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BH perturbation theory

e Scattering of particles and waves through Black Holes (Hawking radiation)
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BH perturbation theory

e Scattering of particles and waves through Black Holes (Hawking radiation)

e Binary ringdown signal and Quasi-Normal modes (Black Hole
spectroscopy)
e GW with perturbative sources (e.g. EMRI'’s, environments)
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BH perturbation theory

Scattering of particles and waves through Black Holes (Hawking radiation)

Binary ringdown signal and Quasi-Normal modes (Black Hole
spectroscopy)

e GW with perturbative sources (e.g. EMRI’s, environments)

BH tidal deformations (Love numbers)



Decoupling Einstein equations

Perturbed Einstein equations at linear order

9pr =G+ — Gu =0, 6G,, =0

e Background metric splitting reflecting spherical symmetry
L Yab 0 . Gapdz?dz® = —f(r) de® + dr2/f(r)
=0 2aL, 0, 5dOAdOT = d6? + sin® fdy?

e Scalar, vector, tensor harmonics: even Y™ Y™ T5% Y7 and odd

X4 X5 under parity transformation P : (6, ¢) — (7 — 6,6 + )

e Harmonic and parity expansion of b h,, =3, hfﬁ,"’c’dd + hﬁT"’"e“

Decoupled perturbative Einstein equations for each harmonic and parity



BH perturbation theory

Master equations
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BH perturbation theory

Master equations
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BH binary systems

Distance Between Black Holes
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1. GW signal can be written in terms of master functions
hy/x x¥ = h=hy —ihyx ¥
2. Energy and angular momentum fluxes at infinity (Bondi news)
dE s dJ
0|

= 2 x U
a S g &

K. Martel and E. Poisson, Phys. Rev. D 71, 104003 (2005) 6



Known master equations

Odd parity
Urw =

2r ab [ = 2 -
Uepm = 7)5 b (hb:a - ;Tahb)

T. Regge and J. A. Wheeler, Phys. Rev. 108, 1063-1069 (1957), C. T. Cunningham,
R. H. Price, and V. Moncrief, Astrophys. J. 224, 643—-667 (1978)
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Known master equations

Odd parity
\IIRW = Lﬁa
r

2r ab [ 3 2 -
\ = — he. z
CPM C—1)(¢ 2)5 (bAa TTahb)

2r g 2 a by a 1
v = — Z _ i
M W+ {K—!—)\(rrhab rr K,a)}

C+2)(0—1)—Ar’ =3(f —1)

>

=
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=
I

F. J. Zerilli, Phys. Rev. D 2, 2141-2160 (1970), V. Moncrief, Ann. Phys. (N.Y.)
88, 323 (1974)



Known master equations

Odd parity
\IIRW = Lﬁa
r

2 ol A -
= = SR
Yepm = 2)5 (tha ST b)

_ 2r r g a by _ a 1o
\IIZM = m{K—F B\ (T’ T hab rr K:a)}

Ar) = (U4+2)(0—1)—Ar> =3(f—1)

Perturbative gauge invariants
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What are all the possible master equations that one can obtain for the
vacuum perturbations of a Schwarzschild BH?

1. Linear in the metric perturbations and first-order derivatives
2. Time independent coefficients

3. Arbitrary perturbative gauge

M. Lenzi and C. F. Sopuerta, Phys. Rev. D 104, 084053 (2021) 8
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What are all the possible master equations that one can obtain for the
vacuum perturbations of a Schwarzschild BH?

1. Linear in the metric perturbations and first-order derivatives
2. Time independent coefficients

3. Arbitrary perturbative gauge

[ Infinite pairs of master functions and potentials (V, ¥) ]

e Standard branch

e Darboux branch

M. Lenzi and C. F. Sopuerta, Phys. Rev. D 104, 084053 (2021) 8
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The standard branch

62 82 odd/even odd/even
(=g + g ¥/ s =0

e Standard branch potentials

RW .
Vodd/even o ‘/Z odd parity
SVe = ’ .
Vi even parity

e Most general master function

CLUCM 4, uRW 6dd parity
CLU%M 4 02 even parity
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The Darboux branch

