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Abstract. This study focuses on the solution strategies of 6 Greek secondary
students, one from each different grade of secondary education, in 5 mental rotation
tasks from which emerges as a usual strategy, a visual-analytical approach within the
harmonic type of reasoning, where the visual component came first and the analytical
followed. In two-dimensional tasks, the students mainly followed a visual strategy,
which is often accompanied by the use of gestures and body movements, in contrast to
the three-dimensional tasks, where the need appears for visualization to be combined
with a verbal description of transformations of the shape, in a mental rotation. At the
same time, through problem solving, both a correlation of human memory with
visualization and the development of creative approaches by students are highlighted;
one of them was not able to distinguish that the front and back view of an object are
not the same but reversed. Thus, through all the approaches, the need for students’
action either for interpretation or for construction becomes clear.

Keywords: mental rotation, harmonic type of reasoning, spatial processing ability,
required action.

Sunto. La presente ricerca si focalizza sulle strategie risolutive di sei studenti greci
di scuola secondaria, uno per ciascun livello del percorso d’istruzione secondaria, in
riferimento a cinque compiti che richiedono di immaginare la rotazione di un oggetto
e dai quali emerge come strategia usuale un approccio visuale-analitico nell’ ambito
del ragionamento armonico, in cui la componente visuale precede quella analitica.
Nei compiti bidimensionali gli studenti hanno seguito principalmente una strategia di
visualizzazione, che spesso é stata accompagnata dall’uso di gesti e di movimenti del
corpo, a differenza di quanto avvenuto nei compiti tridimensionali, dove sembra
manifestarsi la necessita che la visualizzazione sia accompagnata da una descrizione
orale di trasformazioni della forma, risultanti da una rotazione immaginaria. Nello
stesso tempo, attraverso la risoluzione dei problemi, viene messa in evidenza una
correlazione tra la memoria umana e la visualizzazione e lo sviluppo di approcci
creativi da parte degli studenti; uno di loro non é stato in grado di riconoscere che la
vista dal di fronte e di dietro non sono uguali, ma rovesciate [’'una rispetto all’altra.
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Cosi, trasversalmente a tutti gli approcci, diventa chiara la necessita della messa in
atto da parte degli studenti di azioni finalizzate all’interpretazione o alla costruzione.

Parole chiave: rotazione mentale, ragionamento di tipo armonico, capacita di
processamento spaziale, azione richiesta.

Resumen. Este estudio se centra en las estrategias de solucion dadas por cada uno
de los 6 estudiantes de secundaria griegos (uno por cada grado de escolaridad) que
intervinieron en la prueba, en 5 tareas de rotacion mental de las cuales surgen, como
estrategia habitual, un enfoque visual-analitico dentro del tipo armonico de
razonamiento, en el cual la componente visual llega en primer lugar seguida de la
componente visual. En las tareas bidimensionales, los estudiantes siguieron
principalmente una estrategia visual, que a menudo va acompariada del uso de gestos
y movimientos corporales, en contraste con las tareas tridimensionales, donde
aparece la necesidad de que la visualizacion se combine con una descripcion verbal
de las transformaciones de la forma, en una rotacion mental. Al mismo tiempo, a
través de la resolucion de problemas, se destaca tanto una correlacion de la memoria
humana con la visualizacion como el desarrollo de enfoques creativos por parte de
los estudiantes; uno de ellos no fue capaz de distinguir que las vistas frontal y trasera
de un objeto no son las mismas, pero invertidas. Por lo tanto, a través de todos los
enfoques, la necesidad de la accion de los estudiantes, ya sea para la interpretacion o
para la construccion, se hace evidente.

Palabras claves: rotacion mental, tipo arménico de razonamiento, habilidad de
procesamiento espacial, accion requerida.

1. Introduction

Applying transformations and using visualization and spatial reasoning are
two of the principal standards for geometry in the standards for school
mathematics (National Council of Teachers of Mathematics, 2000). Spatial
ability is defined by Lohman (1996) as the ability of the individual to produce,
maintain, recall, and transform well-structured visual images. Moreover, it is
defined by McGee (1979) as the ability to form mental images and manipulate
them in the individual’s thinking. In addition to them, Guay and McDaniel
(1977) defined as low-level spatial ability, the ability to visualize — but not
mentally transform — two-dimensional objects, and as high-level spatial
ability, the ability to visualize three-dimensional shapes, and to mentally
manipulate them. In addition, Gorgorié (1998) proposes the use of the
construct “spatial processing ability” instead of the construct “visual
processing ability”, to denote not only the individual’s ability to imagine
spatial objects, their relationships, and transformations, but also their ability to
decode these data visually as well as the ability to encode them in verbal or
mixed ways. Linn and Petersen (1985) identified three factors that define the
ability to perceive spatial concepts. One of them was “mental rotation” which
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was defined as the ability to quickly mentally rotate two-dimensional and
three-dimensional shapes. In addition, mental rotation involves the mental
processing of an image or object by observing how it will look from a
different point of view when rotated rather than reflected (Michaelides, 2006).
This study seeks to investigate what are the characteristics of students’ solving
strategies when engaging in mental rotation tasks, to analyze the functionality
and effectiveness of these strategies as a function of task characteristics and to
note any difficulties that arise.

