gbcJYC3RFqELd9bhBJQN0SZLCbqSR+57Cjje9yfzOI2ojw+CeZhEOfD4J5FgKTqnkTtkVs4fVml23c7Bl4hSkBgVaw+pXfxSK2MeAhOLG9Bw7okHCNUmhcF7pxwYjLqZ8gr2UBtxHM0jysHN2EhtOIYtQM6lYLuLvjYT7xsx8L530OT2YRS8T//N6MY0vB4kMopgwENkhkgrzQ0ZombaAbCQ1EvEsOTIZMME1J0ItGRciFeO0lkrah7P4/TJpn9WdRv38rlFrXhfNlOEIjuEUHLiAJtxCC1wQIOEJnuHFmlmv1pv1/jNasoqdQ/gD6+MbGQ2SUQ==</latexit>

Integrating out fluctuations

UV fixed point

Initial 
condition

Effective action

Microscopic 
model: Asymptotic 
Safety, Dynamical 
Triangulations



A l t e r n a t i v e  
m a n i p u l a t i o n  o f  t h e  
p a t h  i n t e g r a l

• Implement the underlying RG idea already at the level of the EAA, 

fully independently of the bare action.

Wk[J ] = log

Z
D�̂ exp

✓
�S[�̂]��Sk[�̂] +

Z
ddxJ(x)�̂(x)

◆

<latexit sha1_base64="cZhOzxQbnLOOMjAZs5re4I/H8Rc="></latexit>

�Sk[�̂] =
1

2

Z
ddx �̂(x)Rk(�⇤)�̂(x)

<latexit sha1_base64="1Fi3DqFBH1Td66NZ4PIz3ko/wmk="></latexit>

�k[�] = �̃k[�]��Sk[�] =

Z
ddx J(x)�(x) +Wk[�]��Sk[�]

<latexit sha1_base64="g4L8iskUysFEEHgZDk6eysYz6e8="></latexit>

�̃k[�] =

Z
ddx Jk[�](x)�(x) +Wk[Jk[�]]

<latexit sha1_base64="2txgLYCV+tR/Gee+itp43TEwkGY="></latexit>

RG kernel: 
mass-like IR 
regulator

Generating functional

Legendre transform

Smooth cutoff

Effective Average Action
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FRG in a nutshell



The Effective Average Action

It represents the scale-
dependent version of the 
standard effective action.

It satisfies the Functional 
Renormalization Group 
Equation:

Predictive solutions do exist in 
theories that are otherwise 
perturbatively non-renormalizable.

lim
k!0

�k ! �

<latexit sha1_base64="OO4IK6AcQ6ONOr1xkflal8y2B6k=">AAACFnicbVC7TsNAEDyHd3gFKGlOiZCoIhsFQYmggBIkEiLFVrS+LHDKnW3drZGQlZ5P4CtooaJDtLQU/At24gIIU83O7mp2J0yUtOS6n05lZnZufmFxqbq8srq2XtvY7Ng4NQLbIlax6YZgUckI2yRJYTcxCDpUeBUOT4r+1R0aK+Poku4TDDTcRPJaCqBc6tfqvpK6nw25TzF3R9w/Ba2hP6nLotZwm+4YfJp4JWmwEuf92pc/iEWqMSKhwNqe5yYUZGBICoWjqp9aTEAM4QZ7OY1Aow2y8S8jvpNayK0TNFwqPhbx50YG2tp7HeaTGujW/u0V4n+9XkrXh0EmoyQljERhRFLh2MgKI/OQkA+kQSIoLkcuIy7AABEayUGIXEzz1Kp5Ht7f76dJZ6/ptZr7F63G0XGZzCLbZnW2yzx2wI7YGTtnbSbYA3tiz+zFeXRenTfnfTJaccqdLfYLzsc3fTyegg==</latexit>

lim
k!1

�k ! S

<latexit sha1_base64="MA+sLDQRFq5+1YB5BQtKf9VKOnY=">AAACFnicbVC7TsNAEDzzDOEVoKQ5ESFRRTYCQRlBAWUQBCLFkbW+bOCUu7N1t0aKrPR8Al9BCxUdoqWl4F9wQgpeU41mdjW7E6dKOvL9d29qemZ2br60UF5cWl5ZraytX7okswKbIlGJbcXgUEmDTZKksJVaBB0rvIr7xyP/6hatk4m5oEGKHQ3XRvakACqkqLIVKqmjvM9DSngoTY8GQx6egNYQfYnnUaXq1/wx+F8STEiVTdCIKh9hNxGZRkNCgXPtwE+pk4MlKRQOy2HmMAXRh2tsF9SARtfJx78M+XbmoEhN0XKp+FjE7xs5aOcGOi4mNdCN++2NxP+8dka9w04uTZoRGjEKIqlwHOSElUVJyLvSIhGMLkcuDRdggQit5CBEIWZFa+Wij+D393/J5W4t2Kvtn+1V60eTZkpsk22xHRawA1Znp6zBmkywO/bAHtmTd+89ey/e69folDfZ2WA/4L19Ai3gnuw=</latexit>

IR UV

p2 = ∞p2 = 0 k2

k@k�k[�] =
1

2
Tr

h
(�(2)

k +Rk)
�1 k@kRk

i

<latexit sha1_base64="kXqrUMGEVMVOxs4cBGaQQnnxcuI="></latexit>

•UV- and IR finite 

•Fully nonperturbative or exact

�k[�] = �̃k[�]��Sk[�] =

Z
ddx J(x)�(x) +Wk[�]��Sk[�]

<latexit sha1_base64="g4L8iskUysFEEHgZDk6eysYz6e8="></latexit>

Asymptotic Safety via FRG: A given trajectory has an acceptable UV limit, if and only if its 
endpoint in the UV is given by the nontrivial fixed point of the RG flow.
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We will use            as a constructive object to define our QFT.

�k[�] =
1X

i=1

U i(k)Pi[�]

<latexit sha1_base64="AoZ4PIh8rpCTSn8slW8QoFi7gG4="></latexit>

Ansatz:

�k[�] = �̃k[�]��Sk[�] =

Z
ddx J(x)�(x) +Wk[�]��Sk[�]

<latexit sha1_base64="g4L8iskUysFEEHgZDk6eysYz6e8="></latexit>



Fixed points and scaling exponents

k@ku
i(k) =

X

j

Bi
j(u

i(k)� ui
⇤), Bi

j(u⇤) ⌘ @j�
i(u⇤)

<latexit sha1_base64="4WXJ1p7XJ25dLcuCeGT82SaEsLk="></latexit>

ui(k) = ui
⇤ +

X

I

CIV
i
I

✓
k0
k

◆✓I

<latexit sha1_base64="BKw8Rg3Q4ljqXKE25mFXdO1Mecg="></latexit>

Linearization & 
stability matrix

Scaling exponents

�i(u⇤) = 0

<latexit sha1_base64="Xy+a+r2dEkWOCEYbVSgjcou/DdI=">AAACCXicbVDLSgNBEJyNrxhfUfHkZTAI8RJ2JaIXIeBBjxHMA7Ix9E46ccjsg5leISz5Ar/Cq568iVe/woP/4mbNQaN1Kqq66eryIiUN2faHlVtYXFpeya8W1tY3NreK2ztNE8ZaYEOEKtRtDwwqGWCDJClsRxrB9xS2vNHF1G/dozYyDG5oHGHXh2EgB1IApVKvuOd6SHAreTnuuWCIH/FzbveKJbtiZ+B/iTMjJTZDvVf8dPuhiH0MSCgwpuPYEXUT0CSFwknBjQ1GIEYwxE5KA/DRdJMs/oQfxgYo5BFqLhXPRPy5kYBvzNj30kkf6M7Me1PxP68T0+Csm8ggigkDMT1EUmF2yAgt016Q96VGIpgmRy4DLkADEWrJQYhUjNOiCmkfzvz3f0nzuOJUKyfX1VLtctZMnu2zA1ZmDjtlNXbF6qzBBEvYI3tiz9aD9WK9Wm/fozlrtrPLfsF6/wKH1JiE</latexit>