82 82 odd/even odd/even
(5 * s — oV o =0

1 rodd/even
4

e Family of potentials p satisfying

3V, Ve
(5\/)@”( 5 — 8§V =0,

)

with 8V = Dv}odd/even _ V}RW/Z.
e Most general (potential dependent) master function

ady C (20 TOPM 4 °99)  odd parity
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M. Lenzi and C. F. Sopuerta, Phys. Rev. D 104, 084053 (2021), Phys. Rev. D
109, 084030 (2024) 10
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Darboux symmetry



Darboux transformation

e Darboux transformation between (v, ®) and (V, ¥)
V=0, +Wa

(=07 +07—v)d=0 — { V=v+2W, — (-} + V)T =0
W,-W?+v=C
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Darboux transformation

e Darboux transformation between (v, ®) and (V, ¥)
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Darboux transformation

e Darboux transformation between (v, ®) and (V, ¥)
V=0, +Wa
(R +2-0)d=0—{ V=v42W, — (-07+8-V)¥=0
W,-W?>+v=C
6V, Uy _
<5v ) +2(Gp) a0

’

e Darboux covariance of perturbations of spherically-symmetric BHs

gRW'—vz

(Slymld’v/R\\) > (S\I‘c\,un’v;/.)
Standard Branch

M. Lenzi and C. F. Sopuerta,
gRW—odd Odd Even gZ-even
Parity Parity Phys. Rev. D 104, 124068
(2021)
Darboux Branch
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Darboux transformation

e Darboux transformation between (v, ®) and (V, ¥)
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e Darboux covariance of perturbations of spherically-symmetric BHs

gRW=Z
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Darboux transformation

e Darboux transformation between (v, ®) and (V, ¥)

V=0, + W
(- +02—v)o=() — { V=v+2W, — (-0i+-V)v=(5)
W, —W24v=C

(5), +2(), v

e Darboux covariance of perturbations of spherically-symmetric BHs

gRW—vz
(g, vev) > (. v2) Darboux covariance with
Standard Branch perturbative sources

RW—odd | Odd Even Z—even S =0 Wo
8 Parity Parity 8 Gt +

M. Lenzi and C. F. Sopuerta,
Darboux Branch Phys. Rev. D 109, 084030
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Standard view on DTs

DT in frequency domain U(t,r) = e**y)(z; k)

Lyp(z; k) = (82 — V) (z; k) = —k*(x; k)

L,¢ = —k*¢

_ 1.2 = —
Lv'L/JO— kowo — W(I)_ (11’11/)0),1 - { ¢:W[1/J71/)O}/¢0

12
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Standard view on DTs

DT in frequency domain U(t,r) = e**y)(z; k)

Lyp(z; k) = (82 = V) th(x; k) = —k*(; k)

L,¢ =—k¢
Lyvo = —katho — W(z) = —(Ingo),. —
v 0 ¢ = W[, ¥ol /%o
e Darboux transformation between RW and ZM
v = 2 thor Wo(z) = Sefs! + iko
ko = —et2)! — 7 _ 2 2
0= &M (e—1)! Vaw = £Wo. + Wy + ko

S. Chandrasekhar, Proc. Roy. Soc. Lond. A 369, 425-433 (1980) 12
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Standard view on DTs

DT in frequency domain U(t,r) = e**y)(z; k)

Lyp(z; k) = (82 — V) (z; k) = —k*(x; k)

L,¢p=—k¢
I — —k2 w = —(1 x
v = —kogo — W(2) = ~(lnth)z: —> { ¢ = W, ol /o

e Darboux transformation between RW and ZM

o = 2 e ko Wo(z) = SG53 + iko
1'2(4+2)! - z AT 2 2
ko = sare=mn Vaw = £Wo. + Wy + ko

e Darboux generating function as a superpotential

V=W.,+W?4+C
v=-W.,+W?+C

S. Chandrasekhar, Proc. Roy. Soc. Lond. A 369, 425-433 (1980)

12
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Hamiltonian formulation

Kantowski-Sachs (Schwarzschild interior) and Schwarzschild exterior

x=t for x<2M (f <0)

ds* = 22— F()dC+x* (d67+sin® 6dg?)