2. Theoretical perspectives

Much of the research in the field of spatial ability is quantitative and based on
factor analysis, on equation structural modelling and other statistical methods
(Gagatsis & Kalogirou, 2013; Kalogirou, Elia, & Gagatsis, 2009; Kalogirou &
Gagatsis, 2011, 2012). This research provides classifications that do not
support the hypothesis that all individuals solve all tasks in a test in the same
way (Lohman, 1979). Thurstone (1938) notes that there is evidence that
individuals use different strategies to solve spatial problems. This view has led
to many studies, where individuals have been asked to indicate what strategies
they used to solve such problems (Lohman, 1979; Lohman & Kyllonen, 1983).
In a study of gifted students, Kruktetskii (1976) proposed a classification of
student solving strategies and distinguished three types of students, based on
how they interpret the world mathematically and their preferences for problem
solving. The research showed that a small percentage of students followed an
analytical-productive and verbal-logical procedure (analytic type) or a visual-
pictorial procedure (geometric type). In contrast, the majority of students used
both abstract and pictorial representations (harmonic type) depending on the
context of the problem (Michaelides, 2006). Thus, the conclusion that mental
images and verbal processes not only do not function independently but
interact as they have supportive functions (Fischbein, 1993; Lean & Clements,
1981; Lohman, 1979; Paivio, 1971) and this result has led to the argument that
spatial ability is not identified exclusively with the processing of virtual
information. This argument was reinforced by Gorgori6é (1998) through the
use of visualization, in the study of strategies for solving mental rotation tasks.
Gorgorid (1998) proposed a distinction between visual solution strategies,
where one can deduce from the student’s observations and explanation that
visual images had been used as an essential part of the solution, and non-visual
or analytic strategies, where such images are not used, but an argument is
developed to justify the solution strategy. In a visual strategy (holistic
approach), verbal features are not specific or detailed enough and are often
accompanied by gestures of students and body movements in an attempt to
describe a mental movement such as rotation. Moreover, other research has
noted the importance and role of the body and in particular perceptual-motor
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activities in learning mathematics (Lakoff & Nunez, 2000; Nemirovsky et al.,
1998).

Elia, Gagatsis, and van den Heuvel-Panhuizen (2014) studied the role of
gestures in making connections between space and shape aspects and their
verbal representations in the early years. The same researchers studied the
development of understanding of shapes and space with a focus on
visualization (Elia, van den Heuvel-Panhuizen, & Gagatsis, 2018).

In fact, the use of gestures often reveals strategies that are difficult to
articulate (Garber, Alibali, & Goldin-Meadow, 1998; Goldin-Meadow,
Alibali, & Church, 1993). On the contrary, in an analytic strategy (partial
approach), their attention is focused on parts or properties of the
representations such as left-right part, relative position, etc., in an attempt to
formulate an argument.

Among the characteristics considered to be able to modify or influence
students’ strategies, Gorgorio (1998) introduced the term “required action” to
describe the most important characteristic, that is, the action required by the
individual, as defined by Leinhardt et al (1990), to solve the problem. Thus,
according to the authors, this required action can be one of interpretation or of
construction. In the first case, the student must obtain information from an
object or representation and such an interpretation work is considered when
the student asked to react to the view of an integrated geometric action, as in
the case of matching an element with someone representing the application of
a geometric transformation into it, like mental rotation, in the context of
multiple-choice questions. Instead, in the second case, the student acts to
create a new object, constructing or representing it. That is, given the initial
element, the student must create the final, performing the required geometric
action himself, either mentally or tactilely (Gorgorio, 1998). As Gorgorio
(1998) points out, the relationship between the two actions is such that
interpretation work does not require construction while construction is often
based on some kind of interpretation.

3. Method
3.1.  Participants

This study was addressed to 6 Greek secondary students, one from each grade.
The age of the participants ranged from 12-17 years.

3.2. Instruments: Questionnaire and interview

The study is completed in 2 phases. Initially, students are asked to answer a 5-
task questionnaire (Appendix A), which aims to investigate the solution
strategies that students apply to two- and three-dimensional tasks. The first
two of them concern two-dimensional objects and the other three concern
three-dimensional objects, which mainly concern cubic constructions. For the
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first four questions, students have to answer in multiple choice questions,
through a number of images that are image variations provided by
standardized tests (Eliot & Smith, 1983; Michaelides, 2006). In these first four
questions, students are asked to isolate a representation that is the same or
different from the original shape. The last task requires a problem solving,
where the student is asked to explain the strategy used, which is the most
personal ability to process virtual information (Bishop, 1983). In the second
stage, the students were invited to short interviews (Appendix B), where they
were asked to explain what prompted them to follow these solutions. The
discussions took place online, on a communication platform, were videotaped
and any notes made by the students were recorded. The wording of the
questions was simple so as not to influence the students. The students’
answers described in each episode are accompanied by a 1x4 vector of the
form (Si, Ti, S or F, V or A or VA) stating that the student Si worked on the
task Ti with success (S) or failure (F) having a visual (V) or analytic (A) or
visual-analytic (VA) approach. Also, the code Si corresponds to the student of
the 1 grade of secondary education.

4. Results

During the analysis of data, it was observed that none of the participants
followed a unique type of strategy — either visual or analytical — for all five
tasks. The constant alternation of strategies in different tasks or even their
combination in the same task was the usual strategy of students, mainly for the
three-dimension tasks (Table 1).

Table 1
Students’ strategy in each task
Description of task Strategy
Task Type Dimension | Visual  Analytic  Visual-Analytic
1 Multiple Choice 2 5 0 1
2 Multiple Choice 2 5 0 1
Multiple Choice 3 0 3 3
4 Multiple Choice 3 0 4 2
5 Problem solving 3 0 0 6

Indeed, these tasks were more difficult for the students and in particular the
fifth task (the rotated dice). For the two-dimensional tasks, a visual strategy
was mainly applied which soon led all the students to correct answers. On the
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contrary, in the three-dimensional tasks, analytic strategies were observed to a
small extent, focusing on specific characteristics of the shapes and to a greater
extent, combined strategies of the two above, mainly in the problem solving
but also in the third and fourth task. It is worth noting that only the second-
grade student (S2) was able to answer all the questions correctly, justifying his
point of view.

4.1. Features of visual strategies

The visual strategies followed by the students are generally characterized by a
lack of verbal description of the features of the shape, while 5 of the students
used a gesture either by moving their hand or even their whole body by
bending, in their attempt to watch and identify the transformations of the
shape with some of the given options they had.

