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How can we model the dynamics of an epidemic?

We focus on infectious diseases.

Caused by the invasion of an organism by a pathogen.
Can spread via contacts between individuals.
In-organism dynamics (immune response etc.)

→ separate problem

→ We focus on the diffusion of the disease among individuals in a population.
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Compartmental models

Early 20th century, inspired by the first ecological models and chemical kinetics.
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Compartmental models

Different infection stages

→ different compartments

("chemical species"),

Disease course

→ progression through the compartments

("reactions"),

Infection process

→ mass action law.

Simplest example

→ Susceptible-Infected-Recovered (SIR) model.

Ṡ = −β
I
NS

İ = β
I
NS − µI

Ṙ = µI

S + I + R = N total population (no demography),
β > 0 at-risk contact rate (probability/unit time),
µ > 0 healing rate,
can be regarded as a mean-field model for a
stochastic process.
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Ṙ = µI

S + I + R = N total population (no demography),
β > 0 at-risk contact rate (probability/unit time),
µ > 0 healing rate,
can be regarded as a mean-field model for a
stochastic process.

3 21



Example trajectory
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β = 1,
µ = 1/4,
S0 = 9.9 × 10−1,

I0 = 1 × 10−2.
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How long will somebody be sick?

Let us consider a slightly different model:

Ṡ = −β
I
NS

Ė = β
I
NS − γE

İ = γE − µI
Ṙ = µI

Exposed compartment (infected but not infective),
γ infectiveness development rate,
the dynamics of I is a linear ODE with forcing γE(t),
for I(t0) = 0, we have

I(t) = γ

∫ t

t0

dτe−µ(t−τ)E(τ),

Identifying γE(t) = φin(t) incoming flow, the ODE for I becomes

İ(t) = φin(t)− µ

∫ t

t0

dτe−µ(t−τ)φin(τ).
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Ė = β
I
NS − γE
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How long will somebody be sick?

İ(t) = φin(t)− µ

∫ t

t0

dτe−µ(t−τ)φin(τ).

Balance equation: outgoing flow φout(t) = (ρ ∗ φin)(t),
ρ(t) is an exponential delay kernel with rate µ.
each subject remains in compartment I for a random time τ drawn from ρ(τ).
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İ(t) = φin(t)− µ

∫ t

t0

dτe−µ(t−τ)φin(τ).

Balance equation: outgoing flow φout(t) = (ρ ∗ φin)(t),
ρ(t) is an exponential delay kernel with rate µ.

each subject remains in compartment I for a random time τ drawn from ρ(τ).

6 21



How long will somebody be sick?
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Is this a realistic assumption?

Yes,

in coarse grained analyses, first
approaches from little data,

More precise clinical studies

, often
later-on → peaked distributions.

When finer details matter
ρ(t) ̸= µ exp(−µt)

→ Distributed-delay models.
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A comparison of ODEs and DDEs

Ordinary Differential Equations Delay Differential Equations

Form ẋ(t) = f (x(t)) ẋ(t) = f
(

x(t),
∫ t

0 ds K(t, s)x(s)
)

State x(t) ∈ Rd, d-dimensional xt : S ∈ R → Rd, ∞-dimensional

Evolution phase flow w/ group property continuous semigroup (no inverse)

Stability d eigenvalues infinite eigenvalues

Numerical
solution textbook algorithms computationally expensive

& fewer algorithms

DDEs can be more realistic models for complex phenomena, but require specific
approaches.
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Form ẋ(t) = f (x(t)) ẋ(t) = f
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(

x(t),
∫ t

0 ds K(t, s)x(s)
)

State x(t) ∈ Rd, d-dimensional xt : S ∈ R → Rd, ∞-dimensional

Evolution phase flow w/ group property continuous semigroup (no inverse)

Stability d eigenvalues infinite eigenvalues

Numerical
solution textbook algorithms computationally expensive

& fewer algorithms

DDEs can be more realistic models for complex phenomena, but require specific
approaches.

8 21



A comparison of ODEs and DDEs

Ordinary Differential Equations Delay Differential Equations
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The problem

Weekly forecast of the new COVID-19 cases within
the Metropolitan City of Bologna
(population ≈ 9 × 105) using

Testing data
Hospital admission data
(later) Vaccination data

Support the readiness of local hospitals with an
estimate of necessary ICU and ordinary ward
beds.
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The model

Intermediate compartments:

Exposed
Unreported
Isolated infected

Infection flow:

ΦSE(t) = βs(t)τ(t)U(t)
P(t)S(t)

Intermediate dynamics

Ė = ΦSE −
∫ ∞

0
dsΦSE(t − s)ρE(s; TE, σE)

Active population:
P(t) = S(t) + E(t) + U(t) + R(t)

β: baseline infection rate
s(t): sociability parameter
τ(t): relative transmissivity
α: symptomatic fraction
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Ė = ΦSE −
∫ ∞