Fixed point

Gaussian FP: the scaling exponent 
agrees with the canonical mass 

dimension (generally )ui
* = 0

Non-Gaussian FP (interacting, UV FP): at 
least one of the scaling exponents differs 

from the canonical mass dimension ( )ui
* ≠ 0

X

l,m

AilBlm(u⇤)A
�1
mj = �✓i�ij = �(di + ⌘i)�ij

<latexit sha1_base64="X9VZ5l2ORDvtZqJVesTz1XZTaYo="></latexit>

The     s are universal.✓i

<latexit sha1_base64="2zcxz8DaWChDdGXdzmyneO5/ViM=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkQdKrGh92SSnnB+6WyNFVr6CFio6RMvHUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTW8yv/OI2sgwuKdZhK4P40COpABKpYc+TZBgIPmgWrPrdg6+TJyC1FiB5qD61R+GIvYxIKHAmJ5jR+QmoEkKhfNKPzYYgZjCGHspDcBH4yZ54Dk/iQ1QyCPUXCqei/h7IwHfmJnvpZM+0MQsepn4n9eLaXTlJjKIYsJAZIdIKswPGaFl2gTyodRIBFly5DLgAjQQoZYchEjFOK2mkvbhLH6/TNpndee8fnF3XmtcF82U2RE7ZqfMYZeswW5Zk7WYYD57Ys/sxZpbr9ab9f4zWrKKnUP2B9bHNz34lLs=</latexit>

[Wilson (1971), Wegner (1974)]

Anomalous dimension They encode physical information 
about the universality class of the 
system and its scaling (observable) 
behavior.
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Einstein-Hilbert

�k[h; ḡ] =
1

16⇡ G(k)

Z
d4x

p
�g

⇣
R(g)� 2⇤(k)

⌘����
g=ḡ+h

+ gauge fixing + ghosts

<latexit sha1_base64="f7k+8t46HP0lSIyhxZWxC+N0mlY="></latexit>

Gaussian fixed point

Non-Gaussian fixed point

g⇤ = �⇤ = 0

<latexit sha1_base64="fB+ADX1RW4cH1AXK6Gjr1H0E7yo=">AAACDXicbVDLSgNBEJyNrxhfUU/iZTAInsKuRPQiBL14jGAekITQO+nEIbMPZnqFsAQ/wa/wqidv4tVv8OC/uFlX0MQ61VR10dPlhkoasu0PK7ewuLS8kl8trK1vbG4Vt3caJoi0wLoIVKBbLhhU0sc6SVLYCjWC5ypsuqPLqd+8Q21k4N/QOMSuB0NfDqQASqRecW/Y64Ahfs47Kkn14edp94olu2yn4PPEyUiJZaj1ip+dfiAiD30SCoxpO3ZI3Rg0SaFwUuhEBkMQIxhiO6E+eGi6cXrChB9GBijgIWouFU9F/J2IwTNm7LnJpAd0a2a9qfif145ocNaNpR9GhL6YLiKpMF1khJZJN8j7UiMRTH+OXPpcgAYi1JKDEIkYJWUVkj6c2evnSeO47FTKJ9eVUvUiaybP9tkBO2IOO2VVdsVqrM4Eu2eP7Ik9Ww/Wi/VqvX2P5qwss8v+wHr/AiZumoY=</latexit>

g⇤ > 0, �⇤ > 0

<latexit sha1_base64="6hAZwE1p/yqjcvev83VF/s4A1WQ=">AAACFXicbVC7TsNAEDyHVwgvAyXNQYREgSIbBUGFImgog0QeUhxF68smnHJ+cLdGiqLUfAJfQQsVHaKlpuBfcIILCEw1mtnR7o4fK2nIcT6s3Nz8wuJSfrmwsrq2vmFvbtVNlGiBNRGpSDd9MKhkiDWSpLAZa4TAV9jwBxcTv3GH2sgovKZhjO0A+qHsSQGUSh17t9/xwBA/cw65d5tAl3sqTXchk7nTsYtOyZmC/yVuRoosQ7Vjf3rdSCQBhiQUGNNynZjaI9AkhcJxwUsMxiAG0MdWSkMI0LRH01fGfD8xQBGPUXOp+FTEn4kRBMYMAz+dDIBuzKw3Ef/zWgn1TtsjGcYJYSgmi0gqnC4yQsu0I+RdqZEIJpcjlyEXoIEIteQgRComaWmFtA939vu/pH5Ucsul46tysXKeNZNnO2yPHTCXnbAKu2RVVmOC3bNH9sSerQfrxXq13r5Hc1aW2Wa/YL1/AYY4nVs=</latexit>

k@kgk = �g(g,�)

<latexit sha1_base64="GNtAm1sC+5kMzV//iLDM3u1ibqY=">AAACGnicbVDLSgNBEJz1GeMr6tHLYFAUJOyKohch6MVjBJMI2bD0Ttp1yOyDmV5BQv7AT/ArvOrJm3j14sF/cTbm4KthoKjq7pquMFPSkOu+OxOTU9Mzs6W58vzC4tJyZWW1ZdJcC2yKVKX6MgSDSibYJEkKLzONEIcK22H/tNDbN6iNTJMLus2wG0OUyCspgCwVVLb63M9AkwQV9Hlk3zH3QyQIou1ol/vKrurBTlCpujV3VPwv8MagysbVCCoffi8VeYwJCQXGdDw3o+6gcBIKh2U/N5iB6EOEHQsTiNF0B6N7hnwzN0Apz1BzqfiIxO8TA4iNuY1D2xkDXZvfWkH+p3VyujrqDmSS5YSJKIxIKhwZGaGlDQp5T2okguLnyGXCBWggQi05CGHJ3CZXtnl4v6//C1p7NW+/dnC+X62fjJMpsXW2wbaZxw5ZnZ2xBmsywe7YA3tkT8698+y8OK9frRPOeGaN/Sjn7RO+PJ+f</latexit>

k@k�k = ��(g,�)

<latexit sha1_base64="sGWMGPbA89mJBHqlD3gdy9uATNc=">AAACJnicbVDLSgNBEJz1GeNr1aOXwSBEkLAbInoRgl48KhgVkrD0Tto4ZPbBTK8gwf/wE/wKr3ryJuJB8FOcjStotE5FVRfdXWGqpCHPe3MmJqemZ2ZLc+X5hcWlZXdl9cwkmRbYEolK9EUIBpWMsUWSFF6kGiEKFZ6Hg8PcP79GbWQSn9JNit0I+rG8lALISoFbH/BOCpokqMBSZZM9sGyfd0IkCAql2t/+NrcCt+LVvBH4X+IXpMIKHAfue6eXiCzCmIQCY9q+l1J3mG8VCm/LncxgCmIAfWxbGkOEpjsc/XbLNzMDlPAUNZeKj0T8mRhCZMxNFNrJCOjKjHu5+J/XzuhyrzuUcZoRxiJfRFLhaJERWtrSkPekRiLIL0cuYy5AAxFqyUEIK2a2xbLtwx///i85q9f8Rm3npFFpHhTNlNg622BV5rNd1mRH7Ji1mGB37IE9sifn3nl2XpzXr9EJp8issV9wPj4Bixqkww==</latexit>

�g(g⇤,�⇤) = 0

<latexit sha1_base64="dzHyFjDtqaibmuUjDfFvpMlSSNY=">AAACFXicbVC7SgNBFJ2N7/hatbQZDUIECbsS0UYQbSwVjAlkw3J3chOHzD6YuSuEkNpP8CtstbITW2sL/8XNmkITT3XmnHu4c0+QKGnIcT6twszs3PzC4lJxeWV1bd3e2Lw1caoF1kSsYt0IwKCSEdZIksJGohHCQGE96F2M/Po9aiPj6Ib6CbZC6EayIwVQJvn2jhcggd8td30PDB1wT2XhNuSvfX7KHd8uORUnB58m7piU2BhXvv3ltWORhhiRUGBM03USag1AkxQKh0UvNZiA6EEXmxmNIETTGuSnDPleaoBinqDmUvFcxN+JAYTG9MMgmwyB7sykNxL/85opdU5aAxklKWEkRotIKswXGaFl1hHyttRIBKOfI5cRF6CBCLXkIEQmpllpxawPd/L6aXJ7WHGrlaPraunsfNzMIttmu6zMXHbMztglu2I1JtgDe2LP7MV6tF6tN+v9Z7RgjTNb7A+sj28emJ20</latexit>