In fact, one of them (S2) instead of being limited to the circular movement
of the hand, wanted to explain his point of view by pretending with his hands,
each arrow in the first image (Figure 1) justifying that one hand can never be
on the other side, as in the last photo of Figure 1.

Figure 1. Use of gestures for representation of arrow movements.
In addition, another student (S1) formed a circle with both hands and wanted

to rotate it (fig. 2), essentially emphasizing that a continuous check was made
to identify the rotating initial shape with the given options.

-

NP

Figure 2. Use of gestures for representation of circular movement.

The excerpt from the justification for S2 is indicative:

R: Why is C?
S2: If we turn the circle, rotate it, everything will come out the same as above
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except for C.

R: In fact... (I remain silent for a while) that is, it can never take position C?

S2: Look to put it more simply. Look at my two hands. The left is the black arrow
and the right is the red. If I move them in a circle, I can never have C because I
would have to have my hands otherwise...

(S2, T1,S,V)

Of particular interest is the justification of the correct answer to the first task
by the student S3, who used her hand to first show the position of the original
shape and then showed her hand in a position of reflection to the original
position (Figure 3), saying that “It’s as if we have reversed it and that my hand
can never come to this position as it was originally”.

Figure 3. Use of gestures to show reflection

In addition, during the solving of the second task, the older student S6 used the
phrase “axis of rotation” while giving an interesting parallel with the design of
a circle without geometric instruments but with the use of a clip, showing to
apply a continuous circular motion, which in a snapshot it is identified with
figure B. Indicatively mentioned:

R: Why B?

S6: I saw the original, I saw its axis of rotation, that is, basically if we could press
it in the middle and turn it...

R: Where in the middle?

S6: There at the end of the straight section, in the line that it has and if we turn it
then it gives us the B. This is like the way I make a circle without diabetes,
holding one end in one clip and putting a pencil in the other.

(S6,T2,S,V)

Another major feature of the visual strategies observed in two students is the
dominance of intuition due to their observation.

R: What do you think?

S1: It is B. I saw it directly.

R: So, you just saw this or did you check the rest?

S1: Now that I see the rest... it’s all upside down, so that’s what I said at the
beginning.

(S1,T2,S,V)
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4.2. Features of analytic strategies

The analytic strategies were applied to some of the three-dimensional tasks. In
these tasks the students examined specific parts and features of the shapes,
expressing a sequential way of thinking, based mainly on well-formulated
reasoning based on logical arguments and comparisons of parts of the shapes
rather than holistic manipulation of the shape visually. These justifications
were mainly expressed either through the numbering of the cubes in a row or a
column or even in the whole cubic construction but also in the observation of
the position of some subsections of the figure.

S5: I counted all the cubes on the original shape and it is 18.... Then I saw the
ones below and they are all 17 except B which is 18
(S5,T3,S,A)

Finally, it is worth noting that one of the students had difficulty distinguishing
that the front and back view of the shape are not the same but reversed.

S4: You see from here, yes (he thinks) ... that is, it can be the same... uh .. it will
be the same! Yes since it does not want something, then it will be like C? Yes, the
C!

R: C?

S4: The back view is the same as the front view, it will not change because if it
changed, we would see it in the original shape. Basically, my object remains the
same. | did it with my hands, I put my two hands and I see it with my thumb up
and [ saw that if they were opposite, they would not join so I would see
something else.

(S4, T4, F, A)

4.3. Features of combination of visual and analytic strategies

The combined strategy of the visual and the analytic approach at the same
time was applied mainly in the three-dimensional schemes and in the problem
solving but also in two solutions of two-dimensional tasks.

R: You tell me B. Why?

S5: If you pay attention to the right angle that is formed and try to rotate it, the
shape C can never appear.

Now if we look at D, then it is the same as C and A 1is also like that. So, it’s B.
(S5, T2, S, VA)

It is remarkable that in almost all cases where both a visual and an analytic
strategy were followed at the same time, with the visual always preceding the
analytic one, the students correctly solved the task, given to them. In fact, the
student S6, during the execution of task 3, initially stated that all five shapes
are the same, approaching the solution visually, as he confirmed in his
interview and then recalled his answer focusing on individual parts of the
shape, approaching the solution, but again without success, showing that he
did not combine the two approaches.
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S6: They are all the same!

R: For example, if [ ask you about any of these, can you tell me what you did?

S6: 1 took the original shape and, in my mind, I tried to turn it so that it is the
same as A for example and I did it in all the shapes to see which one is the same.
R: In fact, is it the same?

S6: Yes, as the rest.

R: Ok, so you are telling me that all 5 shapes are the same.

S6: Aa! Just a minute! Now I noticed this! Let’s say C, from the top the second
step below has one step while the one above (original) has two. So, it is a
different shape and the same goes for A. So, I conclude that it is B and D.

R: Do you think that B and D are the same as the original shape?

S6: Yes, I counted the steps and they have the same number of cubes.

(S6, T3, F, A)

In addition to the above excerpt, student S1 referred exactly that firstly rotate
the shape B so that it has the position as the original shape and secondly
counted the cubes on top of the shape, where this part of the shape seems like
a ladder. So, S1 follow firstly a visual approach that it is combined later with
an analytic one.

R: It’s B, you tell me. Why should this be?

S1: Well, if we return the shape (meaning B) to its normal form (meaning the
position of the original shape)...

R: When you say return what do you mean?

S1: Rotate it, how do I say it?

R: Let’s rotate it, in fact... and?

S1: ... I counted the cubes on top that look like a ladder and saw that most of the
cubes are at the beginning and the rest A, C and D...

R: Beginning? What is the beginning?

S1: The beginning is from left to right and because it has more cubes to the left I
say that it is B.