0
dsΦSE(t − s)ρE(s; TE, σE)

Active population:
P(t) = S(t) + E(t) + U(t) + R(t)

β: baseline infection rate
s(t): sociability parameter
τ(t): relative transmissivity

α: symptomatic fraction

10 21



The model

Intermediate compartments:
Exposed
Unreported
Isolated infected

Infection flow:

ΦSE(t) = βs(t)τ(t)U(t)
P(t)S(t)

Intermediate dynamics
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Model parameters

β: baseline infection rate
▶ from testing data before the

lockdowns (February/March 2020).
▶ β ≈ 0.833 d−1

s(t): sociability parameter

▶ 1 before the pandemic
▶ adjusted over time to take into

account restrictions

τ(t): transmissivity parameter

▶ 1 for wild-type SARS-CoV-2, it
accounts for variants.

▶ 1.56 for Alpha, 2.50 for Delta,
12.50 for Omicron, from literature.

For each compartment we specify the
exit distribution ρ(t).

▶ Gamma distribution for U,
▶ Dirac δ for the other compartments.

Parameter Mean (d) Std. dev. (d)

TE 2 –
TU 5.5 2.3
TI 21 –
TR 180 –

α = 0.14: symptomatic fraction
from literature.
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Making predictions

Adjust weekly s(t) to match ΦUI(t) to the measured rate of new cases.

Due to the timescales of the phenomenon we have to adjust s in the past.

How sensitive is our prediction to changes in s?
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Model sensitivity

Our analysis rests on the concept of Local Lyapunov Exponent of the origin.

To compute the exponent at time t0 we make two assumptions for t − t0 ≪ TU:

s(t) = s(t0) = s constant, S(t)/P(t) = S(t0)/P(t0) = n0 constant.

The U dynamics can be approximated as autonomous

U̇ = βn0s
[

U(t − TE)−
∫ ∞

0
dτ U(t − TE − τ)ρ(τ ; TU, σU)

]
Looking for a solution in the form U(t) = U(t0)eλ(t0)(t−t0) we get

λ(t0)

βn0s =

(
1 − ba

(λ(t0) + b)a

)
e−TEλ(t0)

13 21
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Model sensitivity

Passing to µ = TUλ, adimensional LLE we rewrite the equation for λ as

µ

TUs(t0)βn0
=

(
1 − aa

(µ+ a)a

)
exp

(
− TE

TU
µ

)
= F(µ),

which can be solved numerically

, and implicit differentiation w.r.t. s yields

dµ
ds =

µ(s)
s(1 − r(s)dF/dµ) ,

where r(s) = TUβsn0 can be shown to be the effective reproduction number Rt0 .
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Model sensitivity

Change s0 → s0 +∆s at time t0.

→ ∆U(t0 +∆t) = U(t0) exp
(
µ(t0, s0)

∆t
TU

)
∆t
TU

dµ
ds ∆s

System response is
determined by the local
Lyapunov exponent µ,
semi-analytical expression
for dµ

ds susceptivity of the
exponent on s,
The system is most
susceptible before the peak,
After the peak the
susceptivity drops.

→ need for a reliable way to estimate the sociability , especially in the first phases
of the pandemic.

15 21
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The mobility proxy

Mobility data from magnetic coils.

Does it match our s(t)?
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We can realign the time series by performing a few shifts
→ match variations in the two time series.
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What do the shifts tell us?

Are the shift dates meaningful?

Day Shift Event
18/05/2020 0.58

Activities reopening

w/ social distancing

17/05/2021 0.23

Beginning of gradual reopening strategy

15/09/2021 0.71

Schools reopening

→ shift is larger whenever stricter "soft" measures are effective.
Statistical significance:

Our shifts:

Pearson r = 0.78,
RMSE0 = 0.15

Ensemble of random breakpoints:

Pearson r = 0.50 ± 0.15,
RMSE0 = 0.30 ± 0.07
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Conclusions

Distributed delay differential equations provide a good model
for these phenomena:

▶ Can manage wildly different timescales,
▶ Comparatively few parameters, many can be estimated

independently,
▶ "Full physics" mean field model.

Mobility data can be a proxy for sociability parameters:

▶ estimate much better the impact of harder measures vs softer
ones,

▶ the model should be recalibrated every time softer measures
are changed.

Find our
paper
here!
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Perspectives

Leverage linear response results to formalize the regression problem:

non-trivial due to the non-local delay kernels,
need for techniques from fractional calculus,
opportunity to provide ground for many useful procedures, and automate
them, still quite new for this type of equation.
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Perspectives

How do people react to the containment measures?

The government can face expenses both due to measures and to lack thereof,
individuals can choose between compliance with regulations or refusal to
cooperate depending on their perception of the balancing of costs,
costs are of different types: economic, social, workload, infrastructural, ...
game theoretical models could be coupled to the DDEs.
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Any questions?



Thank you!
Any questions?


