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HOW CAN WE MODEL THE DYNAMICS OF AN EPIDEMIC?

m We focus on infectious diseases.

m Caused by the invasion of an organism by a pathogen.

m Can spread via contacts between individuals.

m In-organism dynamics (immune response etc.) — separate problem

— We focus on the diffusion of the disease among individuals in a population.
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Early 20" century, inspired by the first ecological models and chemical kinetics.

A Contribution to the Mathematical Theory of Epidemics.
By W. O. Kermack and A. G. McKENDRICK.

(Communicated by Sir Gilbert Walker, F.R.S.—Received May 13, 1927.)

(From the Laboratory of the Royal College of Physicians, Edinburgh.)
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COMPARTMENTAL MODELS

m Different infection stages — different compartments ("chemical species"),
m Disease course — progression through the compartments ("reactions"),
m Infection process — mass action law.

Simplest example — Susceptible-Infected-Recovered (SIR) model.

S — _5N5 m S+ 1+ R = N total population (no demography),
_ | m 3 > 0 at-risk contact rate (probability/unit time),
I'= 5N5 —ul m 4 > 0 healing rate,

R=pl m can be regarded as a mean-field model for a

stochastic process.




EXAMPLE TRAJECTORY

Population fraction

mjg=1,

W =1/4,

B S,=99x10",
mlp=1x102
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Let us consider a slightly different model:

$=-pgS
. |
= B—S—~E
f BN Y
I =~E—pul
R:,ul

m Exposed compartment (infected but not infective),
m v infectiveness development rate,

m the dynamics of I is a linear ODE with forcing yE(t),
m for I(ty) = O, we have

t
I(t) = ’y/ dTe_“(t_T)E(T),
t

0
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Let us consider a slightly different model:

m Exposed compartment (infected but not infective),

S= _’BNS m ~ infectiveness development rate,
E_ ,BLS _E m the dynamics of I is a linear ODE with forcing vyE(t),
_ N m for I(tp) = O, we have
I = vE — ul t
R=ul I(t) = ’y/ dre Ht=T)E (1),
to

Identifying yE(t) = @in(t) incoming flow, the ODE for | becomes

. t
(1) = o (t) — s / dre #t="py (7).
to
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HOW LONG WILL SOMEBODY BE SICK?

i t
i(t) = o) — u / dre HE7 g (7).
to

m Balance equation: outgoing flow @out(t) = (p * pin)(t),
m o(t) is an exponential delay kernel with rate p.
m each subject remains in compartment I for a random time 7 drawn from p(7).
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IS THIS A REALISTIC ASSUMPTION?

m Yes, in coarse grained analyses, first
approaches from little data,

m More precise clinical studies, often
later-on — peaked distributions.

m When finer details matter
p(t) # pexp(—put)
— Distributed-delay models.

w
=)
a

w
=)
a

0.2 4

0.14

0.0

0.2 4

0.14

0.0

Influenza
(Infectious)

Ebola
(Latent)

m— Gamma(3,1)

m— Gamma(2.5,2.2)

0

5

10 15 20 25 0
Measles
(Infectious)

5 10 15 20 25
Hepatitis B
(Incubation)

m— Gamma(4,1)

Lognorm(s=0.5,0=80)

0

5

10 15 20 25 0
Duration (days)

50 100 150 200 250
Duration (days)



A COMPARISON OF ODES AND DDES




A COMPARISON OF ODES AND DDES

Ordinary Differential Equations Delay Differential Equations




A COMPARISON OF ODES AND DDES

Ordinary Differential Equations Delay Differential Equations

Form X(t) = f(x(1)) X(t) =f <x(t), JEdsk(t, s)x(s))




A COMPARISON OF ODES AND DDES

Ordinary Differential Equations Delay Differential Equations
Form X(t) = F(x(1)) X(t) = £ (x(t), Jy dsK(t, 5)x(s))
State x(t) € RY, d-dimensional Xt :S € R = RY9, oco-dimensional




A COMPARISON OF ODES AND DDES

Ordinary Differential Equations Delay Differential Equations
Form X(t) = F(x(1)) X(t) = £ (x(t), Jy dsK(t, 5)x(s))
State x(t) € RY, d-dimensional Xt :S € R = RY9, oco-dimensional

Evolution  phase flow w/ group property continuous semigroup (no inverse)




A COMPARISON OF ODES AND DDES

Ordinary Differential Equations Delay Differential Equations
Form X(t) = F(x(1)) X(t) = £ (x(t), Jy dsK(t, 5)x(s))
State x(t) € RY, d-dimensional Xt :S € R = RY9, oco-dimensional