(x) x=r for x>2M(f>0)

e ADM action at second order in perturbations

N2[Sp) = /dx/dgdn< ij.tp — CAH] — B A[H;) — —A 2[H] — —A 2[H; ])

e Symmetry (harmonics and parity) reduction of the action

6
AQ SO] /dXZ |:Z /mx n>\) *R<CD +C1+Co +63+H;£+H;é):|
1=1

D. Brizuela and J. M. Martin-Garcia, Class. Quant. Grav. 26, 015003 (2009), G. A
Mena Marugdn and A. Minguez-Sanchez, (2024), G. A. Mena Marugan and A. Minguez-
Sanchez, Phys. Rev. D 111, 086024 (2025) 13
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Steps to (axial) master Hamiltonians

q(x) = a(x)Q(x) + B(x)P(x) §— By =1
) Qo — Py =
p(x) = Y()Q(X) +(x)P(x)

e Select gauge invariant quantities by

Co=» hy Flg*,pi*] = Proc F[RY,pl] — {Q1, P2} =0
A
so that

Frax N n
kH™ = Z E (Aax( ;,)\)2 + Bax(P1 7/\)2 + CaxQ?»\Pln’)\)

n,A

e Master function Hamiltonians: i) CL,, ii) Bl = const, iii) AL = w® — Vi

M. Lenzi, G. M. Marugan, A. M. Sanchez, and C. F. Sopuerta, arXiv:25XX. XXXXX 14



Steps to (axial) master Hamiltonians

q(x) = a(x)Q(x) + B(x)P(x) §— By =1
) Qo — Py =
p(x) = Y()Q(X) +(x)P(x)

e Select gauge invariant quantities by

Co =Y m Flgi i — Proc FIY,pi] = {Q1, P2} =0
A
so that

Frax N n
Rl =37 5 (4@ + Buc PP + Cox@Qi )

n,A

e Master function Hamiltonians: i) CL,, ii) Bl = const, iii) AL = w® — Vi

Select a family of canonically Darboux related Hamiltonians ]

M. Lenzi, G. M. Marugan, A. M. Sanchez, and C. F. Sopuerta, arXiv:25XX. XXXXX 14



Integrable structures




Korteweg-de Vries isospectral deformations

Vo' - GV‘/,I + ‘/,zzz =0

e Darboux transformation + inverse scattering solves the KdV equation

C. S. Gardner, J. M. Greene, M. D. Kruskal, and R. M. Miura, Phys. Rev. Lett. 19,
1095-1097 (1967) 15
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Korteweg-de Vries isospectral deformations

‘/,Cf - 6‘/‘/,1 + ‘/,cczz =0

e Darboux transformation + inverse scattering solves the KdV equation

e KdV deformations of the frequency domain master equation

V(z) = V(o,x)
Y(z) = (o, z)
k— k(o)

M. Lenzi and C. F. Sopuerta, Phys. Rev. D 104, 124068 (2021) 15
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Korteweg-de Vries isospectral deformations

‘/,Cf - 6‘/‘/,1 + ‘/,cczz =0

e Darboux transformation + inverse scattering solves the KdV equation

e KdV deformations of the frequency domain master equation

V(z) = V(o z) v [Py, Ly] = —KdV[V]-1d, 8. = Py
P(x) = P(o,x) ;
k — k(o) (k%),0 =0

M. Lenzi and C. F. Sopuerta, Phys. Rev. D 104, 124068 (2021) 15
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Korteweg-de Vries isospectral deformations

‘/,Cf - 6‘/‘/,1 + ‘/,cczz =0

e Darboux transformation + inverse scattering solves the KdV equation

e KdV deformations of the frequency domain master equation

V(z) = V(o z) v [Py, Ly] = —KdV[V]-1d, 8. = Py
P(x) = P(o,x) ;
k — k(o) (k%),0 =0

e KdV equation as an integrable Hamiltonian system with infinite conserved
quantities

0,V = {V.H} —» ’Hn[V]:/ da ki (ViV a, Viss )

