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BH perturbation theory



BH perturbation theory

� Scattering of particles and waves through Black Holes (Hawking radiation)

� Binary ringdown signal and Quasi-Normal modes (Black Hole

spectroscopy)

� GW with perturbative sources (e.g. EMRI’s, environments)

� BH tidal deformations (Love numbers)
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Decoupling Einstein equations

� Perturbed Einstein equations at linear order

gµν = ĝµν + hµν −→ Ĝµν = 0 , δGµν = 0

� Background metric splitting reflecting spherical symmetry

ĝµν =

 gab 0

0 r2ΩAB

 −→ gabdx
adxb = −f(r) dt2 + dr2/f(r)

ΩABdΘ
AdΘB = dθ2 + sin2 θdφ2

� Scalar, vector, tensor harmonics: even Y ℓm , Y ℓm
A , T ℓm

AB , Y
ℓm
AB and odd

Xℓm
A , Xℓm

AB under parity transformation P : (θ, ϕ) → (π − θ, ϕ+ π)

� Harmonic and parity expansion of h hµν =
∑

ℓ,m hℓm,odd
µν + hℓm,even

µν

� Decoupled perturbative Einstein equations for each harmonic and parity
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BH perturbation theory

Master equations

(
− ∂2

∂t2
+

∂2

∂x2
− V

even/odd
ℓ

)
Ψℓm

even/odd = 0 ℓ ≥ 2

� Master functions Ψ = Ψ(h, ∂h)

� Effective potential V
even/odd
ℓ

� Tortoise coordinate

dx/dr = 1/f(r)

� Quasi-normal modes correspond

to vanishing incident wave,

ωn ∈ C
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BH binary systems

1. GW signal can be written in terms of master functions

h+/× ∝ Ψ ⇒ h = h+ − ih× ∝ Ψ

2. Energy and angular momentum fluxes at infinity (Bondi news)

dE

dt
∝ |Ψ̇|2 , dJ

dt
∝ ΨΨ̇

K. Martel and E. Poisson, Phys. Rev. D 71, 104003 (2005) 6



Known master equations

Odd parity

ΨRW =
ra

r
h̃a

ΨCPM =
2r

(ℓ− 1)(ℓ+ 2)
εab
(
h̃b:a − 2

r
rah̃b

)

Even parity

ΨZM =
2r

ℓ(ℓ+ 1)

{
K̃ +

2

λ

(
rarbh̃ab − rraK̃:a

)}
λ(r) = (ℓ+ 2)(ℓ− 1)− Λr2 − 3 (f − 1)

Perturbative gauge invariants

h̃a = ha − 1

2
h2:a +

ra
r
h2 ,

h̃ab = hab − κa:b − κb:a ,

K̃ = K + ℓ(ℓ+1)
2

G− 2 ra

r
κa

T. Regge and J. A. Wheeler, Phys. Rev. 108, 1063–1069 (1957), C. T. Cunningham,

R. H. Price, and V. Moncrief, Astrophys. J. 224, 643–667 (1978)
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Assumptions

What are all the possible master equations that one can obtain for the

vacuum perturbations of a Schwarzschild BH?

1. Linear in the metric perturbations and first-order derivatives

2. Time independent coefficients

3. Arbitrary perturbative gauge

Infinite pairs of master functions and potentials (V,Ψ)

� Standard branch

� Darboux branch

M. Lenzi and C. F. Sopuerta, Phys. Rev. D 104, 084053 (2021) 8
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The standard branch

(
− ∂2

∂t2
+

∂2

∂x2
− SV

odd/even
ℓ

)
SΨ

odd/even = 0

� Standard branch potentials

SV
odd/even
ℓ =

 V RW
ℓ odd parity

V Z
ℓ even parity

� Most general master function

SΨ
odd/even =


C1Ψ

CPM + C2Ψ
RW odd parity

C1Ψ
ZM + C2 ΨNE even parity

ΨNE(t, r) =
1

λ(r)
ta
(
rK̃:a − h̃abr

b
)

9



The Darboux branch

(
− ∂2

∂t2
+

∂2

∂x2
− DV

odd/even
ℓ

)
DΨ

odd/even = 0

� Family of potentials DV
odd/even
ℓ satisfying

(
δV,x

δV

)
,x

+ 2

(
V

RW/Z
ℓ,x

δV

)
,x

− δV = 0 ,

with δV = DV
odd/even
ℓ − V

RW/Z
ℓ .