Evolution  phase flow w/ group property continuous semigroup (no inverse)

Stability d eigenvalues infinite eigenvalues
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Ordinary Differential Equations Delay Differential Equations
Form X(t) = F(x(1)) X(t) = £ (x(t), Jy dsK(t, 5)x(s))
State x(t) € RY, d-dimensional Xt :S € R = RY9, oco-dimensional

Evolution  phase flow w/ group property continuous semigroup (no inverse)

Stability d eigenvalues infinite eigenvalues
Numerlcal textbook algorithms computationally expensive
solution & fewer algorithms

DDEs can be more realistic models for complex phenomena, but require specific
approaches.
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THE PROBLEM

Weekly forecast of the new COVID-19 cases within
the Metropolitan City of Bologna
(population ~ 9 x 10°) using

m Testing data
m Hospital admission data
m (later) Vaccination data

Support the readiness of local hospitals with an
estimate of necessary ICU and ordinary ward
beds.

)
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; Dps 1 Intermediate compartments:

Gy

Pse—~|
[S—
o)

Infection flow: Active population:
u(t) P(t) = S(t) + E(t) + U(t) + R(t)

®se(t) = As(t)T (t)%S(t)

wURﬁﬂm R m Exposed
: m Unreported

v m /solated infected

B: baseline infection rate
Intermediate dynamics s(t): sociability parameter
7(t): relative transmissivity

. oo
E— e~ [ dsos(t— s)pe(siTe,) e
0 o: symptomatic fraction
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MODEL PARAMETERS

m For each compartment we specify the

m (: baseline infection rate
> from testing data before the
lockdowns (February/March 2020).
> 3~~0.833d7"
m s(t): sociability parameter
> 1 before the pandemic
> adjusted over time to take into
account restrictions
m 7(t): transmissivity parameter
> 1 for wild-type SARS-CoV-2, it
accounts for variants.
» 1.56 for Alpha, 2.50 for Delta,
12.50 for Omicron, from literature.

exit distribution p(t).
» Gamma distribution for U,

» Dirac ¢ for the other compartments.

Parameter Mean (d) Std. dev. (d)

Te 2 -
Ty 5.5 2.3
T 21 -
Tr 180 -

B o = 0.14: symptomatic fraction
from literature.
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Adjust weekly s(t) to match oy (t) to the measured rate of new cases.
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Due to the timescales of the phenomenon we have to adjust s in the past.

How sensitive is our prediction to changes in s?
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MODEL SENSITIVITY

Our analysis rests on the concept of Local Lyapunov Exponent of the origin.

To compute the exponent at time t, we make two assumptions for t — to < Ty:
s(t) = s(to) = s constant, S(t)/P(t) = S(to)/P(to) = no constant.
The U dynamics can be approximated as autonomous
. (o)
U = Bnos [U(t Ty - / dr Ut — Tg — 7)p(7; Ty, o0)
o

Looking for a solution in the form U(t) = U(t,)e*(®)(t=%) we get

A(to) ) o~ TeA(to)

ba

Bnos (1 ~ (A(to) + b)?
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Passing to u = Ty, adimensional LLE we rewrite the equation for X as

W — (1 - ﬁ) exp (—%M) = F(u),

which can be solved numerically , and implicit differentiation w.r.t. s yields

dp _ 1(s)
ds  s(1—r(s)dF/du)’

where r(s) = Ty3sno can be shown to be the effective reproduction number Ry,.
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Change so — so + Asattimet,. —  AU(to + At) = U(to) exp (u(to,so %) ?—Ji—’;As

u

0.30

m System response is
determined by the local 025
Lyapunov exponent (.,

m semi-analytical expression
for 42 susceptivity of the
exponent on s,

m The system is most
susceptible before the peak,

| After the peak the 0% 40 50 60 70 80 %0 100
susceptivity drops. ‘

— need for a reliable way to estimate the sociability , especially in the first phases
of the pandemic.
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THE MOBILITY PROXY

Mobility data from magnetic coils.
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THE MOBILITY PROXY

Mobility data from magnetic coils. Does it match our s(t)?
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Mobility data from magnetic coils. Does it match our s(t)?
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THE MOBILITY PROXY

Mobility data from magnetic coils. Does it match our s(t)?
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THE MOBILITY PROXY

Mobility data from magnetic coils. Does it match our s(t)?
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We can realign the time series by performing a few shifts
— match variations in the two time series.

1.04

S
©
)

@
o
L

0.2 1

0.0

-
e

o
‘0'00'.......