��(g⇤,�⇤) = 0

<latexit sha1_base64="tnnNYrvG7kiTTQy8ojKE3TopeQk=">AAACG3icbVC7SgNREL0bXzG+opY2F4MYQcKuRLQRgjaWCkaF7LLM3ozxkrsP7p0VJPgJfoJfYauVndhaWPgv7q5baPRUZ86ZYWZOkChpyLY/rMrE5NT0THW2Nje/sLhUX145N3GqBXZFrGJ9GYBBJSPskiSFl4lGCAOFF8HwKPcvblAbGUdndJugF8IgkldSAGWSX990AyTwXZWN9KE58F0wtM3Luqi2+AG3/XrDbtkF+F/ilKTBSpz49U+3H4s0xIiEAmN6jp2QNwJNUii8q7mpwQTEEAbYy2gEIRpvVDx0xzdSAxTzBDWXihci/pwYQWjMbRhknSHQtRn3cvE/r5fS1b43klGSEkYiX0RSYbHICC2zpJD3pUYiyC9HLiMuQAMRaslBiExMs+hqWR7O+Pd/yflOy2m3dk/bjc5hmUyVrbF11mQO22MddsxOWJcJds8e2RN7th6sF+vVevturVjlzCr7Bev9C/XNoEY=</latexit>

ASYMPTOTIC SAFETY

g(k) = G(k)k2

�(k) =
⇤(k)

k2

<latexit sha1_base64="ZDdyOnbWd/GV+LQptVw5z+ze1+Y="></latexit>

[Reuter 1996, Reuter-Saueressig and Percacci’s book]
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In order to evaluate the traces in a 
background independent way, 

we can use

Tr[Rk(ḡ) + �(2)
k (ĥ, ḡ)]�1

<latexit sha1_base64="reUAYctJL8DZgAU5uGoZqqDktH8="></latexit>

The importance of background independence

Background field method

Heat kernel

+

�(2)
k (ĥ, ḡ) /

�
⇤+ D̄µD̄⌫ ḡ↵�

�
ĥµ⌫ ĥ↵� + · · ·

<latexit sha1_base64="5aQptqf7rni9LZ2aDCoFJ+tfPxs="></latexit>

gµ⌫ = ḡµ⌫ + hµ⌫

<latexit sha1_base64="KT15XI961MYhBbQMuELncxAfs4g=">AAACInicbVDLSgNBEJyNrxhfUY9eBoMgCGFXFL0IQS8eI5gYyIbQO2njkNnZZaZHkCV/4Sf4FV715E08CfovbmLAZ52qq7rp7opSJS35/qtXmJqemZ0rzpcWFpeWV8qra02bOCOwIRKVmFYEFpXU2CBJClupQYgjhRfR4GTkX1yjsTLR53STYieGvpaXUgDlUrdc7XezMHY81G7Ij3gYgeFZf/hN3OFXX1W3XPGr/hj8LwkmpMImqHfL72EvES5GTUKBte3AT6mTgSEpFA5LobOYghhAH9s51RCj7WTjv4Z8y1mghKdouFR8LOL3iQxia2/iKO+Mga7sb28k/ue1HV0edjKpU0eoxWgRSYXjRVYYmQeGvCcNEsHocuRScwEGiNBIDkLkossTLOV5BL+//0uau9Vgr7p/tlepHU+SKbINtsm2WcAOWI2dsjprMMFu2T17YI/enffkPXsvn60FbzKzzn7Ae/sANbWjpw==</latexit>



Based on Schwinger proper time representation 

P�1
k = B�1 [⇤+ Ck]

�1 = � i

B
[

Z 1

0
dt eit⇤�t✏]✏!�iCk

<latexit sha1_base64="pjhRGouU/jmDnoaLIb3kysFOkvE="></latexit>

Traces rewritten by the spectral theorem (involving both minimal and non-minimal operators)

Ok(⇤) =

Z 1

�1
dt Ôk(t) Ht, Ht := eit⇤

<latexit sha1_base64="7K6qEI4zwZ9aTe5b3CIGElOn2hA="></latexit>

Expansion: Tr[Ht(⇤)] =
e
i⇡/4sgn(t)(2�d)

(4⇡|t|d/2)

✓
1 +

i

6
R̄t+ · · ·

◆

<latexit sha1_base64="cir1H5zSY+Bf3tOrpT1ZLha+3o0="></latexit>

Heat kernel on general 
manifold:

Ht(x, y) = [4⇡|t|]�d/2
e
i⇡
4 sgn(t)[2�d]

e
i
2t �(x,y) ⌦t(x, y)

<latexit sha1_base64="696k/HZYxh5DkBDJiZSPzWJttcI="></latexit>

[DeWitt (1965), Benedetti Groh, Machado, Saueressig 1012.3081 (2010), Groh, Saueressig, Zanusso 1112.4856 (2011), Christensen (1976), Fulling’s 
book (1989), Moretti (1999), Decanini, Folacci (2006), Parker, Toms’ book (2009)] 
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The heat kernel

[RF, Thiemann (2024)]
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Project the RG equation
on the truncated space

<latexit sha1_base64="TKKig5U1uIXK+A9mIhSFdn6FU/c="></latexit>

Search for fixed points

<latexit sha1_base64="hAqIZTPlENFvZAZT9Df+yFRJojs=">AAACDXicbVDLTgJBEJz1ifhCPRkvE4mJJ7JLNHok8aBHjPJIgJDeoYEJs7ObmV4jIcRP8Cu86smb8eo3ePBf3EUOCtapUtWd7io/UtKS6346C4tLyyurmbXs+sbm1nZuZ7dqw9gIrIhQhabug0UlNVZIksJ6ZBACX2HNH1ykfu0OjZWhvqVhhK0Aelp2pQBKpHZu/wbBiD7vhoZ35T12eBRKTZZn27m8W3An4PPEm5I8m6Lczn01O6GIA9QkFFjb8NyIWiMwJIXCcbYZW4xADKCHjYRqCNC2RpMIY34UW6CQR2i4VHwi4u+NEQTWDgM/mQyA+nbWS8X/vEZM3fPWSOooJtQiPURS4eSQFUYm3SDvSINEkH6OXGouwAARGslBiESMk7LSPrzZ9POkWix4J4XT62K+dDltJsMO2CE7Zh47YyV2xcqswgR7YE/smb04j86r8+a8/4wuONOdPfYHzsc38yGbCQ==</latexit>

Determine the critical
exponents and subspace
of relevant directions

<latexit sha1_base64="gS8k3wnKp83PqKxa2reMqEd2Uk8="></latexit>

Compute the fixed point’s
UV critical hypersurface

<latexit sha1_base64="h1BY+EGSD8pLnYpfvaluQyLiASk="></latexit>

Compute the
resulting flow

<latexit sha1_base64="xWWMXT/IQ+v0pCHRy6/ZyxpXdzA=">AAACJXicbVDLSgMxFM3UV62vqks3wSK4KjNF0WWhC11WsA/olJJJb9vQTDIkd5RS+h1+gl/hVlfuRHAh/oozYxfaehbhcM595J4gksKi6344uZXVtfWN/GZha3tnd6+4f9C0OjYcGlxLbdoBsyCFggYKlNCODLAwkNAKxrXUb92BsUKrW5xE0A3ZUImB4AwTqVf0fKWF6oNC6vPkBSPUkNZ0GMUIFEdAfd+AjSWm+kDq+16x5JbdDHSZeHNSInPUe8VPv695HCbTuWTWdjw3wu6UGRRcwqzgxxYixsdsCJ2EKhaC7U6z02b0JLYMNY3AUCFpJsLvjikLrZ2EQVIZMhzZRS8V//M6MQ4uu1Oh0jsVTxehkJAtstyIJDOgfWEAkaU/ByoU5cwwTCOijKdhxUmIhSQPb/H6ZdKslL2z8vlNpVS9mieTJ0fkmJwSj1yQKrkmddIgnDyQJ/JMXpxH59V5c95/SnPOvOeQ/IHz9Q11waYG</latexit>

Choose a (di↵erent)
truncation

<latexit sha1_base64="ePAojIS+r6hRXiuncfMMukuU594=">AAACIXicbVDLSgNBEJyNrxhfUY9eBoMQD4ZdUfQYzMWjgtFANoTeSScZMju7zPQKEvIVfoJf4VVP3sSbiP/iboygiXUqqqqnpyuIlbTkuu9Obm5+YXEpv1xYWV1b3yhubl3bKDEC6yJSkWkEYFFJjXWSpLARG4QwUHgTDGqZf3OLxspIX9FdjK0Qelp2pQBKpXbxwBeoCY3UPV7rR5FFDrzckd0umtTY575fIJPon3zJrbhj8FniTUiJTXDRLn76nUgkYfqUUGBt03Njag3BkBQKRwU/sRiDGEAPmynVEKJtDcdnjfheYoEiHqPhUvGxiL8nhhBaexcGaTIE6ttpLxP/85oJdU9bQ6njhFCLbBFJheNFVhiZ9oW8Iw0SQfZz5FJzAQYoK4qDyCpL0kIKaR/e9PWz5Pqw4h1Vji8PS9WzSTN5tsN2WZl57IRV2Tm7YHUm2D17ZE/s2XlwXpxX5+07mnMmM9vsD5yPL7CIo2Y=</latexit>