L. D. Faddeev and V. E. Zakharov, Funct. Anal. Appl. 5, 280-287 (1971) 15



Korteweg-de Vries isospectral deformations

‘/,Cf - 6‘/‘/,1 + ‘/,cczz =0

e Darboux transformation + inverse scattering solves the KdV equation

e KdV deformations of the frequency domain master equation

V(z) = V(o,x) v [Py, Ly] = —KdV[V]-1d, 8. = Py
() = (o, 2) -
k), =0
k — k(o) (k%) o
e KdV equation as an integrable Hamiltonian system with infinite conserved
quantities
0,V = {(V,H} —  H / da ki (ViV a, Viss )

[ Hn[V] = Hn[Vaw] ]

M. Lenzi and C. F. Sopuerta, Phys. Rev. D 104, 124068 (2021) 15


https://doi.org/10.1103/PhysRevD.104.124068

Potential Maximum (x =~ 3M)

eikx

ikx —ikx -~ A~
a(k,0)e™™ 4 b(k,0)e T incident o
Wz ko) = e Frard
) = o3 s
ikax reflected

e

T o toroie cootdnate vl
e Bogoliubov coefficients completely determine the physics (greybody
factors and QNMs)

o Greybody factors

2
. R(k,o)=

1 2

a(k, o)
o QNMs: k; such that a(k;,o) =0

b(k, o)
a(k,o)

T(k,o) =

e Greybody factors and QNMs are conserved by DT and KdV deformations

16



BH greybody factors from KdV integrals

e Trace identities: a set of integral equations that relate the KdV integrals
to the greybody factors

- Hn n H?ﬂ 1 1 e n
lna(k,a)zzk—n — (="t 22n++1 :g/_ dk k" InT(k)

n=1

L. D. Faddeev and V. E. Zakharov, Funct. Anal. Appl. 5, 280-287 (1971) 17



BH greybody factors from KdV integrals

e Trace identities: a set of integral equations that relate the KdV integrals
to the greybody factors

= Mo n H?n 1 1 e n
lna(k,a)zzk—n — (="t 22n++1 :g/_ dk k" InT(k)

n=1

BH moment problem

The greybody factors in BH scattering processes are uniquely determined by
the KdV integrals of the BH potential via a (Hamburger) moment problem

iz = / ke K" p(k)

where

o = (1) Hentt gy = 2T

M. Lenzi and C. F. Sopuerta, Phys. Rev. D 107, 044010 (2023) 17
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Moment problem

,un:/dxx"p(x) n=0,1,2,...
T

e Existence: Is there a function p(x) on Z whose moments are given by

{pn}?

e Uniqueness: Do the moments {u,} determine uniquely a distribution p(x)
on I7?

e Solution: How can we construct all such probability distributions?

18



Moment problem: Existence and Uniqueness

Existence

50

Ho Hq T Hn o
B Ha ot g 3
D, = M2 K3 T Hpyao| s 8 %0
5 o o 100
Hp  Hppr o Hop -150

| :

A(n) =C"(2n)! — fiy,, >0

0 5 10 15 20 25 30 35 40 45 50
n

19



Moment problem: Solution

Solution through Padé approximants

T(k) =~ exp <—27rak Z)\ie_ti 02]“2) Ai =N [{Ha} ti=t[{Hn}]

i=1

1. Evaluate the first n KdV integrals
2. Obtain the moments from the KdV integrals and construct the MGF

oo .

M(t) = / Taee e =3 Py

n=0
3. Construct Padé approximants of order [K/L], with K + L <n
4. Evaluate the poles t; and residues \; of the Padé approximants

5. Apply the Laplace inversion formula

M. Lenzi and C. F. Sopuerta, Phys. Rev. D 107, 084039 (2023) 20
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Moment problem: Solution

Solution through Padé approximants: Poschl-Teller

T(k) ~ exp|-27mok Z)\ie_ti s Ai =N [{Ha} ti=t[{Hn}]

i=1

1 1
0.8 0.8
0.6 0.6
T[3/4]
= T[4/4] =
04 T[4/5] 0.4
T[5/5]
T[5/6] ——
0.2 T[6/6] —— 0.2
T(6/7] T —
T77] —— Twkb ——
0 Tpt — 0; Tpt —
0 0.5 1 15 2 25 3 35 0o 05 1 15 2 25 3 35
k/a k/a
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Moment problem: Solution

Solution through Padé approximants: Regge-Wheeler

1 1
08 08
T[2i2] —
06 T[2/3] — 0.6
T[3/4]
- T[4/4] —— =
04 T[4/5] —— 0.4
T[5/5]
T[5/6] ——
0.2 T[6/6] —— 0.2
T[6/7]
\ 77 — T[7/8) —
0 R — 0 L —
0 01 02 03 04 05 06 07 0 01 02 03 04 05 06 07
rsk rsk
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BH spectral (in)stabilities

odd RW odd
‘/even =Vz +e€ 6‘/even .