(S1, T3, S, VA)

Another remarkable approach was made by the student S3 during the solution
of task 3, where after first making a mental rotation as he confirmed in his
interview, he assigned a number to each column of the cubic structure and
emphasized the arrangement of numbers, seeing construction as a mapping.

R: Why not someone other than B? As A, for example?

S3: I counted in the normal shape (original), the cubes in each row vertically
(meaning column). The original shape goes 1 cube, 2, 2, 3, 3, 4, 3, 2 while in A if
I bring it otherwise it goes 1, 2, 2, 3, 4, 3, 2.

R: And you did that for everything?

S3: Yes, I turned the shapes, brought them in a straight line (position of the
original shape) and measured in each row. Only B fits.

(S3, T3, S, VA)

Of particular interest is the approach of solving the fifth task (problem) by the
student S4, who seemed to confuse the front and back view of a shape earlier.
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S4 creatively tried to reconstruct the die from the beginning, something that
was not clear at first, but he claimed in his post-task interview, based on the
two images he provided. Student S6 tried something similar, starting with the
faces of the first die. In these cases, the task resolution time was extremely
shorter compared to other student approaches.

R: I would also like to ask you: Did you do something different from what you
told me in the description? Did something I do not know help you?

S4: Yes, the truth is that I tried to see how the die are.

R: In what way?

S4: 1 started with an empty cube and based on what I saw from the pictures, |
started to place the numbers in the right places, it is as if [ had the cube in front of
me and turned it where [ wanted. After I put the opposite sides 1-6 and 3-4 I was
left with 2-5, so I had the die as an image and as soon as I turned it, I first raised
the 4 and then the 1 on the right, so I got the 5 ahead. Like I have a Rubik’s cube.
(S4, TS5, S, VA)

In a similar way of solution, student S6 suggested a reconstruction of die with
the exception that the view of first die helps you to begin the process of
placement of the suitable indications of it. In addition to this, S6 confirms at
the end of his point that he founded all the faces of first die.

S6: 1 first saw the two dice that have both rolled 2. The first one has 1 and 3 while
the other one has 6 and 4, so we have actually rolled 2 in a different direction, so
if we turn it clockwise twice in order for 3 and 1 to leave, then based on the
positions of 6 and 4, 6 must be opposite 1 and 4 opposite 3, so I have really found
all the positions (faces) on the first die.

R: Yes, yes, go on...

S6: ...so now, tilt it to the right (axis of rotation: pair opposite sides 1 and 6), it
will take out 4, but in front it will be 1 and 2, so to go where 1 is in the last shape,
you have to turn it clockwise (axis of rotation: pair opposite sides 4 and 3) and
the bottom which is the number 5 to the left of 1 will go where the side we are
looking for is.

(Se6, TS, S, VA)

It is worth noting that problem 5 initially caused confusion about finding the
requested face, revealing an inability of students to memorize both faces and
die transformations. Over time though logical arguments were made about the
opposite faces and the perception of the constant presence of 2 on the upper
face of the two-given dice. However, three of the students approached the
solution stating with certainty that the requested face is 2 or 5 without
however being able to justify which of the two. In fact, two of them and two
other students initially claimed that it should be 5, without justification
because it does not appear in the faces of the given two dice, possibly
revealing an influence of the teaching contract in the students’ thinking.

S5: As I can see, only 5 is missing from the numbers. This must be...
R: Does that matter?
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S5: Now that I noticed it, it has sat a little behind my head and it affects me a
little. But I will try to see it again.
(S5, TS, F, VA)

Finally, it is necessary to mention as a first approach for solving task 4, a real
movement, where a student noted that it is like walking behind the shape and
observing its characteristics. As a second approach, student S5 told that he
turns the shape 180 degrees and look at the unique cube above and the missing
cube at the right part of shape. In his interview, he told that these two
approaches applied almost simultaneously but in the end of our conversation,
he reported that eventually the first approach preceded.

S5: I try to imagine the shape as if | were going behind it

R: Wait, what do you mean?

S5: Without making a turn, if we thought that this is a three-dimensional object,
then it is like standing in front of it and walking to go behind it. Then, I look the
position of cube above and how the right part (i.e, the missing cube down) is
seemed from the back view.

(S5, T4, S, VA)

5. Conclusions

Students’ visual approach and the difficulty of formulating verbal arguments
to describe the rotation of a two-dimensional shape, often lead to the use of
gestures or body movements to state and justify their argument. On the
contrary, in three-dimensional tasks, they have the option to refer to individual
characteristics of the shapes and in fact often to combine them with mental
rotations following the harmonic type of reasoning as it is defined by
Kruktetskii (1976). In fact, the visual strategy seems to precede the students’
reasoning and the analytic one to follow. It is worth noting that all students
followed a combination of strategies in at least one specific task successfully.
If this clue is combined with the fact of problem solving by only three
students, where all followed the visual-analytic approach and in fact two of
them the creative-constructive solving of task, in a very short time, then we
conclude that this combination seems be a strong success predictor of solving
a task.

However, the observed inability to hold the transformations of an image
subject to mental rotation highlights the correlation of the memory factor with
visualization, as Bishop (1983) has pointed out.

At the same time, an important element that emerged from the study is the
confusion and difficulty of perception — as previous research points out
(Michaelides, 2006) — for some students that the front and back view of a
shape are the same and not reversed. However, this element was accompanied
in this study by the element of creativity, which is an indication that this
misconception may sometimes not be an obstacle to constructive and creative
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approaches from the beginning. In any case, the role of required action
(Gorgorid, 1998) either for interpretation or for construction is important, with
construction often requiring interpretation while interpretation not always
construction.