Stop

<latexit sha1_base64="lYwiZ38t9SvduNu++V9NIg+JwpU=">AAAB9nicbVC7TsNAEDyHVwivACXNiQiJKrIjEJQRNJRBkIeURNH5sklOOZ9Pd2tEZOUXaKGiQ7T8DgX/gm1cQMJUo5ld7ez4WgqLrvvpFFZW19Y3ipulre2d3b3y/kHLhpHh0OShDE3HZxakUNBEgRI62gALfAltf3qd+u0HMFaE6h5nGvoBGysxEpxhKt1hqAflilt1M9Bl4uWkQnI0BuWv3jDkUQAKuWTWdj1XYz9mBgWXMC/1Igua8SkbQzehigVg+3GWdU5PIsswpBoMFZJmIvzeiFlg7Szwk8mA4cQueqn4n9eNcHTZj4XSEYLi6SEUErJDlhuRlAB0KAwgsjQ5UKEoZ4YhghGUcZ6IUdJKKenDW/x+mbRqVe+sen5bq9Sv8maK5Igck1PikQtSJzekQZqEkwl5Is/kxXl0Xp035/1ntODkO4fkD5yPb9B0ktM=</latexit>

Truncation reliable
(test by analysis of scheme (in-)

dependence of universal
quantities, etc.)?

<latexit sha1_base64="ylp7mdL7jiQXbu/Xp4UUhEt0J/8="></latexit>

Yes

<latexit sha1_base64="S9/H1fOoYfw65UENqDZAKDtrqec=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIjEJQRNJRBkAdKrOh82YRTzg/drUFRlE+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U+rsLS8srpWXC9tbG5t75R391omjLXApghVqDseN6hkgE2SpLATaeS+p7DtjS9Tv/2A2sgwuKVJhK7PR4EcSsEpkW7u0PTLFbtqZ2CLxMlJBXI0+uWv3iAUsY8BCcWN6Tp2RO6Ua5JC4azUiw1GXIz5CLsJDbiPxp1mUWfsKDacQhahZlKxTMTfG1PuGzPxvWTS53Rv5r1U/M/rxjQ8d6cyiGLCQKSHSCrMDhmhZdIBsoHUSMTT5MhkwATXnAi1ZFyIRIyTUkpJH87894ukVas6J9XT61qlfpE3U4QDOIRjcOAM6nAFDWiCgBE8wTO8WI/Wq/Vmvf+MFqx8Zx/+wPr4BvPeklQ=</latexit>

No

<latexit sha1_base64="V0leeys8Bsx97vegpUZNCr0n42A=">AAAB9HicbVC7TsNAEFyHVwivACXNiQiJKrIjEJQRNFQoIPKQEis6XzbhlPNDd+tIkZU/oIWKDtHyPxT8C3ZwAQlTjWZ2tbPjRUoasu1Pq7Cyura+UdwsbW3v7O6V9w9aJoy1wKYIVag7HjeoZIBNkqSwE2nkvqew7Y2vM789QW1kGDzQNELX56NADqXglEr3t2G/XLGr9hxsmTg5qUCORr/81RuEIvYxIKG4MV3HjshNuCYpFM5KvdhgxMWYj7Cb0oD7aNxknnTGTmLDKWQRaiYVm4v4eyPhvjFT30snfU6PZtHLxP+8bkzDSzeRQRQTBiI7RFLh/JARWqYVIBtIjUQ8S45MBkxwzYlQS8aFSMU47aSU9uEsfr9MWrWqc1Y9v6tV6ld5M0U4gmM4BQcuoA430IAmCBjCEzzDizWxXq036/1ntGDlO4fwB9bHNxlYkdY=</latexit>

The program



How to extract physical information from the RG?

What about the gauge & 
parametrization 

dependence?

Are our operators related 
to diffeomorphism 

invariant observables?

in gravity things get 
more complicated

Exploit perturbation theory 
to go on-shell

Part 1 of 

this talk

Relational formalism

Part 2 of 

this talk



Gauge & parametrization dependence: 
On-shell perturbation theory



Disclaimer

I will talk about Einstein gravity. 
However, this approach can also be applied to different theories.



Motivation

Perturbative renormalization Non-perturbative renormalization

Asymptotic Safety - Functional Renormalization Group

Effective action contains 
unphysical  information: 

Field parametrization - gauge dependence

1. Effective action is off-shell

2. Regulator breaks symmetry 
(diffeomorpshism invariance)

Extract physical information from the flow of 
the effective action is a arduous task.

UV-completion via an interacting fixed pointGravity is perturbative non-renormalizable

E.g. dimensional regularization in  
The fixed point of order lies beyond 

perturbation theory.

d = 2 + ϵ

On-shell effective action: 
no unphysical dependencies

On-shell effective action results tested in 
precision measurements in QCD.

Dimensional regularization, proper time, … A
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[Falls, RF (2022) 2411.00938 [hep-th]]



Perturbative renormalization Non-perturbative renormalization

Non-perturbative 
renormalizable

Perturbative non-
renormalizable

Affected by non-
physical information

Contains only 
physical information

New subtraction scheme + essential renormalization group

Motivation



Use perturbative methods to investigate asymptotic safety

E.g. dimensional regularization with non-minimal subtraction scheme

E.g. proper time regularization

Idea

Do a fully functional approximation to keep invariants to all orders: 
non-minimal subtraction scheme.

RG improvement of one-loop effective action “looks like” non-perurbative RG

Essential RG: RG scheme to keep unphysical dependencies under control



1. One-loop effective action

For Einstein gravity:

S =

Z
ddx

p
g

✓
⇢

8⇡
� R

16⇡G
+ #E(g)

◆

<latexit sha1_base64="AMP6UAoM1b4UaAL63jfkDVa1i9M="></latexit>

� = S +
1

2
Tr log

h
K�1(S(2) + S(2)

gf )
i
� Tr[QFP]

<latexit sha1_base64="3V4SQwEGeohkhmVl0M17wQgYT0k="></latexit>

DeWitt metric 
gauge fixing: e.g. 
background covariant 
harmonic gauge

Faddeev-Popov 
ghost’s term

Hessian

Background field method: S(2)µ⌫,⇢�(x, y) =
�S

�hµ⌫(x)�h⇢�(y)

<latexit sha1_base64="aa18H6+LrakioOzGhM6I6jtLTwQ="></latexit>

Use the EoM for : dependence on the parametrization should disappear.S

Euler topological term 
in d = 4Vacuum energy

In this first analysis: investigation of the parametrization dependence

gµ⌫ = ḡµ⌫ + hµ⌫ +
1

2

�
⌧1hµ⇢h

⇢
⌫ + ⌧2hhµ⌫ + ⌧3ḡµ⌫h⇢�h

⇢� + ⌧4ḡµ⌫h
2
�
+O(h2)

<latexit sha1_base64="U9T3JelMP8SJhCPxeDNACgoXA6M="></latexit>

[Gies, Knorr, Lippoldt 1507.08859]
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2. Dimensional regularization

Revisit Weinberg’s original conjecture of Asymptotic safety: gravity has a fixed point in d = 2 + ϵ

Expand the trace up to second order in curvature, exploiting the EOM

� =

Z
ddx

p
g

✓
a0(d)

d
µd +

a2(d)

d� 2
µd�2R+

a4(d)

d� 4
µd�4G⇢R+

a04(d)

d� 4
µd�4E

◆
+ finite terms ,

<latexit sha1_base64="opi7jEyVEfbeTcJ9H0bcST13/pY="></latexit>

1. We do not need to introduce counter-terms outside the Einstein-Hilbert action. 

2. The vacuum energy is only renormalised due to the singular term in  dimensions. d = 0

[Weinberg, Niedermaier, Benedetti, Falls, Jack & Jones, Christensten & Duff, Kawai, Kluth 2409.09252, …]