� Most general (potential dependent) master function

DΨ
odd/even =

 C
(
Σodd ΨCPM +Φodd

)
odd parity

C
(
Σeven ΨZM +Φeven

)
even parity

M. Lenzi and C. F. Sopuerta, Phys. Rev. D 104, 084053 (2021), Phys. Rev. D
109, 084030 (2024) 10
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Darboux symmetry



Darboux transformation

� Darboux transformation between (v,Φ) and (V,Ψ)

(
−∂2

t + ∂2
x − v

)
Φ = 0 −→


Ψ = Φ,x +W Φ

V = v + 2W,x

W,x −W 2 + v = C
−→

(
−∂2

t + ∂2
x − V

)
Ψ = 0

� Darboux covariance of perturbations of spherically-symmetric BHs
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Darboux transformation

� Darboux transformation between (v,Φ) and (V,Ψ)

(
−∂2

t + ∂2
x − v

)
Φ = σ −→


Ψ = Φ,x +W Φ

V = v + 2W,x

W,x −W 2 + v = C
−→

(
−∂2

t + ∂2
x − V

)
Ψ = S

(
δV,x

δV

)
,x

+ 2
( v,x
δV

)
,x

− δV = 0

� Darboux covariance of perturbations of spherically-symmetric BHs

Darboux covariance with

perturbative sources

S = σ,x +Wσ

M. Lenzi and C. F. Sopuerta,

Phys. Rev. D 109, 084030

(2024)
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Standard view on DTs

DT in frequency domain Ψ(t, r) = eiktψ(x; k)

LV ψ(x; k) ≡
(
∂2
x − V

)
ψ(x; k) = −k2ψ(x; k)

LV ψ0 = −k20ψ0 −→ W (x) = −(lnψ0),x −→

{
Lvϕ = −k2ϕ
ϕ = W[ψ,ψ0]/ψ0

� Darboux transformation between RW and ZM

ψ0 = λ(r)
2

e−ik0x

k0 = i(ℓ+2)!
6M (ℓ−1)!

−→
W0(x) =

6M f(r)

λ(r)r2
+ ik0

V Z
RW = ±W0,x +W 2

0 + k20

� Darboux generating function as a superpotential

V =W,x +W 2 + C
v = −W,x +W 2 + C

−→ (∂x +W ) (∂x −W )ψ = −k̂2ψ
(∂x −W ) (∂x +W )ϕ = −k̂2ϕ

S. Chandrasekhar, Proc. Roy. Soc. Lond. A 369, 425–433 (1980)

12
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Hamiltonian formulation

Kantowski-Sachs (Schwarzschild interior) and Schwarzschild exterior

ds2 =
dχ2

f(χ)
−f(χ)dζ2+χ2(dθ2+sin2 θdϕ2)

 χ = t for χ < 2M (f < 0)

χ = r for χ > 2M (f > 0)

� ADM action at second order in perturbations

△2
1[S0] =

2

κ

∫
dχ

∫
dζdΩ

(
hij,tp

ij − C△[H]−Bi△[Hi]−
N

2
△2

1[H]−
N i

2
△2

1[Hi]

)
� Symmetry (harmonics and parity) reduction of the action

△2
1[S0] =

2

κ

∫
dχ

∑
nλ

[
6∑

i=1

(
q′nλi pnλi

)
− κ

(
C0 + C1 + C2 + C3 +Hnλ

ax +Hnλ
po

)]

D. Brizuela and J. M. Martin-Garcia, Class. Quant. Grav. 26, 015003 (2009), G. A.
Mena Marugán and A. Mı́nguez-Sánchez, (2024), G. A. Mena Marugán and A. Mı́nguez-

Sánchez, Phys. Rev. D 111, 086024 (2025) 13

https://doi.org/10.1088/0264-9381/26/1/015003
https://doi.org/10.1103/PhysRevD.111.086024