Another domain of relative research investigates the geometrical figure
apprehension. Geometrical figure apprehension is important for the analysis of
a geometrical problem (Duval, 1995). According to Duval (1999), there are
four types of cognitive apprehension of a geometrical figure: perceptual,
sequential, discursive, and operative. The above theoretical approach of Duval
gave rise to dozens of experimental research studies that led to the scientific
foundation of the theory (e.g. Gagatsis, Monoyiou, Deliyianni, Elia, Michael,
Kalogirou, Panaoura, & Philippou, 2010; Gagatsis, 2011, 2012, 2015;
Gagatsis, Michael-Chrysanthou, Deliyianni, Panaoura, & Papagiannis, 2015).
These studies, that concern students in primary and secondary and statistical
methods like factor analysis and equation structural modeling yield similar
results independently of the school level of the students (Michael, Gagatsis,
Deliyianni, Monoyiou, & Philippou, 2009; Michael, Gagatsis, Avgerinos, &
Kuzniak, 2012; Michael-Chrysanthou, Gagatsis, 2013, 2015). Moreover, in
some studies, the geometrical figure apprehension is related to some
dimensions of spatial ability (Kalogirou, Elia, & Gagatsis, 2009; Kalogirou &
Gagatsis, 2010; 2011). All the above studies on the geometrical figure
apprehension and spatial ability concern two-dimensional tasks. The need to
move a step forward and expand the above-mentioned studies in three-
dimensional tasks arises.

Our article analyses some of the aspects related to the topic of
visualization in Mathematics Education, giving a detailed “local”
characterization of the study, in reference to some of our research in the field.
Of course, the topic “visualization” is extremely vast, and it would be hard to
take it completely into account. It would be interesting to frame it also in a
broader sense, for instance also in reference to positions that underline that the
visual techniques often rely on “not always procedurally ‘safe’ routines”
(Arcavi, 2003). On the other hand, Duval (2005), underlining of the
importance for visualization, goes beyond the four types of cognitive
apprehension of a geometrical figure and considers the relationship between
the dimensions of the representation support (2D) and the objects represented
on it (2D or 3D). We believe that it would be important to mention these
approaches because our present work is related to them.

Finally, of particular interest in future research is expected to be the focus
on the correlation of solution strategies mainly in three-dimensional tasks with
the development of students’ creativity in terms of flexibility, fluency, and
novelty (Torrance, 1974; Silver, 1997; Leikin, 2011). This correlation can
reveal the need of differentiated teaching practices, which can encourage the
development of spatial reasoning of students. In this direction, differentiation
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of curriculum so as to include tasks that encourage both visualization and
argumentation may help to achieve this goal.
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APPENDIX A
Questionnaire

Task 1
The following figure shows a signal from the traffic code:

ONLY 3 of the following shapes are rotations of the original shape. Find what is

9006

Task 2
The following figure shows the letter G of the English alphabet:

ONLY one of the following is the same as the original shape, but we have just rotated
it. Find it!

v O O @
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Task 3
The following shape is given:

Which of the following shapes is exactly the same as the above shape?

P o

A 5

& B
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Task 4
How would the shape seem if we
could see it from the back view?
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Task 5

In the figure below you can see the SAME die that have been rolled twice and
different faces of it can be seen.

Can you notice the missing face of the die?

Important note

The selection of the above five tasks was based on the analysis protocol of Dr. M. P.
Michaelides, Department of Psychology, University of Cyprus. This questionnaire
was the result of the master’s thesis of Dr. Michaelides at the University of
Cambridge under the supervision of Kenneth Ruthven. In this study, the questionnaire
was built following that author’s protocol with some modifications.
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APPENDIX B
Interview questions
Write your answer to the following questions in one letter:

1. Use of Mental Rotation
A.!'I rotated the whole figure in my mind when making the comparison.
B.! I rotated a section of the figure in my mind when making the comparison.

C.!' T am not sure how I did it.
D.! Other.

2. Visual or Analytic strategy or combination of them

A.!'l thought through the steps verbally in my mind (i.e., “I count the cubes in
the second row/column”).

B.!' I relied mainly on visualizing the figures and did not talk myself through
the steps.

C.!' I did both of them.

D.! Other.

3. Use of gestures and body movements

A.!'T used movements of my finger, hand (my body, in general) and/or pencil
to help me with the task.

B.!'I did not use movements of my finger, hand (my body, in general) and/or
pencil to help me with the task.

Question Task 1 Task 2 Task 3 Task 4 Task 5

1

2

3
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Martha Isabel Fandiio Pinilla (2021). Le frazioni: Matematica,
storia e didattica. Prefazioni di Athanasios Gagatsis, Carlos E.
Vasco Uribe e Bruno D’Amore. Bologna: Pitagora.

Recensione di Massimo Ferri

Quando ho detto a un mio amico, non matematico ma intelligente, che stavo
leggendo un libro sulle frazioni, le sue folte sopracciglia si sono alzate in
modo eloquente. La domanda inespressa era: “Un intero libro sulle frazioni?
C’¢ tanto da dire?”. Bene, se avete lo stesso dubbio vi consiglio di buttare
subito un’occhiata al capitolo 5, dove Martha Fandifio Pinilla smonta ed
esamina metodicamente ogni possibile concezione intuitiva di frazione: se vi
sembrava che fosse un concetto tanto semplice e che fossero scemi i vostri
allievi con 1 loro errori, adesso avete perso qualche ingannevole certezza.

Ora che siete corsi alla cassa e vi siete accaparrati questo gioiellino, potete
ripartire dall’inizio. Le tre prefazioni vi confortano sul vostro acquisto, poi
I’Autrice saggiamente pone le basi strettamente matematiche per la
costruzione degli insiemi numerici pertinenti. Martha predispone un percorso
semplificato per chi non ha una laurea in Matematica; sono convinto, pero, che
anche lettrici e lettori prudenti torneranno sui passi saltati in prima lettura:
sono scritti in modo assai chiaro e dicono molto senza farlo pesare. Trovo
opportuna la scelta di assegnare ai razionali non negativi il ruolo di
protagonisti. Lo sfuggente concetto di “parti uguali” in cui dividere una
altrettanto sfuggente unita viene attentamente considerato qui e per tutta
I’opera. I cenni letterari e le osservazioni sulla notazione usata in altri paesi
danno un respiro piacevole a questo capitolo formale.