New subtraction scheme: keep (power law) divergences that appear also in dc = 0, 2, 4

Idea: in gravity we should keep track of two dimensionalities. 
One gets regularized, one is dynamical  (components of the field)d = gμ

μ

[Martini, Ugolotti, 
Zanusso, Vacca, Del 
Porro, Sauro]

preserves gauge 
simmetry
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2. Dimensional regularization 
Non-minimal subtraction scheme

Keep  distinct from , in order not to identify the components of the metric with the 
regularization parameter.

d = gμ
μ dc

1

(4⇡)d/2
! 1

(4⇡)dc/2

<latexit sha1_base64="b/q+dK/HH4r9v8CG06tqWRkDUJk=">AAACKHicbVC7TsNAEDzzJrwClDQnIiRogh0FQYmgoQwSAaTYROvLJpw4P3S3Roos/wifwFfQQkWHUtDwJdgmBSRMNZrZ1c6OHytpyLZH1szs3PzC4tJyZWV1bX2jurl1baJEC2yLSEX61geDSobYJkkKb2ONEPgKb/yH88K/eURtZBRe0TBGL4BBKPtSAOVSt9p0+xpE6mTpftON5cFd2jtsZBl3KeLTVlcUZqVbrdl1uwSfJs6Y1NgYrW710+1FIgkwJKHAmI5jx+SloEkKhVnFTQzGIB5ggJ2chhCg8dLyu4zvJQbyNDFqLhUvRfy9kUJgzDDw88kA6N5MeoX4n9dJqH/ipTKME8JQFIdIKiwPGaFlXhvyntRIBEVy5DLkAjQQoZYchMjFJO+x6MOZ/H6aXDfqTrN+dNmsnZ6Nm1liO2yX7TOHHbNTdsFarM0Ee2Iv7JW9Wc/Wu/VhjX5GZ6zxzjb7A+vrG9bmpWc=</latexit>

ā0(d) =
1

2
(d� 3)d

ā2(d) =
1

(4⇡)

1

12

�
d2 � 3d� 36

�

ā4(d) =
1

(4⇡)2
d3 + 19d2 � 566d+ 1200

120(d� 2)

ā04(d) =
1

(4⇡)2
1

360

�
d2 � 33d+ 540

�
,

<latexit sha1_base64="n2GzuQm98QabzsM4QlJtbyO8SzI="></latexit>

The heat kernel 
coefficients then become

Compute traces using proper time techniques and evaluate UV singular part
Z 1

0
dss

dc�d
2 �1 ⇠ �2

µd�dc

d� dc

<latexit sha1_base64="ZdJvxL81Tz00tMYHM0ZRbfkD/dU="></latexit>

1-
lo

op
 e

ffe
ct

ie
 a

ct
io

n
Es

se
nt

ia
l R

G
A

ll-
cu

rv
at

ur
e

C
rit

ic
al

 e
xp

on
en

t
A

sy
m

pt
ot

ic
 S

af
et

y
Pe

rt
ur

ba
tio

n 
th

eo
ry

Re
la

tio
na

l o
bs

er
va

bl
es



2. Dimensional regularization 
Essential renormalization group

Renormalization scheme which restricts the analysis to the running of the essential couplings

Couplings which contribute to the scaling of physical observables such as scattering cross sections 
(scaling exponents)

Inessential couplings associated with redundant operators 
      fixed by renormalization conditions achieved by a field reparameterisation along the RG flow.

Minimal essential scheme: fix inessential couplings to values at Gaussian fixed point (perturbative)

G ! 0

<latexit sha1_base64="Fn0tRFlzQb0kaAn/tsY32FB/WRs=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRCMpIFFAGiTykxIrOl004cj5bd2ukYOUfaKGiQ7T8DQX/wtm4gISpRjO7mt0JYikMuu6nU1paXlldK69XNja3tnequ3ttEyWaQ4tHMtLdgBmQQkELBUroxhpYGEjoBJPLzO88gDYiUrc4jcEP2ViJkeAMrdS+6mNE3UG15tbdHHSReAWpkQLNQfWrP4x4EoJCLpkxPc+N0U+ZRsElzCr9xEDM+ISNoWepYiEYP82vndGjxDCbGoOmQtJchN8bKQuNmYaBnQwZ3pl5LxP/83oJji78VKg4QVA8C0IhIQ8yXAtbA9Ch0IDIssuBCkU50wwRtKCMcysmtpeK7cOb/36RtE/q3mn97Oa01mgUzZTJATkkx8Qj56RBrkmTtAgn9+SJPJMX59F5dd6c95/RklPs7JM/cD6+AWgikxc=</latexit>

�⇢̃ = �d⇢̃+ 8⇡ā0

<latexit sha1_base64="Lz1MuAavig7zYPlsIqMat/gr8F0="></latexit>

⇢̃

8⇡
=

ā0
d

=
1

2
(d� 3)

<latexit sha1_base64="pQdsmlyH1T41s63FofRQ9zE+zcM="></latexit>

Renormalization 
condition

Sct = �
Z

ddx
p
gā0(d)

µd

d

<latexit sha1_base64="XWXBXnqWucE2eKkZiWh66nHP0LI="></latexit>

For the free theory 
(flat space, GFP)

S =

Z
ddx

p
g

✓
⇢k
8⇡

� R

16⇡Gk
+ #E(g)

◆

<latexit sha1_base64="fbTzlyFSelGUFJUokWJcl4YLPVI="></latexit>

[Baldazzi, Falls, Zinati 
2105.11482, 2107.00671]
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2. Dimensional regularization 
Essential renormalization group

Essential coupling (dimensionless - invariant under rescaling of metric)

⌘ ⌘ G

✓
⇢

4⇡(d� 3)

◆ d�2
d

! g

<latexit sha1_base64="5fQYsARk9I+bc1JE8KvWuQYxu/g="></latexit>

using ren. condition

�⌘ = (d� 2)⌘ +
1

3
((d� 3)d� 36)⌘2 +

(d� 3)(d(d(d+ 19)� 566) + 1200)⌘3

30(d� 2)

<latexit sha1_base64="w1L3eSO7j+33oG0tfThtGKwUtRc="></latexit>

Fixed point and critical exponent (d = 4): ⌘⇤ = 0.16, ✓ = �@�⌘

@⌘

�����
⌘=⌘⇤

= 2.296

<latexit sha1_base64="e4SiJCbRQt8dnhYQB9upb3hCY74="></latexit>
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This was dim. reg.

Can we implement this into a flow equation?



3. Proper time regularization 
Generalized proper time flow

� = S +
~
2
Tr logK�1

S
(2)

/M
2 +O(~2) .

<latexit sha1_base64="i2WLZwx9o7S1uLq4Fd8VrUlH7lw="></latexit>

arbitrary scale, 
take M → ∞

�k,M = S � ~
2

Z k�2

M�2

ds
1

s
Tr

⇣
exp(�sK

�1
S
(2))� exp(�sM

2)
⌘
+O(~2) .

<latexit sha1_base64="Yqj6gfbKC6NG5R5OTW3EsVnPWjw="></latexit>

evaluate the trace via proper-time parametrization

IR-cutoff

IR and UV regulated 
effective action

Flow equation

take k-derivative

k@k�k = ~ Tr exp(�K
�1

S
(2)
k k

�2) +O(~2)

<latexit sha1_base64="8uWN6lM1/fEgaX1XFR1FXP6qE4w="></latexit>

One-loop RG-improvement: k@k�k = Tr exp(�K�1
k �(2)

k [�]k�2)

<latexit sha1_base64="e76l1S1b/qHa7co4syi/1XIqtzA="></latexit>

replace classical action and the metric by the effective 
action and an RG-improved DeWitt metric 

One-loop effective action

It suffers from unphysical dependencies, it is off-shell
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3. Proper time regularization 
Essential renormalization group

When deriving the effective action, do the Legendre transform:

e��k[�] =

Z
d�̂e�S[�̂]+(�̂k[�̂]��)· ��[�]

��

<latexit sha1_base64="7owl+osmnAvccYCyT8W0GOr3YVg="></latexit>

Introduce the RG kernel:  k[�] := hk@k�̂k[�̂]i

<latexit sha1_base64="QN27PO2SxTL02fULku0RSyimtwA="></latexit>

k@k�k[�] = � k[�] ·
�

��
�k[�] + Tr exp(�K�1

k �(2)k [�] k�2)

<latexit sha1_base64="mY1JKGMQ8Gyfzxu1m+jybZlM1HI="></latexit>

Generalized perturbative essential flow equation

proportional to the EoMabsorb off-shell term 
into the kernel

Only the essential couplings run.