Instability of the QNMs

Jwsl[]vi|

P
S T

J. L. Jaramillo, R. Panosso Macedo, and L. Al Sheikh, Phys. Rev. X 11, 031003 (2021)

- . k - . . 10 5 o 5 0
It 5 o 5 0 It 5 o 5 0
Re () Re () Refu,)

Low frequency High frequency Infrared

Stability of the GFs
[hem| > C\/1 — Ty (k) /kP and Ty, are stable

N. Oshita, Phys. Rev. D 109, 104028 (2024), N. Oshita, K. Takahashi, and S. Mukohyama, Phys.
Rev. D 110, 084070 (2024), R. F. Rosato, K. Destounis, and P. Pani, arXiv:2406.01692 (2024) 21
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Hantr :/ dxli2n+1(l'):(*1)n+122n+l/ dkk%iln;gk)

— 00 — 00
e Qualitative instability similarities with QNMs:

o (Mild) Instability of K; only under infrared modifications

& Strong instabilities in higher KdV integrals under high frequency
perturbations

<

Stability under low frequency perturbations

o

Simple indicators of parity violations

e Moment problem perspective: solid description of the GFs stability

M. Lenzi, A. M. Agudo, and C. F. Sopuerta, JCAP 09, 021 (2025)

22
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The KdV-Virasoro-Schwarzian derivative triangle

e Bi-Hamiltonian structure of KdV: Gardner-Zakharov-Faddeev brackets and
Magri brackets

0oV = {V, H2}GFZ = {V7 Hl}M )

F. Magri, J. Math. Phys. 19, 1156-1162 (1978) 23


https://doi.org/10.1063/1.523777

The KdV-Virasoro-Schwarzian derivative triangle

e Bi-Hamiltonian structure of KdV: Gardner-Zakharov-Faddeev brackets and
Magri brackets

9V ={V, Hatgpy, ={V. Hity >

e Magri brackets are the classical realization of the Virasoro algebra

— Ln :
V(Z) = Z ontl — {Lna Lm}M = (n - m)Ln+m -

n=-—oo

n(n? — 1)
2

6n+m,0

J-L. Gervais, Phys. Lett. B 160, 277-278 (1985), J.-L. Gervais, Physics Letters
B 160, 279-282 (1985) 23
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The KdV-Virasoro-Schwarzian derivative triangle

e Bi-Hamiltonian structure of KdV: Gardner-Zakharov-Faddeev brackets and

Magri brackets
0oV ={V, Ho}gpz = {V. Ha by »

e Magri brackets are the classical realization of the Virasoro algebra

— Ln .
V()= > —i1 — i, L by = (0= m) Lo —

n=-—oo

n(n? —1)

5nm
9 +m,0

e (BH) potentials as a CFT energy-momentum tensor:

o Infinitesimal conformal transformation of V: w(z) = z + €(2)
1
dV(w) ={V(w),Fe}y, Fe= —i/dz e(2)V(2), Fel._y=H1

¢ Finite conformal transformation of V: Schwarzian derivative

Vo) — (%v)” Ve + 55| St === -3 (%)2

Wy z
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Conformal transformation of the master equation

Voo — VO = —K*%

e Perform the following general transformation

x = x=ux(F), . . . 5 -
o = a@)as (@)Y s+ (@)Y = —kw
Yo Y(x) =w(@)Y(I)

e Cancel first order derivative terms to preserve the operator structure, i.e.
b(Z) = 0 to obtain

4 (Pa2-V)d=0, V(@)= (%) - [V(m) + %S(i(w))
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Conformal transformation of the master equation