Il secondo capitolo ¢ un’approfondita (32 pagine!) analisi storica del
concetto di frazione, ben contestualizzato e ad ampio raggio geografico; ¢ un
capitolo interessante per chi legge, ma lo sara anche, a cascata, per gli allievi:
il contesto storico, la faticosa evoluzione di un concetto lo rendono umano,
affrontabile.

Terzo e quarto capitolo sono dedicati alle frazioni in ambito didattico e alle
ricerche pertinenti; qui I’ Autrice si preoccupa di chi non ha dimestichezza con
la didattica come disciplina scientifica: ogni termine tecnico ¢ segnalato con
un asterisco, confortandoci se non ne abbiamo un immediato riscontro
intuitivo e rimandandoci ai testi opportuni o al Capitolo 7. Per me (didatta si,
ma ruspante) sono i capitoli piu ostici, perd ci sono tutti i riferimenti
bibliografici che possano soddisfare curiosita e necessita di maggiore
comprensione.

Ho gia accennato al quinto capitolo “Vari modi di intendere il concetto di
‘frazione’”, che trovo sorprendente e magnifico: Martha elenca 12 punti di
vista comuni e due piu tecnici. Qui nasce anche una prima analisi degli errori
frequenti, trattati come preziose fonti d’informazione invece che storture
mentali o frutto di pigra indifferenza.
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Il Capitolo 6 chiarisce il significato di noetica e semiotica. Se avevo una
certa idea del secondo termine, il primo mi era estraneo; e questo ¢
paradossale, visto che ho dedicato decenni della mia vita proprio alla noetica,
cio¢ all’apprendimento di concetti da parte mia e soprattutto dei miei studenti.
L’Autrice ci mette davanti a una realta scomoda: gli oggetti della matematica
non esistono nella realta; si possono appoggiare anche ampiamente a
situazioni reali, ma sono eminentemente astratti. Al di 1la di motivazioni ed
esempi concreti, giunti al dunque dobbiamo presentare ai discenti dei simboli
e loro manipolazioni che speriamo convoglino un concetto. L’acquisizione di
quelle rappresentazioni semiotiche garantisce il passaggio alla noetica,
I’acquisizione del concetto o costituisce solo una elaborata illusione per noi e
per loro? Le frazioni si prestano a fornire degli esempi lampanti di questo
problema. Nota personale: qui finalmente mi ¢ risultato chiaro cosa sono i
“registri semiotici”.

Nel settimo capitolo arriviamo al cuore del problema: gli errori;
convergono qui le considerazioni e le analisi dei capitoli precedenti. Prima
vengono esaminate le caratteristiche oggettive degli errori frequenti, ma poi si
passa dall’osservazione alla costruzione di modelli, alla ricerca di spiegazioni.
Si chiama metodo scientifico. Finalmente ho capito in cosa consiste il
malefico “contratto didattico”, cosa sono i “modelli parassiti”. Come dopo
tutte le spiegazioni azzeccate, viene da dire: ¢ logico, naturale, come mai non
ci ho pensato prima? Risposta: occorreva che ci pensassero scientificamente
degli esperti. Un utile ultimo capitolo tira le somme e azzarda, con prudenza e
modestia, qualche suggerimento.

Ho imparato molto da questo libro. Dovrebbero leggerlo quelle “menti
eccelse” che nei corridoi ridacchiano delle risposte assurde e contraddittorie
dei loro allievi; non si accorgono, poveretti, che i malcapitati studenti hanno
offerto loro delle strabilianti finestre su quei concetti che gli eccelsi credono di
conoscere cosi bene. Martha Fandifio Pinilla ha confezionato uno studio
accurato in ogni dettaglio, basato su un’ampia esperienza sul campo (sua e di
altri), con 12 fitte pagine di bibliografia, con spunti di approfondimento
matematico, psicologico, pedagogico. Va bene, ¢ quello che ci si aspetta da un
professionista! Ma c’¢ una qualita che va al di la delle aspettative, una qualita
sempre piu importante e sempre piu rara: il rispetto.

Martha mostra un enorme rispetto per tutti: per il lettore in generale, per
gli studenti soprattutto quando sbagliano, per la faticosa conquista, nei secoli,
della conoscenza; importantissimo: per gli errori degli stessi docenti! Ha
rispetto per il maestro che puo avere difficolta con strutture, passaggi a
quoziente ecc.; ha rispetto per chi insegna (magari da decenni, come me!) ma
non si era mai curato di imparare a farlo scientificamente. Ha rispetto per il
bambino che non conteggia 1’area di quello stretto pezzo di prato, perché la
mucca di cui parla I’esercizio non ci pud passare; anzi, ritiene questa
un’osservazione fruttifera per il rapporto fra modello concreto e astrazione.
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Questo bellissimo passo ¢, per me, quello che meglio rappresenta il rispettoso
rapporto dell’ Autrice con la matematica e con noi. Grazie, Martha!

Bruno D’Amore (2020). La matematica nell’opera di Dante
Alighieri: Spunti biografici a scopo didattico. Prefazioni di
Umberto Bottazzini ed Emilio Pasquini. Bologna: Pitagora.