Add an extra term: allow the field variable coupling to the source to flow with k
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3. Proper time regularization 
MES @ order curvature squared

Consider again Einstein-Hilbert trunctation          remove curvature squared terms by field redefinitions
✓
k@k +

Z
ddx

p
g µ⌫

�

�gµ⌫

◆
� = Tr e�K�1(�(2)+S(2)

gf )k�2

� 2Tr e�QFP[�]k�2

,

<latexit sha1_base64="+H/l+NmVHi5k3JihaSOzSSpp7AQ="></latexit>

MES: flat space and  µ⌫ = 0

<latexit sha1_base64="UbfNt3rTnKgjR/p1DxCtTE2ipTs=">AAACBHicbVC7SgNBFJ2Nrxhfq5aCDBHBKuyKoo0QsLGMYB6QDWF2co1DZmeXmTuBsKQS/AobC63sxNb/sPBD7Nw8Ck081eGce7nnnjCRwqDnfTq5hcWl5ZX8amFtfWNzy93eqZnYag5VHstYN0JmQAoFVRQooZFoYFEooR72Lkd+vQ/aiFjd4CCBVsS6StwKzjCT2q4bVIxop0FkA2WH9MJruwdeyRuDzhN/Sg7Kxaf77/1OXGm7X0En5jYChVwyY5q+l2ArZRoFlzAsBNZAwniPdaGZUcUiMK10nHxID61hGNMENBWSjkX4vZGyyJhBFGaTEcM7M+uNxP+8psXb81YqVGIRFB8dQiFhfMhwLbJKgHaEBkQ2Sg5UKMqZZoigBWWcZ6LNOipkffiz38+T2nHJPymdXmfFlMkEebJHiuSI+OSMlMkVqZAq4aRPHskzeXEenFfnzXmfjOac6c4u+QPn4web8Zsr</latexit>

RG condition same as before (up to a constant)

 g
µ⌫ [g] = �ggµ⌫ + �RRgµ⌫ + �RicciRµ⌫

<latexit sha1_base64="Um8G1XEwBtiuUgnZqPCBhyQpq7w="></latexit>

��

�gµ⌫
=

p
g

2

⇢

8⇡
gµ⌫ +

p
g

16⇡G

✓
Rµ⌫ � 1

2
Rgµ⌫

◆

<latexit sha1_base64="p/d53WQdTEb6jC80ByQLLGFk5Rc="></latexit>

RG kernel: linear combination 
of operators up to desired 
truncation order

EOM

⇢̃

8⇡
=

ā0
d

=
1

2
(d� 3)

<latexit sha1_base64="pQdsmlyH1T41s63FofRQ9zE+zcM="></latexit>

Solve for �g, �R, �Ricci, k@kGk

<latexit sha1_base64="CYBCzDZ8T93ZPKAu3exdoyfXijQ="></latexit>

Absorb curvature squared terms by 
solving for  �g, �R, �Ricci, k@kGk

<latexit sha1_base64="CYBCzDZ8T93ZPKAu3exdoyfXijQ="></latexit>

Solve for �g, �R, �Ricci, k@kGk

<latexit sha1_base64="CYBCzDZ8T93ZPKAu3exdoyfXijQ="></latexit>

Our non-minimal variant of dimensional regularization coincides with proper 
time regularization, at least within the early time heat kernel expansion.
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3. Proper time regularization 
MES @ order curvature squared

Let us use it as a tool to 
analyze parametrization 
dependence.

�G̃ = (d� 2)G̃+
1

3
(�36 + (d� 3)d)(4⇡)1�d/2

G̃
2 +

(d� 3)(1200 + d(�566 + d(d+ 19)))(4⇡)2�d

30(d� 2)
G̃

3 +O(G̃4)

<latexit sha1_base64="P4KB8qsXK2ExwrhxRQvHeF1Em+U="></latexit>

Expand the essential beta function:

No dependence on the ’s up to this order.τ
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4. All curvature order on a max. symmetric background 

Going to higher orders in curvature, one can lift the dependence on the parameterisation at 
higher order in .G̃

Expansion up to O(R2) No dependence on the parametrization up to O(G̃3)
No dependence on the parametrization up to O(G̃4)Expansion up to O(R3)

… …

No dependence on the parametrization up to O(G̃N+1)Expansion up to O(RN)

WHY?

Z
ddx

p
g�G̃/G̃

2

<latexit sha1_base64="t/Qv3Ki0nU8+tZY5hhSzoDdUMY4="></latexit>

On the LHS we have

 up to O(G̃N+1)

In EOM terms linear in  and  on RHS 
Resolving terms                            requires going 

R Gkρk
RN

Z
ddx

p
gRGN�1

k

<latexit sha1_base64="gy57GruVmsdAwFFL1PDn7Bv65bE=">AAACGnicbVC7TsNAEDzzJrwMlDQnIhANkY2CoIxEARUCRB5SbKLzZQmnnM/mbo1Alv+AT+AraKGiQ7Q0FPwLTnABgalGM7vanQliKQw6zoc1Nj4xOTU9M1uam19YXLKXVxomSjSHOo9kpFsBMyCFgjoKlNCKNbAwkNAM+gcDv3kD2ohIneNdDH7IekpcCs4wlzr2picUUg/hFtNudtGlt9Qz1xrTXkbP6GGnf5Eeb7tZxy47FWcI+pe4BSmTAicd+9PrRjwJQSGXzJi268Top0yj4BKykpcYiBnvsx60c6pYCMZPh3kyupEYhhGNQVMh6VCEnxspC425C4N8MmR4ZUa9gfif107wct9PhYoTBMUHh1BIGB4yXIu8KKBdoQGRDT4HKhTlTDNE0IIyznMxyZsr5X24o+n/ksZOxa1Wdk+r5VqtaGaGrJF1skVcskdq5IickDrh5J48kifybD1YL9ar9fY9OmYVO6vkF6z3L145oJo=</latexit>
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4. All curvature order on a max. symmetric background 

Technical details:

• Heat kernel expansion on a d-sphere

• Spectral sum on a d-sphere or d-hyperboloid • Evaluation of non-commuting traces

 µ⌫ = �(R)gµ⌫

<latexit sha1_base64="WbCN/+j9dkFEKBj19jWJuUdopyw=">AAACGXicbVDLSgNBEJz1bXxFPXoZDAG9hF1R9CIEvHiMYjSQDaF3bOPgzOwy0yPIki/wE/wKr3ryJl49efBf3MQgvupUVHXTXZVkSjoKw7dgbHxicmp6ZrY0N7+wuFReXjl1qbcCmyJVqW0l4FBJg02SpLCVWQSdKDxLrg4G/tk1WidTc0I3GXY09Iy8kAKokLrlatxwspvH2sfG9/k+53EPtIaN403e+9K75UpYC4fgf0k0IhU2QqNbfo/PU+E1GhIKnGtHYUadHCxJobBfir3DDMQV9LBdUAMaXScfxunzqndAKc/Qcqn4UMTvGzlo5250UkxqoEv32xuI/3ltTxd7nVyazBMaMThEUuHwkBNWFj0hP5cWiWDwOXJpuAALRGglByEK0RfFlYo+ot/p/5LTrVq0Xds52q7U66NmZtgaW2cbLGK7rM4OWYM1mWC37J49sMfgLngKnoOXz9GxYLSzyn4geP0AOVuf/g==</latexit>

RG kernel:

Fixed point and the critical 
exponent converges rapidly

[Kluth, Litim 1910.00543]
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Diffeomorphism invariance: 
relational observables



Construct a physical coordinate frame 
e.g. by adding matter fields

Problem of defining observables in gravity 
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perform a diffeomorphism 
transformation

s.t.

transform the physical frametransform the tensor

composed transformation leaves 
the tensor invariant

R(X) 7! ' ⇤R('�1(X)) = R(X)