Steps to (axial) master Hamiltonians

 q(χ) = α(χ)Q(χ) + β(χ)P (χ)

p(χ) = γ(χ)Q(χ) + δ(χ)P (χ)
, αδ − βγ = 1

� Select gauge invariant quantities by

C0 =
∑
n,λ

hn,λ
0 F [qn,λi , pn,λi ] → P2 ∝ F [hn

i , p
n
i ] → {Q1, P2} = 0

so that

κĤax =
∑
n,λ

Ñ

2

(
Aax(Q

n,λ
1 )2 +Bax(P

n,λ
1 )2 + CaxQ

n,λ
1 P n,λ

1

)
� Master function Hamiltonians: i) C′

ax, ii) B
′
ax = const, iii) A′

ax = ω2 − Vax

Select a family of canonically Darboux related Hamiltonians

M. Lenzi, G. M. Marugan, A. M. Sanchez, and C. F. Sopuerta, arXiv:25XX.XXXXX 14
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Integrable structures



Korteweg-de Vries isospectral deformations

V,σ − 6V V,x + V,xxx = 0

� Darboux transformation + inverse scattering solves the KdV equation

� KdV deformations of the frequency domain master equation


V (x) → V (σ, x)

ψ(x) → ψ(σ, x)

k → k(σ)

=⇒
∂LV
∂σ

− [PV ,LV ] = −KdV[V ] · Id , ∂σψ = PV ψ

(k2),σ = 0

� KdV equation as an integrable Hamiltonian system with infinite conserved

quantities

∂σV = {V,H} −→ Hn[V ] =

∫ ∞

−∞
dxκn(V, V,x, V,xx, . . .)

Hn[V ] = Hn[VRW]

C. S. Gardner, J. M. Greene, M. D. Kruskal, and R. M. Miura, Phys. Rev. Lett. 19,
1095–1097 (1967) 15

https://doi.org/10.1103/PhysRevLett.19.1095
https://doi.org/10.1103/PhysRevLett.19.1095
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dxκn(V, V,x, V,xx, . . .)

Hn[V ] = Hn[VRW]

M. Lenzi and C. F. Sopuerta, Phys. Rev. D 104, 124068 (2021) 15

https://doi.org/10.1103/PhysRevD.104.124068


BH scattering

ψ(x, k, σ) =


a(k, σ)eikx + b(k, σ)e−ikx

eikx

� Bogoliubov coefficients completely determine the physics (greybody

factors and QNMs)

⋄ Greybody factors

T (k, σ) =

∣∣∣∣ 1

a(k, σ)

∣∣∣∣2 , R(k, σ) =

∣∣∣∣ b(k, σ)a(k, σ)

∣∣∣∣2
⋄ QNMs: ki such that a(ki, σ) = 0

� Greybody factors and QNMs are conserved by DT and KdV deformations
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BH greybody factors from KdV integrals

� Trace identities: a set of integral equations that relate the KdV integrals

to the greybody factors

ln a(k, σ) =
∞∑

n=1

µn

kn
−→ (−1)n+1H2n+1

22n+1
=

1

2π

∫ ∞

−∞
dk k2n lnT (k)

BH moment problem

The greybody factors in BH scattering processes are uniquely determined by

the KdV integrals of the BH potential via a (Hamburger) moment problem

µ2n =

∫ ∞

−∞
dk k2np(k)

where

µ2n = (−1)n
H2n+1

22n+1
, p(k) = − lnT (k)

2π

L. D. Faddeev and V. E. Zakharov, Funct. Anal. Appl. 5, 280–287 (1971) 17
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Moment problem

µn =

∫
I
dxxn p(x) n = 0, 1, 2, . . .

� Existence: Is there a function p(x) on I whose moments are given by

{µn}?

� Uniqueness: Do the moments {µn} determine uniquely a distribution p(x)

on I?

� Solution: How can we construct all such probability distributions?

18



Moment problem: Existence and Uniqueness

Existence

Dn =

∣∣∣∣∣∣∣∣∣∣∣∣

µ0 µ1 · · · µn

µ1 µ2 · · · µn+1

µ2 µ3 · · · µn+2

...
... · · ·

...