Recensione di Mario Castellana

E da tenere presente che tra le diverse iniziative per celebrare i settecento anni
della morte di Dante una certa attenzione da un po’ di tempo si sta dando alla
sua visione della scienza, tematica quasi del tutto assente nella critica letteraria
di impronta crociana; ma per capirne meglio il ruolo che ha avuto nel percorso
dantesco occorre prendere in considerazione il fatto che il tema dei rapporti fra
arte e matematica, soprattutto, ¢ diventato strategico nel corso del Novecento,
gia a partire con ’arte astratta inspiegabile se non si tiene presente la visione
del mondo introdotta dalle geometrie non euclidee e dalla teoria degli insiemi
di Cantor che, ben metabolizzate a livello artistico, hanno permesso di
rinnovare ab imis linguaggi e stili. In seguito, nella seconda meta del secolo, la
geometria dei frattali e poi la matematica delle tassellature, prima con Roger
Penrose e ultimamente con Robert Fathaver nel suo importante lavoro del
2020 Tessellations: Mathematics, Art and Recreation, hanno riproposto con
forza il tema dell’unita della cultura, il superamento del dilemma delle due
culture, quella umanistica e quella scientifica, artificiosa divisione che solo in
Italia, pur essendo stata la culla dell’Umanesimo e del Rinascimento dove
scienza e arte erano strettamente connesse, ha raggiunto livelli a dir poco
nefasti con conseguenze culturali e istituzionali ancora presenti € non
facilmente superabili.

Non ¢ un caso che il matematico Godfrey H. Hardy (1877-1947), sulla
scia di Leonardo, abbia parlato di ‘estetica matematica’ col scrivere che “il
matematico, come il pittore o il poeta, ¢ un creatore di forme” e di simmetrie
analoghe a quelle create in campo poetico e artistico, come anche lo stesso
scrittore francese Paul Valéry aveva evidenziato nel suo continuo abbeverarsi
alle stesse fonti, quelle di Leonardo e della matematica del suo tempo; se le
forme in campo artistico si servono di parole, schizzi, pezzi € suoni, in campo
matematico danno origine a idee ma tutte trovano nelle rugosita del reale e
nell’esperienza del mondo il loro continuo nutrimento che poi costituiscono il
plafond dell’unita della cultura che nessun sano pensiero filosofico puo
disconoscere. Alla luce di tali acquisizioni che hanno trovato una giusta
collocazione anche in alcuni settori non marginali della stessa critica letteraria,
non € un caso che, gia nel 1995, usci uno dei primi significativi lavori orientati
in tal senso su Dante e la scienza, a cura di P. Boyle e V. Russo, dove 1 vari



106 La matematica e la sua didattica * Anno 29, n. 1, 2021, 101-108!

contributi erano indirizzati a cogliere il ruolo e la funzione del mondo della
scienza del suo tempo sino a parlare di ‘epistemologia di Dante’, se per
epistemologia si vuole pero intendere I’immagine della scienza in generale e
cosi come essa si presentava nel variegato universo medievale. Dopo
I’importante evento internazionale tenutosi nel 2015 a Friburgo con la
pubblicazione dei relativi atti su Dante e la critica letteraria: Una riflessione
epistemologica (a cura di T. Kleinkeit e A. Malzacher), ¢ da tenere presente il
piu recente Focus dell’Ufficio Stampa del CNR, Almanacco della Scienza:
1321-2021 Dante 700 (n. 22, dicembre 2020), dove diversi studiosi e
scienziati si sono confrontati col mondo di Dante e la sua visione religiosa,
politica e scientifica con illustrare finalitd e modi di intendere la scienza
cosmologica del suo tempo.

Questi studi nel loro complesso chiariscono meglio e ancora una volta che
I’interesse di Dante per la scienza era funzionale alla sua concezione poetico-
religiosa finalizzata a dare risalto alla divinita come fonte della creazione dove
I'uvomo “dee traere a le divine cose quanto pud”; nello stesso tempo
sottolineano il fatto che il poeta fiorentino era ben documentato sui dibattiti
filosofico-scientifici del suo tempo sino a farsi quasi loro portavoce e a
interrogarli nelle diverse pieghe col fare del pensiero aristotelico e della
visione tolemaica del mondo una vera propria Weltanschauung chiaramente in
senso poetico alla pari di quella di impronta teoretica presente nella Summa
Theologiae dell’ Aquinate.

In tale contesto viene a inserirsi, ma con una particolare attenzione verso le
conoscenze matematiche possedute da Dante e con un approccio diverso, il
recente lavoro del matematico e storico delle matematiche Bruno D’Amore,
La matematica nell’opera di Dante (con prefazioni di Umberto Bottazzini ed
Emilio Pasquini, Bologna, Pitagora Ed. 2020); gia in diversi studi sulla Divina
Commedia, come quello apparso nel volume del 1995 e di altri successivi,
D’Amore ha spiegato la profonda simmetria di origine matematica che ne
regge I’intero impianto dalle strutture geometriche dell’/nferno al complesso
intreccio delle sfere, 1’una dentro 1’altra, del Paradiso. Tutto questo lungo e
non comune percorso di continuo e contemporaneo abbeveramento alle fonti
della matematica e dell’arte lo ha portato ultimamente a scrivere Arte e
Matematica del 2015, lavoro dove si analizzano le metafore, le analogie ¢ le
identita ‘tra i due mondi’.