<latexit sha1_base64="ez4FmctMDo9iM3bE6kKxC0mDpnA=">AAACIXicbVDLSgNBEJz1GeMr6tHLYBCiYNgVRS9C0ItHFaOBJIbesdXB2d1hpleQJV/hJ/gVXvXkTbyJ+C/Oxj34qlNRVU13V6iVtOT7b97Q8Mjo2Hhpojw5NT0zW5mbP7FJagQ2RaIS0wrBopIxNkmSwpY2CFGo8DS83sv90xs0VibxMd1q7EZwGcsLKYCc1KusHdVaK50ItKWEd27A6Cu5elQr2Fm2FvRdYIXv8DzYq1T9uj8A/0uCglRZgYNe5aNznog0wpiEAmvbga+pm4EhKRT2y53UogZxDZfYdjSGCG03G7zV58upBXeVRsOl4gMRv09kEFl7G4UuGQFd2d9eLv7ntVO62O5mMtYpYSzyRSQVDhZZYaTrC/m5NEgE+eXIZcwFGCBCIzkI4cTUFVh2fQS/v/9LTtbrwUZ983Cj2tgtmimxRbbEaixgW6zB9tkBazLB7tgDe2RP3r337L14r1/RIa+YWWA/4L1/ApF6oXM=</latexit>

R(x) 7! ' ⇤R(x)

<latexit sha1_base64="jgBnpwnaUYPtFSLxz6EyeBvsFm8=">AAACDHicbVC7TsNAEDyHVwivAA0SzYkICSgiG4GgjKChDIiESLEVrY8NnHK2T3drRBSFT+AraKGiQ7T8AwX/gh1S8JpqNLOrnZ1QK2nJdd+dwsTk1PRMcbY0N7+wuFReXmnaJDUCGyJRiWmFYFHJGBskSWFLG4QoVHgR9o5z/+IGjZVJfE59jUEEV7HsSgGUSZ3y2tnW7bYfgbaUcP8GjL6WO7nWKVfcqjsC/0u8MamwMeqd8od/mYg0wpiEAmvbnqspGIAhKRQOS35qUYPowRW2MxpDhDYYjD4Y8s3UQhZAo+FS8ZGI3zcGEFnbj8JsMgK6tr+9XPzPa6fUPQwGMtYpYSzyQyQVjg5ZYWRWDfJLaZAI8uTIZcwFGCBCIzkIkYlp1lUp68P7/f1f0tytenvV/dO9Su1o3EyRrbMNtsU8dsBq7ITVWYMJdsce2CN7cu6dZ+fFef0aLTjjnVX2A87bJ/wkmn4=</latexit>

X 7! '�1(X)

<latexit sha1_base64="00NFAMrhST050Sys0Lv48CthaBk=">AAACDXicbVC7TsNAEDyHd3gFqBDNiQgpFEQ2CoISQUMJEoFIcYjWx5KccrZPd+tIkRXxCXwFLVR0iJZvoOBfsEMKCEw1mtnVzk6glbTkuh9OYWp6ZnZufqG4uLS8slpaW7+ycWIE1kWsYtMIwKKSEdZJksKGNghhoPA66J3m/nUfjZVxdEkDja0QOpG8kwIok9qlzQb3Q9CWYu73weiuvEn3vGGlsdsuld2qOwL/S7wxKbMxztulT/82FkmIEQkF1jY9V1MrBUNSKBwW/cSiBtGDDjYzGkGItpWOXhjyncRClkGj4VLxkYg/N1IIrR2EQTYZAnXtpJeL/3nNhO6OWqmMdEIYifwQSYWjQ1YYmXWD/FYaJII8OXIZcQEGiNBIDkJkYpKVVcz68Ca//0uu9qterXpwUSsfn4ybmWdbbJtVmMcO2TE7Y+eszgS7Z4/siT07D86L8+q8fY8WnPHOBvsF5/0L48Sa/Q==</latexit>

x

<latexit sha1_base64="NWVbpeiBMqV2moEafHd6Lo5ebdQ=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJREKkxIrOl0045Xy27vYQkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w+6JrKaQ4dHMtK9gBmQQkEHBUroxRpYGEi4C6bXmX/3ANqISN3iLAY/ZBMlxoIzTKX247Bac+tuDrpMvILUSIHWsPo1GEXchqCQS2ZM33Nj9BOmUXAJ88rAGogZn7IJ9FOqWAjGT/Kgc3piDcOIxqCpkDQX4fdGwkJjZmGQToYM782il4n/eX2L40s/ESq2CIpnh1BIyA8ZrkXaANCR0IDIsuRAhaKcaYYIWlDGeSratJJK2oe3+P0y6Z7VvUb9vN2oNa+KZsrkiByTU+KRC9IkN6RFOoQTIE/kmbw41nl13pz3n9GSU+wckj9wPr4BiSGRiQ==</latexit>

x̂

<latexit sha1_base64="Xw77I8oT1BvCTUrI6BqvvSBd+Ug=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeURNH6skmOnB+6WyOClX+ghYoO0fI3FPwLtnEBCVONZna1s+OGShqy7U+rsLS8srpWXC9tbG5t75R395omiLTAhghUoNsuGFTSxwZJUtgONYLnKmy5k6vUb92jNjLwb2kaYs+DkS+HUgAlUrM7BuIP/XLFrtoZ+CJxclJhOer98ld3EIjIQ5+EAmM6jh1SLwZNUiiclbqRwRDEBEbYSagPHppenKWd8aPIAAU8RM2l4pmIvzdi8IyZem4y6QGNzbyXiv95nYiGF71Y+mFE6Iv0EEmF2SEjtExqQD6QGokgTY5c+lyABiLUkoMQiRglvZSSPpz57xdJ86TqnFbPbk4rtcu8mSI7YIfsmDnsnNXYNauzBhPsjj2xZ/ZiPVqv1pv1/jNasPKdffYH1sc39vuTdA==</latexit>

X̂ µ̂(x) = x̂µ̂

<latexit sha1_base64="EKjDaf6Cg8TzTV9fkeDDZh4ED5E=">AAACHnicbVC7TsNAEDyHd3gFKGlOREiBIrJREDRICBpKkEiIlJhofdnAKeeH7tYoyMo/8Al8BS1UdIgWCv4F26QIgWludmZXeztepKQh2/60ClPTM7Nz8wvFxaXlldXS2nrDhLEWWBehCnXTA4NKBlgnSQqbkUbwPYVXXv8086/uUBsZBpd0H6Hrw00ge1IApVKntNu+BeLN6yR/23485JXBDj/ieT3gY0anVLardg7+lzgjUmYjnHdKX+1uKGIfAxIKjGk5dkRuApqkUDgstmODEYg+3GArpQH4aNwkv2nIt2MDFPIINZeK5yKOTyTgG3Pve2mnD3RrJr1M/M9rxdQ7dBMZRDFhILJFJBXmi4zQMg0LeVdqJILs58hlwAVoIEItOQiRinGaXjHNw5m8/i9p7FWdWnX/olY+PhklM8822RarMIcdsGN2xs5ZnQn2wJ7YM3uxHq1X6816/2ktWKOZDfYL1sc3zB+hPg==</latexit>

xµ = Xµ(x̂)

<latexit sha1_base64="eJ7U9gUVV+aSkzY8Lb+4LwmABLs=">AAACCnicbVC7TgJREL3rE/GFmtjY3EhMsCG7BqONCdHGEhN5JIBk9jLADXcfuXfWQJA/8CtstbIztv6Ehf/islIoeJo5OWcmM3PcUElDtv1pLSwuLa+sptbS6xubW9uZnd2KCSItsCwCFeiaCwaV9LFMkhTWQo3guQqrbv9q4lfvURsZ+Lc0DLHpQdeXHSmAYqmV2R/cNbyIX/BaUnONHhAfHLcyWTtvJ+DzxJmSLJui1Mp8NdqBiDz0SSgwpu7YITVHoEkKheN0IzIYguhDF+sx9cFD0xwl94/5UWSAAh6i5lLxRMTfEyPwjBl6btzpAfXMrDcR//PqEXXOmyPphxGhLyaLSCpMFhmhZRwM8rbUSASTy5FLnwvQQIRachAiFqM4qXSchzP7/TypnOSdQv70ppAtXk6TSbEDdshyzGFnrMiuWYmVmWAP7Ik9sxfr0Xq13qz3n9YFazqzx/7A+vgGxa+ZOw==</latexit>



Lessons from the canonical theory 

The notion of absolute time and 
space has to be corrected. 