µn µn+1 · · · µ2n

∣∣∣∣∣∣∣∣∣∣∣∣
> 0

Uniqueness

∆(n) = Cn(2n)!− µ̂2n > 0

19



Moment problem: Solution

Solution through Padé approximants

T (k) ≃ exp

(
−2π σ k

L∑
i=1

λie
−ti σ2k2

)
λi = λi [{Hn}] ti = ti [{Hn}]

1. Evaluate the first n KdV integrals

2. Obtain the moments from the KdV integrals and construct the MGF

M(t) =

∫ ∞

0

dξ e−tξ p̃(ξ) =

∞∑
n=0

µ̃n

n!
(−t)n

3. Construct Padé approximants of order [K/L], with K + L < n

4. Evaluate the poles ti and residues λi of the Padé approximants

5. Apply the Laplace inversion formula

M. Lenzi and C. F. Sopuerta, Phys. Rev. D 107, 084039 (2023) 20

https://doi.org/10.1103/PhysRevD.107.084039


Moment problem: Solution

Solution through Padé approximants: Pöschl-Teller

T (k) ≃ exp

(
−2π σ k

L∑
i=1

λie
−ti σ2k2

)
λi = λi [{Hn}] ti = ti [{Hn}]

20



Moment problem: Solution

Solution through Padé approximants: Regge-Wheeler

T (k) ≃ exp

(
−2π σ k

L∑
i=1

λie
−ti σ2k2

)
λi = λi [{Hn}] ti = ti [{Hn}]
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BH spectral (in)stabilities

V odd
even = V RW

Z + ϵ δV odd
even .

Instability of the QNMs

|ki(ϵ)− ki| ≤ ϵ
||wi||||vi||
|⟨wivi⟩|

J. L. Jaramillo, R. Panosso Macedo, and L. Al Sheikh, Phys. Rev. X 11, 031003 (2021)
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Stability of the GFs

|hℓm| ≃ C
√

1− Tℓm(k)/kp and Tℓm are stable

N. Oshita, Phys. Rev. D 109, 104028 (2024), N. Oshita, K. Takahashi, and S. Mukohyama, Phys.

Rev. D 110, 084070 (2024), R. F. Rosato, K. Destounis, and P. Pani, arXiv:2406.01692 (2024) 21

https://doi.org/10.1103/PhysRevX.11.031003
https://doi.org/10.1103/PhysRevD.109.104028
https://doi.org/10.1103/PhysRevD.110.084070
https://doi.org/10.1103/PhysRevD.110.084070


H2n+1 =

∫ ∞

−∞
dxκ2n+1(x) = (−1)n+122n+1

∫ ∞

−∞
dk k2n

lnT (k)

2π

� Qualitative instability similarities with QNMs:

⋄ (Mild) Instability of K1 only under infrared modifications

⋄ Strong instabilities in higher KdV integrals under high frequency

perturbations

⋄ Stability under low frequency perturbations

⋄ Simple indicators of parity violations

� Moment problem perspective: solid description of the GFs stability

M. Lenzi, A. M. Agudo, and C. F. Sopuerta, JCAP 09, 021 (2025) 22

https://doi.org/10.1088/1475-7516/2025/09/021


The KdV-Virasoro-Schwarzian derivative triangle

� Bi-Hamiltonian structure of KdV: Gardner-Zakharov-Faddeev brackets and

Magri brackets

∂σV = {V,H2}GFZ = {V,H1}M ,

� Magri brackets are the classical realization of the Virasoro algebra

V (z) =

∞∑
n=−∞

Ln

zn+1
−→ πi {Ln, Lm}M = (n−m)Ln+m − n(n2 − 1)

2
δn+m,0

� (BH) potentials as a CFT energy-momentum tensor:

⋄ Infinitesimal conformal transformation of V: w(z) = z + ϵ(z)

δϵV (w) = {V (w), Fϵ}M , Fϵ = −
1

2

∫
dz ϵ(z)V (z) , Fϵ|ϵ=V = H1

⋄ Finite conformal transformation of V: Schwarzian derivative

V (w) =

(
dw

dz

)−2 [
V (z) +

1

2
S(w(z))

]
, S (w(z)) ≡

wzzz

wz

−
3

2

(
wzz

wz

)2

F. Magri, J. Math. Phys. 19, 1156–1162 (1978) 23

https://doi.org/10.1063/1.523777
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Conformal transformation of the master equation

ψ,xx − V ψ = −k2ψ

� Perform the following general transformation x 7→ x = x(x̃) ,

ψ 7→ ψ(x) = ω(x̃)ψ̃(x̃)
−→ a(x̃)ψ̃,x̃x̃ + b(x̃)ψ̃,x̃ + c(x̃)ψ̃ = −k2ωψ̃

� Cancel first order derivative terms to preserve the operator structure, i.e.