Impegnato per diverso tempo anche nel difficile ambito della didattica
delle matematiche che gli ha permesso di sviscerarne meglio sul terreno
storico-epistemologico le complesse concettualizzazioni che le hanno
caratterizzate, D’ Amore ci offre un lucido esempio di concreto superamento
delle due culture nel senso che in quest’ultimo testo innanzitutto, per capire
I’universo poetico ed esistenziale di Dante, si fa suo ‘contemporaneo’, come
ha fatto Héléne Metzger negli anni *20 di questo secolo nei confronti di alcuni
scienziati come Newton e Lavoisier, per entrare nel vivo delle questioni e
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dello spirito del tempo che visti alle luce del presente possono sembrare
stravaganti e tipiche di un mondo prescientifico; ma soprattutto si fa narratore,
quasi fedele compagno di viaggio di Dante e di Guido Cavalcanti nelle diverse
citta da Siena a Ravenna, li segue nelle taverne e negli accesi dibattiti avuti,
nelle ‘dispute aperte’ in campo filosofico, nei diversi incontri con personaggi e
figure come ad esempio Lauretta che gli ha permesso di avere delle preziose
idee per affrontare il grosso problema della quadratura del cerchio quando
stava per portare a termine la terza cantica. Seguono con uno stile non
letterario le due appendici finali che affrontano la presenza dei matematici
contemporanei di Dante da Paolo dell’Abaco e Pietro Ispano, le cui opere
erano ben conosciute come quella sull’ottica che avranno un ruolo non
secondario nella visione della luce nel Paradiso, a Guido Bonatto, Michele
Scotto e Roberto Grossatesta e quella degli antichi da Pitagora, Euclide e
Isidoro di Siviglia, e tematiche attinenti 1’aritmetica e la probabilita, la logica
formale e la geometria, 1I’incontro a volte non sulla stessa linea con le idee di
Aristotele.

D’Amore, pertanto, ci offre uno spaccato poetico-scientifico non comune
del mondo di Dante e nel farsi narratore dei suoi interessi e aspirazioni ne
sviscera le diverse articolazioni, operazione che permette una particolare
esegesi di alcuni passi della Commedia in quanto lo scopo del lavoro, pur con
uno stile letterario, ¢ quello di chiarire 1 problemi scientifici legati al testo
dalla “magia della scrittura posizionale dei numeri” grazie all’incontro con le
lezioni di Paolo dell’Abbaco a quella delle leggi dell’ottica di Ispano, dalla
logica modale studiata da ragazzo a quella dell’infinita dei numeri oggetto di
‘dispute aperte’ a Firenze dai “giovani aspiranti filosofi” nelle loro continue
sfide davanti alle chiese; non a caso le pagine dedicate alla questione
dell’infinito, croce e delizia secolari di poeti e matematici, sono quelle piu
pregnanti anche perché tale tema ¢ stato affrontato nel Convivio dove si
afferma che “’l numero quant’¢ in s€ considerato, ¢ infinito, e questo non
potremo mai intendere”. D’ Amore, nel sottolineare che solo a fine Ottocento
G. Cantor ci regalo 'infinito attuale e la capacita di renderlo piu abbordabile
“all’occhio dell’intelletto”, si sofferma sul ruolo nella Commedia degli
“angeli, tanti ma tanti angeli, angeli non infiniti ma certo di numero superiore
a qualsiasi estro umano”; cosi pure ci aiuta a capire meglio il senso del dialogo
con Lauretta e la soluzione poetica che Dante apporta al problema della stessa
quadratura del cerchio nel XXXIII canto del Paradiso con 1’espressione “Qual
¢ il geomeétra che tutto s’affige, per misurar lo cerchio, ¢ non lo trova,
pensando, quel principio ond’elli...”.

Cosi 1 diversi episodi che hanno come oggetto ‘angoli’, ‘triangoli’,
‘piramide’, ‘la taverna’, ‘gli asini che volano’, ‘la tabellina’, ‘Pitagora e
I’armonia’ prendono in esame con piglio narrativo i dubbi, le difficolta e le
capacita di Dante di metabolizzare in senso poetico questioni secolari oggetto
di discussione da parte dei matematici occidentali e anche il suo modo di
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capire e di riconoscere i1 contributi apportati da altri popoli come “le figure
degli Indi” e il modo con cui gli ‘infedeli’, gli arabi, siano arrivati a scrivere i
numeri; questo ricco ventaglio di conoscenze del mondo delle matematiche e
la capacita di farle dialogare in maniera armonica da una parte colle dinamiche
del mondo poetico e dall’altra con le verita della fede da parte di Dante offre
I’occasione a D’Amore di mettere in atto a sua volta un gioco della finzione
non comune col raggiungere, come dice Umberto Bottazzini nella prefazione,
un “felice equilibrio tra realta storica e immaginazione”. In tal modo si rende il
poeta fiorentino un fine interprete di quell’anima cosmopolitica di cui era
portatore un certo Medioevo, dove culture diverse pur scontrandosi
contribuivano a potenziare il patrimonio conoscitivo dell’'umanita.

Questo modo particolare di ricordare Dante, di viverlo e soprattutto di
attraversarlo da parte di Bruno D’ Amore ce lo fa sentire piu nostro, ce lo rende
compagno di viaggio, un navigatore che ci avverte che le stesse acque della
conoscenza non sono lineari ma frutto del continuo scontrarsi con le onde del
reale, dove i1 problemi scientifici sono veri e propri problemi umani con tutto il
loro corredo esistenziale € non avulsi dalla vita quotidiana; in tal modo le
stesse inquietudini e titubanze di Dante di fronte ai misteri della vita le
sentiamo nostre e la Divina Commedia, come ogni espressione artistica e
scientifica, puod essere vista come un continuo e sofferto prendere atto delle
nostre miserie e fragilita, dei nostri limiti e nello stesso tempo della necessita
di fare tentativi per uscirne pur sapendo razionalmente il piu delle volte di
rimanere sconfitti. Bruno D’ Amore nell’entrare in comunione con Dante e le
sue traversie, cio¢ le nostre, ci offre pertanto un percorso poetico-scientifico e
insieme ermeneutico dove ragioni della vita e ragioni dell’arte-scienza non
sono scisse, ma si incontrano coll’arricchirsi reciprocamente di ulteriori
significati anche per 1'uomo del XXI secolo, assetato soprattutto di
testimonianze di vita coerente tra pensiero ¢ azione come indicava Simone
Weil, figura quest’ultima che potrebbe essere il novello Virgilio per chi voglia
avventurarsi nei meandri dell’esistenza e costruire quella che chiamava
‘architettura dell’anima’.
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