<

+

000 conny,

+

X
‘®m o

Uj
<t

o o

oooo\

V’l

m-l-

T
. ) h
o ,4(“ W
: s
. 1 +
ot
e Mobility
% Sociability
Shift = +0.54
Shift = +0.23
Shift = +0.71
=== Omicron
—— Post-lockdown reopening
——=- Gradual reopening
----- Schools opening
1

Date

2020-01 2020-04 2020-07 2020-10 2021-01 2021-04 2021-07 2021-10 2022-01 2022-04 2022-07




WHAT DO THE SHIFTS TELL US?

Are the shift dates meaningful?




WHAT DO THE SHIFTS TELL US?

Are the shift dates meaningful?

Day Shift Event
18/05/2020 | 0.58
17/05/2021 | 0.23
15/09/2021 | 0.71




WHAT DO THE SHIFTS TELL US?

Are the shift dates meaningful?

Day Shift Event
18/05/2020 | 0.58 | Activities reopening
17/05/2021 | 0.23
15/09/2021 | 0.71




WHAT DO THE SHIFTS TELL US?

Are the shift dates meaningful?

Day Shift Event
18/05/2020 | 0.58 | Activities reopening w/ social distancing
17/05/2021 | 0.23
15/09/2021 | 0.71




WHAT DO THE SHIFTS TELL US?

Are the shift dates meaningful?

Day Shift Event
18/05/2020 | 0.58 | Activities reopening w/ social distancing
17/05/2021 | 0.23 | Beginning of gradual reopening strategy
15/09/2021 | 0.71




WHAT DO THE SHIFTS TELL US?

Are the shift dates meaningful?

Day Shift Event
18/05/2020 | 0.58 | Activities reopening w/ social distancing
17/05/2021 | 0.23 | Beginning of gradual reopening strategy
15/09/2021 | 0.71 | Schools reopening




WHAT DO THE SHIFTS TELL US?

Are the shift dates meaningful?

Day Shift Event
18/05/2020 | 0.58 | Activities reopening w/ social distancing
17/05/2021 | 0.23 | Beginning of gradual reopening strategy
15/09/2021 | 0.71 | Schools reopening

— shift is larger whenever stricter "soft" measures are effective.




WHAT DO THE SHIFTS TELL US?

Are the shift dates meaningful?

Day Shift Event
18/05/2020 | 0.58 | Activities reopening w/ social distancing
17/05/2021 | 0.23 | Beginning of gradual reopening strategy
15/09/2021 | 0.71 | Schools reopening

— shift is larger whenever stricter "soft" measures are effective.
Statistical significance:




WHAT DO THE SHIFTS TELL US?

Are the shift dates meaningful?

Day Shift Event
18/05/2020 | 0.58 | Activities reopening w/ social distancing
17/05/2021 | 0.23 | Beginning of gradual reopening strategy
15/09/2021 | 0.71 | Schools reopening

— shift is larger whenever stricter "soft" measures are effective.
Statistical significance:

Our shifts:

Pearsonr = 0.78,
RMSEy = 0.15



WHAT DO THE SHIFTS TELL US?

Are the shift dates meaningful?

Day Shift Event
18/05/2020 | 0.58 | Activities reopening w/ social distancing
17/05/2021 | 0.23 | Beginning of gradual reopening strategy
15/09/2021 | 0.71 | Schools reopening

— shift is larger whenever stricter "soft" measures are effective.
Statistical significance:

Our shifts: Ensemble of random breakpoints:
Pearsonr = 0.78, Pearsonr = 0.50 + 0.15,
RMSEq = 0.15 RMSE, = 0.30 + 0.07
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CONCLUSIONS

m Distributed delay differential equations provide a good model
for these phenomena:

» Can manage wildly different timescales, El [=]
> Comparatively few parameters, many can be estimated ﬂ
independently, !
» "Full physics" mean field model. E] 2.1
m Mobility data can be a proxy for sociability parameters: Find our
> estimate much better the impact of harder measures vs softer paper
Ones, here!

»> the model should be recalibrated every time softer measures
are changed.
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PERSPECTIVES

Leverage linear response results to formalize the regression problem:
m non-trivial due to the non-local delay kernels,
m need for techniques from fractional calculus,

m opportunity to provide ground for many useful procedures, and automate
them, still quite new for this type of equation.
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How do people react to the containment measures?
m The government can face expenses both due to measures and to lack thereof,

m individuals can choose between compliance with regulations or refusal to
cooperate depending on their perception of the balancing of costs,

m costs are of different types: economic, social, workload, infrastructural, ...
m game theoretical models could be coupled to the DDEs.
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