b(x̃) = 0 to obtain

ψ̃x̃x̃ +
(
k2x2x̃ − Ṽ

)
ψ̃ = 0 , Ṽ (x̃) =

(
dx̃

dx

)−2 [
V (x) +

1

2
S(x̃(x))

]

� Similarity with “Schrödinger symmetry” responsible for the vanishing of

the Love numbers (for scalar field perturbations and zero frequency)

J. Ben Achour, E. R. Livine, S. Mukohyama, and J.-P. Uzan, JHEP 07, 112 (2022)

24
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(
dx̃

dx

)−2 [
V (x) +

1

2
S(x̃(x))

]

� Similarity with “Schrödinger symmetry” responsible for the vanishing of

the Love numbers (for scalar field perturbations and zero frequency)

J. Ben Achour, E. R. Livine, S. Mukohyama, and J.-P. Uzan, JHEP 07, 112 (2022) 24

https://doi.org/10.1007/JHEP07(2022)112


Hyperboloidal slicing

(
−∂2

t + ∂2
x − Vℓ

)
ϕ = 0

� Perform the following transformation

(t, x) → (τ, ξ) :

 t = τ − h(ξ)

x = g(ξ)
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x̄ = g(x)
<latexit sha1_base64="mQxWX7OPzU3TH60+RVXduX3aHs4=">AAAB9HicbVBNSwMxEJ34WetX1aOXYBHqpeyKqBeh6MVjBfsB7VKyabYNzWbXJFtalv4OLx4U8eqP8ea/MW33oK0PBh7vzTAzz48F18ZxvtHK6tr6xmZuK7+9s7u3Xzg4rOsoUZTVaCQi1fSJZoJLVjPcCNaMFSOhL1jDH9xN/caQKc0j+WjGMfNC0pM84JQYK3ltnyg8wje4VxqddQpFp+zMgJeJm5EiZKh2Cl/tbkSTkElDBdG65Tqx8VKiDKeCTfLtRLOY0AHpsZalkoRMe+ns6Ak+tUoXB5GyJQ2eqb8nUhJqPQ592xkS09eL3lT8z2slJrj2Ui7jxDBJ54uCRGAT4WkCuMsVo0aMLSFUcXsrpn2iCDU2p7wNwV18eZnUz8vuZdl5uChWbrM4cnAMJ1ACF66gAvdQhRpQeIJneIU3NEQv6B19zFtXUDZzBH+APn8A1vyQ1w==</latexit>

x̄ = g(x)

<latexit sha1_base64="IBUEhj3/TnJOmUME+bruyOIDj8s=">AAAB/HicdVDLSgNBEJyNrxhfqzl6GQyCp2U2Bk0OQtCLxwjmAUkIs5NJMmR2dpnpFcISf8WLB0W8+iHe/BsnD0FFCxqKqm66u4JYCgOEfDiZldW19Y3sZm5re2d3z90/aJgo0YzXWSQj3Qqo4VIoXgcBkrdizWkYSN4Mxlczv3nHtRGRuoVJzLshHSoxEIyClXpuvgM0wRc47egQs0gZ8KY9t0C8MqkUKz4mHiF+pTwnp3655GPfKjMU0BK1nvve6UcsCbkCJqkxbZ/E0E2pBsEkn+Y6ieExZWM65G1LFQ256abz46f42Cp9PIi0LQV4rn6fSGlozCQMbGdIYWR+ezPxL6+dwKDcTYWKE+CKLRYNEokhwrMkcF9ozkBOLKFMC3srZiOqKQObV86G8PUp/p80ip5/5pGbUqF6uYwjiw7RETpBPjpHVXSNaqiOGJqgB/SEnp1759F5cV4XrRlnOZNHP+C8fQIpk5R6</latexit> ⌧
=
co
ns
t.