Voo — VO = —K*%

e Perform the following general transformation

x = x=ux(F),

b= () = w(@)P(E)

— a(2)) 55 + b(E)0 5 + c(B)) = —kPwid

e Cancel first order derivative terms to preserve the operator structure, i.e.
b(Z) = 0 to obtain
4 (a2 V) i=0, V@)= (2 v + Ls@e)
¥ ’ dz 2

e Similarity with “Schrédinger symmetry” responsible for the vanishing of
the Love numbers (for scalar field perturbations and zero frequency)

J. Ben Achour, E. R. Livine, S. Mukohyama, and J.-P. Uzan, JHEP 07, 112 (2022) 2
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Hyperboloidal slicing

(<0F +02 = Vi) =0

e Perform the following transformation

(t,x) = (1,8) : {

b

I
©
=
™
o

e With 1) = 0, ¢ the master equation becomes

0 1
O0rp =1Ly, L=1 , so=<¢>
v\ Ly Ly ¥

L1 = e [0 (p(€)De) — 40(6)] w(é) = 4 (9% = 1) (&) =gV,
Lo = ﬁ [27(€)0 + 9e7(€)] p(&) =5 7 (&) = ij
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Hyperboloidal slicing

Ly = ﬁ [86 (P(f)ag) - Qe(f)] L1 bulk/integrable
Ly = ﬁ [27(5)35 + 857(5)] L2 boundary /dissipative

e Define an energy scalar product (crucial to assess QNM instability)

b
(p1,2) = %/ (w0r G109+ do + pOed1Oc o + qedrd2) dE F = Y0rGrmOrdom

m
e Non-selfadjointness is due to dissipation at the boundaries
. 0 1
L=L+12, 17=1 . £ =2L (56 - a) — 36— b))
2 0 ﬁg w

J. L. Jaramillo, R. Panosso Macedo, and L. Al Sheikh, Phys. Rev. X 11, 031003
(2021), E. Gasperin and J. L. Jaramillo, Class. Quant. Grav. 39, 115010 (2022) 26
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Universality Conjecture




A Universality Conjecture

Inspiral Merger Ringdown
%\5,/} — /ﬂ T— <
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- \

Merger Ringdown

h

Strain (102")

tlm e Theoretical Model of GW150914
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e Asymptotic reasoning : filter some DoFs to unveil the underlying
(universal) patterns

o Wave mean flow : effective separation into “slow” and “fast” DoFs

J. L. Jaramillo, M. Lenzi, and C. F. Sopuerta, Phys. Rev. D 110, 104049 (2024),
J. L. Jaramillo and B. Krishnan, (2022), J. L. Jaramillo, B. Krishnan, and C. F. Sopuerta,
Int. J. Mod. Phys. D 32, 2342005 (2023)
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A Universality Conjecture

Inspiral Merger Ringdown

G [ 2 Distance Between Black Holes
,g.' 12 1 10 9 87640
) _&' — o Inspiral Merger Ringdown
— /
SRS 2 T Q
=

Strain (1027

[ime Theoretical Model of GW150914
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known———={supercomputer«=——known—— Time (seconds)

“Even systems which are far from integrable may have an integrable heart

which tells one much about their behaviour”

N.J. Hitchin, G.B. Segal and R.S. Ward, Integrable systems: Twistors, loop groups

and Riemann surfaces
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A Universality Conjecture

Inspiral Merger Ringdown
glu 1=-0.50 gu 1=-0.25 alv t=-0.10
o o o
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2 2 2
h 0 4 0 & %
i =010 8y TT=025 8y t=0.50
. o o o
time
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2 2 2
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Soliton resolution conjecture

Generic global-in-time nonlinear wave dynamics decouple universally at late
times into soliton solutions plus radiation.

T. Tao, Bulletin of the American Mathematical Society 46, 1-33 (2009) 2



Conclusions




e Hidden integrable structures in BH physics: analytic results and algebraic
structures

e Interplay with asymptotic dynamics and BMS symmetries (resumming the
modes and off-shell formulation)

e In GW physics:

o QNMs

¢ Tidal Love numbers

<o

BH spectroscopy

¢ Extension to Kerr
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