1-
lo

op
 e

ffe
ct

ie
 a

ct
io

n
Es

se
nt

ia
l R

G
A

ll-
cu

rv
at

ur
e

C
rit

ic
al

 e
xp

on
en

t
1-

lo
op

 e
ffe

ct
ie

 a
ct

io
n

Es
se

nt
ia

l R
G

A
ll-

cu
rv

at
ur

e
C

rit
ic

al
 e

xp
on

en
t

A
sy

m
pt

ot
ic

 S
af

et
y

Pe
rt

ur
ba

tio
n 

th
eo

ry
Re

la
tio

na
l o

bs
er

va
bl

es

GR is a totally constrained theory with 
vanishing canonical Hamiltonian. 

It is the time parameter defined by the Hamiltonian which 
corresponds to the notion of time of a physical observer.

By using techniques of group theory: find 
out orthonormal basis of Hilbert space and 
define fundamental quantum observables 

of area and volume operators. 

Analysis of the spectra shows that 
spacetime at microscopic scale is discrete.

1 Definition of observables that encode 
relations between dynamical fields. 

For deparameterizable models construct a 
full set of gauge invariant observables.
[Dittrich, Rovelli, Thiemann,…]
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Three options:

1

2

3

Relational observables as composite operators 

after standard gauge-fixing include matter (physical reference frame) 
in the EAA

[Falls, RF (2021) 2112.02118 [hep-th]] 

Relational effective action 

build in the EA the quantum reference frame and gauge fix on the 
frame
[WIP with Philipp Höhn & Luca Marchetti] 

Physical gauge fixing 

via material reference frame 
 reduced phase space quantisation 

   phase space path integral or coherent state path integral
∼

[RF, Thiemann (2024) 2404.18224 [hep-th], 
RF, Han, Liu (2025) 2502.07696 [gr-qc]]



What about Lorentzian?

Timelike-spacelike: no distinguished ordering of the modes with a 

standard canonical status is given.

I n t e g r a t i n g  o u t  d o f s

S t a t e  d e p e n d e n c e  -  O b s e r v e r  d e p e n d e n c e

One can work out a Lorentzian heat kernel proper time regularization.

Obtain RG trajectories on a theory space which is constituted of 

functionals that are constructed on Lorentzian metrics. 

Analyze the flows of hyperbolic kinetic operators, typically of the 

d’Alembertian in the background of the running metrics.

P r o b l e m  s e t  1

P r o b l e m  s e t  2 [RF, Reuter (2022) 
2203.08003 [hep-th]

Price to pay: complex-valued flow.
[RF, Thiemann (2024) 
2404.18224 [hep-th]

One can work out a Lorentzian flow in AQFT (Hadamard propagator). [D’Angelo, RF, Fröb 
(2025) 2502.05135 
[hep-th]]
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Introduce a matter system to fix the gauge: 

deparametrize at the classical level.

1. Physical gauge fixing 

[RF, Thiemann (2024) 2404.18224 [hep-th], 
RF, Han, Liu (2025) 2502.07696 [gr-qc]]

E.g. four scalar fields or Gaussian dust

Write down the “physical” Hamiltonian and quantize it. 

On those states construct the path integral.
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Composite 
operators

In order to obtain information 

regarding an arbitrary operator one can 

couple it to an external source.

Construct observables usually requires information about operators 

which usually are not taken into account in a truncated EAA.

Z
ddx " k@kOk = �

1

2
Tr

⇣
�(2)
k +Rk

⌘�1
✓Z

ddx "O(2)
k

◆⇣
�(2)
k +Rk

⌘�1
k@kRk

�

<latexit sha1_base64="8feoP3z9PUvTiIGh/KbdgrGDJ/I="></latexit>

Flow of the 
composite 
operator

Compute its correlation functions 

by taking functional derivatives with 

respect to the source.

lim
k!1

Ok = Ô|�̂!�

<latexit sha1_base64="vztZmcbyzuhhKmMzuJ3iyy3vg64="></latexit>

Ok=0 = hÔi

<latexit sha1_base64="5tpU6W91holuedf1MeF3ZzNFCbY="></latexit>

[Pagani, Reuter (2016)]

2. Relational observables as composite operators 
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Relational 
Effective Average 
Action:

Flow of the 
relational 
observables:

�rel.
k ⌘

Z
d4x ẽ(x)Lrel.

k (x) :=

Z
d4x ẽ(x)

X

i

aÎi
(k)E Îi

iIi
(x)OIi

i (x)

<latexit sha1_base64="alKgSr52uJSGVnQQUc23GB+eFM8="></latexit>

k@k�
rel.
k = �1

2
Tr

⇣
�(2)
k +Rk

⌘�1 ⇣
�rel.(2)
k

⌘⇣
�(2)
k +Rk

⌘�1
k@kRk

�

<latexit sha1_base64="FpEo8oM3luBTzipu1ndIyInjifQ="></latexit>

A natural 
expansion for 
observables?

Derivative expansion: This means that the frame fields only 

involve a finite number of derivatives.

�rel.
k =

Z
d4x̂

⇣
a0(k) + aR(k)R̂(x̂) + a1(k)�µ̂⌫̂ ĝ

µ̂⌫̂(x̂)
⌘

<latexit sha1_base64="PRBra/S2hiGfQBpCaFhoT98n1iw="></latexit>

�rel.
k =

Z
d4x ẽ

⇣
a0(k) + aR(k)R+ a1(k)�µ̂⌫̂g

µ⌫(@µX̂
µ̂)(@⌫X̂

⌫̂)
⌘

<latexit sha1_base64="+uAPoQ7JlSXcBVX8lXjDoDOc3Ws="></latexit>

Example:

r e l a t i o n a l  
R i c c i  s c a l a r

r e l a t i o n a l  
i n v e r s e  m e t r i c

r e l a t i o n a l  
v o l u m e

2. Relational observables as composite operators 
[Falls, RF (2021) 2112.02118 [hep-th]] 



Find the fixed points

Identify the relational 
observables

Compute the flow 
of the observables

Scaling dimension 
at the fixed point

�k =

Z
d4x

p
�g

✓
1

16⇡GN (k)
(R� 2⇤(k)) +

1

2
�ABg

µ⌫@µ'
A@⌫'

B

◆
+ . . .

<latexit sha1_base64="L2T7TSphkDjhISJP4zuDDGl6Fik="></latexit>

'µ̂ = X̂ µ̂

<latexit sha1_base64="cU4aOVK2p+a7LfL0x57KoOpE0gg=">AAACGnicbVC7TsNAEDzzDOEVoKQ5EYGoIhsFQYMUQUMZJPKQ4hCtLxty4vzQ3TpSZOUP+AS+ghYqOkRLQ8G/4JgUIWGq0cyudme8SElDtv1lLSwuLa+s5tby6xubW9uFnd26CWMtsCZCFeqmBwaVDLBGkhQ2I43gewob3sPV2G8MUBsZBrc0jLDtw30ge1IApVKncOQOQEd9eZe4fSDu+vGIX/CMN6e0TqFol+wMfJ44E1JkE1Q7hW+3G4rYx4CEAmNajh1ROwFNUigc5d3YYATiAe6xldIAfDTtJMsz4oexAQp5hJpLxTMRpzcS8I0Z+l466QP1zaw3Fv/zWjH1ztuJDKKYMBDjQyQVZoeM0DItCnlXaiSC8efIZcAFaCBCLTkIkYpx2lw+7cOZTT9P6iclp1w6vSkXK5eTZnJsnx2wY+awM1Zh16zKakywR/bMXtir9WS9We/Wx+/ogjXZ2WN/YH3+AJb7oMI=</latexit>

�rel.
k =

Z
d4x ẽ

⇣
↵0(k) + ↵R(k)R+ ↵1(k)�µ̂⌫̂g

µ⌫(@µX̂
µ̂)(@⌫X̂

⌫̂)
⌘

<latexit sha1_base64="IH1sS7hoiqhMjsArbpVHP8eep+k="></latexit>
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2. Relational observables as composite operators 



Perform the gauge fixing on the QRF but on the quantum level. 1-
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3. QRF and relational effective action 

E.g. 4 scalar fields + harmonicity condition: 
        perturbative equivalent as Feynman harmonic gauge fixing

Stay tuned.



Conclusions & Outlook

In view of recent successes of application of RG rechniques to gravity: how to extract physical info?

ToDo Analyze also gauge-dependence

Test scheme in other theories - add matter

Go two loop in proper time?

What about the gauge & 
parametrization 

dependence?

Are our operators related 
to diffeomorphism 

invariant observables?

Exploit perturbation theory 
to go on-shell

Relational formalism

ToDo Derive an explicit relational effective action

What about universality?

What about state dependence?