<latexit sha1_base64="IBUEhj3/TnJOmUME+bruyOIDj8s=">AAAB/HicdVDLSgNBEJyNrxhfqzl6GQyCp2U2Bk0OQtCLxwjmAUkIs5NJMmR2dpnpFcISf8WLB0W8+iHe/BsnD0FFCxqKqm66u4JYCgOEfDiZldW19Y3sZm5re2d3z90/aJgo0YzXWSQj3Qqo4VIoXgcBkrdizWkYSN4Mxlczv3nHtRGRuoVJzLshHSoxEIyClXpuvgM0wRc47egQs0gZ8KY9t0C8MqkUKz4mHiF+pTwnp3655GPfKjMU0BK1nvve6UcsCbkCJqkxbZ/E0E2pBsEkn+Y6ieExZWM65G1LFQ256abz46f42Cp9PIi0LQV4rn6fSGlozCQMbGdIYWR+ezPxL6+dwKDcTYWKE+CKLRYNEokhwrMkcF9ozkBOLKFMC3srZiOqKQObV86G8PUp/p80ip5/5pGbUqF6uYwjiw7RETpBPjpHVXSNaqiOGJqgB/SEnp1759F5cV4XrRlnOZNHP+C8fQIpk5R6</latexit>

⌧ = const.

� With ψ = ∂τϕ the master equation becomes

∂τφ = iLφ , L =
1

i

 0 1

L1 L2

 , φ =

(
ϕ

ψ

)
 L1 = 1

w(ξ)

[
∂ξ
(
p(ξ)∂ξ

)
− qℓ(ξ)

]
L2 = 1

w(ξ)

[
2γ(ξ)∂ξ + ∂ξγ(ξ)

] w(ξ) = 1
g′

(
g′2 − h′2)

p(ξ) = 1
g′

qℓ(ξ) = g′Vℓ

γ(ξ) = h′

g′
25



Hyperboloidal slicing

 L1 = 1
w(ξ)

[
∂ξ
(
p(ξ)∂ξ

)
− qℓ(ξ)

]
L2 = 1

w(ξ)

[
2γ(ξ)∂ξ + ∂ξγ(ξ)

] L1 bulk/integrable

L2 boundary/dissipative

� Define an energy scalar product (crucial to assess QNM instability)

⟨φ1, φ2⟩ =
1

2

∫ b

a

(
w∂τ ϕ̄1∂τϕ2 + p∂ξϕ̄1∂ξϕ2 + qℓϕ̄1ϕ2

)
dξ F =

∑
ℓm

γ∂τϕℓm∂τ ϕ̄ℓm

� Non-selfadjointness is due to dissipation at the boundaries

L† = L+ L∂ , L∂ =
1

i

 0 1

0 L∂
2

 , L∂
2 = 2

γ

w
[δ(ξ − a)− δ(ξ − b)]

J. L. Jaramillo, R. Panosso Macedo, and L. Al Sheikh, Phys. Rev. X 11, 031003
(2021), E. Gasperin and J. L. Jaramillo, Class. Quant. Grav. 39, 115010 (2022) 26
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Universality Conjecture



A Universality Conjecture

� Asymptotic reasoning : filter some DoFs to unveil the underlying

(universal) patterns

� Wave mean flow : effective separation into “slow” and “fast” DoFs

J. L. Jaramillo, M. Lenzi, and C. F. Sopuerta, Phys. Rev. D 110, 104049 (2024),
J. L. Jaramillo and B. Krishnan, (2022), J. L. Jaramillo, B. Krishnan, and C. F. Sopuerta,

Int. J. Mod. Phys. D 32, 2342005 (2023) 27

https://doi.org/10.1103/PhysRevD.110.104049
https://doi.org/10.1142/S0218271823420051


A Universality Conjecture

“Even systems which are far from integrable may have an integrable heart

which tells one much about their behaviour”

N.J. Hitchin, G.B. Segal and R.S. Ward, Integrable systems: Twistors, loop groups

and Riemann surfaces

28



A Universality Conjecture

Soliton resolution conjecture

Generic global-in-time nonlinear wave dynamics decouple universally at late

times into soliton solutions plus radiation.

T. Tao, Bulletin of the American Mathematical Society 46, 1–33 (2009) 29



Conclusions



� Hidden integrable structures in BH physics: analytic results and algebraic

structures

� Interplay with asymptotic dynamics and BMS symmetries (resumming the

modes and off-shell formulation)

� In GW physics:

⋄ QNMs

⋄ Tidal Love numbers

⋄ BH spectroscopy

⋄ Extension to Kerr
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