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Neural Networks in Machine Learning

softmax loss

Deep neural networks have achieved great success. Commonly used
neural networks are as illustrated above. It produces excellent results
in many cases. It can also fail in some situations. Why?
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Learning is an interpolation problem:
mathematical explanations
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DCNNSs: Why it works?

‘ L%KS/BF U

Reference:
Le Cuny, et al. Gradient-based learning applied to document
recognition. Proceedings of the IEEE, 86(11):2278-2324, 1998.
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DNNSs: why it works?

("‘AOO(W0x+bO)+b1)"‘),
0= (WO/wll"' /lebO/bll"' /bK)-

A¥ is a scalar function.
o AF(x) = max(x,0), the ReLU (rectified linear units) function
o A(x) = (1+e7*)71, the “sigmoid function”.
o AX(x) = cos(x)

7 _

o” means acting on each components, the W's are matrices.
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DNNSs: why it works?

Difference between linear and nonlinear approximations:
e Linear: f(x) ~ fu(x) = ", axcos(27k - x), x € [0,1]*

max If = full2 = C(f)m="

”Curse of dimensionality”: number of parameters needed goes up
exponentially fast as a function of the accuracy requirement.

@ Nonlinear: f(x) ~ f,(x) = Y™ axcos(27by - x), x € [0,1)¢
(two-layer neural network, with cos(x) as the activation function).

max If = full2 < C(F)m™"72

This is the best one can hope for.
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Outline

@ Introduction
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Background

@ Deep Convolutional Neural Networks (DCNNs)

e achieve outstanding performance in a series of image processing
problems

o need large scale datasets to learn effective features

@ Total Variation(TV)

e shows good performance when handling minimizing problems in
image restoration

e can preserve discontinuity
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Classic architectures for Semantic Image Segmentation

forward /inference

-+
backward/learning
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Semantic Image Segmentation: UNet
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Figure 1: Architecture of Unet [Ronneberger O, Fischer P, Brox T.]. Each blue
box corresponds to a multi-channel feature map. The number of channels is

denoted on top of the box. The x-y-size is provided at the lower left edge of

the box. White boxes represent copied feature maps. The arrows denote the

different operations.
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Semantic Image Segmentation: Segnet

Convolutional Encoder-Decoder

Output

Pooling Indices

X,

RGB Image I conv + Batch Normalisation + ReLU Segmentation
I Pooling [ Upsampling Softmax
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Drawbacks of Current Architectures

(a) CellImage  (b) Ground Truth (c) Unet

Figure 2: An example of segmentation results by performing the original
Unet and our method on a white blood cell image. Figure 2(b) is ground
truth, the gray part is cell sap, the white part is nucleus. In Figure 7(c), we can
see there are coarse edges and isolated points.
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Drawbacks of Current Architectures

(a) CellImage  (b) Ground Truth (c) Unet

Figure 3: Tests with added noise.

Xue-Cheng Tai (NORCE) athematical Deep Neural Networks and Ap June 10, 2026 13 /91



Drawbacks of Current Architectures

(a) CellImage  (b) Ground Truth (c) Unet

Figure 4: Tests with added noise.
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Drawbacks of Current Architectures

(a) Cell image (b) Ground Truth (c) Unet

Figure 5: Tests with added noise.
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Drawbacks of Current Architectures

(a) Cell image (b) Ground Truth (c) Unet

Figure 6: Tests with added noise.
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Drawback of DCNN segmentation

Lack of spatial regularization (smoothness):

¥

(a) Input (b) U-Net () U-Net+TVL!
(Post-processing,
undesirable results)

Figure 7: Tests with added noise
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Drawback of DCNN segmentation

Lack of geometry shape prior:

(b) DeepLabV3+

(d) DeepLabV3+
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Examples with and without convex shape priori

(e) Without convexity (f) With convexity
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Drawbacks of Current Architectures

@ For small training set, they could not handle details well. What’s
more, the performance of deep and complex CNNs will be greatly
reduced.

@ They have no explicit spatial regularization.

@ Coarse edges and isolated points often appear in the
segmentation results provided by CNN5s
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How to add spatial regularization?

o How to add spatial regularization to CNNs?

@ Approaches 1: Add smoothness regularization item to loss
function.

@ Approaches 2: Use CRFs and similar techniques fro
post-processing.

@ Our methods add spatial regularization directly to the CNN
layers and give no extra difficulty to the computations. It gives
very effective spatial regularization
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How to add spatial regularization?

@ Approaches 1: Add smoothness regularization item to loss
function.
For example, Amy Zhao et al.[Zhao A, Balakrishnan G, Durand F,
Guttag JV, Dalca AV.] define a smoothness regularization function
based on the atlas segmentation map:

Lsmooth(crlab) :/ 1_C( ))’Vlb( )’dx (1)

where 1 is the network output, c is a binary image of anatomical
boundaries computed from the atlas segmentation labels I, and Vv
is the spatial gradient operator. Intuitively, this term discourages
dramatic intensity changes within the same anatomical region.
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How to add spatial regularization?

In the total appearance transform model loss £,, they use mean
squared error for the image similarity loss Lsiy, = || — y||- They
balance the similarity loss with the regularization term Lg;0011:

»Ca = »Csz'm + /\ocﬁsmooth (2)

where A, is a hyperparameter.
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How to add spatial regularization?

@ Approaches 2: Use CRFs(conditional random fields) as
post-processing techniques.
PSPNet, Deeplab and many other networks employ fully
connected CRF model[P. Krdhenbtihl and V. Koltun.] to refine
their segmentation results. The model employs the energy
function:

E(x) = Zei(xi) +Zgz’j(xi/xj) 3)
1 1]

where x is the label assignment for pixels. They use as unary
potential 6;(x;) = —log P(x;), where P(x;) is the label assignment
probability at pixel i as computed by a DCNN.
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How to add spatial regularization?

The pairwise potential has a form that allows for efficient inference
while using a fully-connected graph, i.e. when connecting all pairs of
image pixels, p;, p;. In particular, they use the following expression:

i—Pj 2 Li—I; 2
el‘j(xl‘,x]‘) = I*l(xi/xj)[wl exp(_|‘ng€/|| - I 20_2]” )
2 f (4)
_lpi—pill )]

7
20)/

+w; exp(

where p(x;, x ]') =1ifx; #x j » and zero otherwise, which, as in the
Potts model, means that only nodes with distinct labels are penalized.
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How to add spatial regularization?

The remaining expression uses two Gaussian kernels in different
feature spaces; the first, bilateral kernel depends on both pixel
positions (denoted as p ) and RGB color (denoted as I ), and the second
kernel only depends on pixel positions. The hyper parameters

0x, 0, 0y, control the scale of Gaussian kernels. The first kernel forces
pixels with similar color and position to have similar labels, while the
second kernel only considers spatial proximity when enforcing
smoothness.
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Drawbacks of post processing techniques

(g) Input image (h) UNet (i) Unet+CRF
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Drawbacks of post processing techniques

() Input image (k) UNet (I) Unet+CRF
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General Neural Network for Semantic Image
Segmentation

o Let v € RN1N2 be a column vector by stacking the columns of an
image with size N; X N». Taking v as an input of a pixel-wise
segmentation neural network. Mathematically, this network can
be written as a parameterized nonlinear operator Ng defined by

vk = No(v).
The output v¥ of the network is given by some recursive
connections
vy )
k= Ako 7—@1#1("0’(_1),]( =1,---,K.

Here A* is an activation function of the k-th layer, Tgi-1 is
convolution operator defined as Tge-1(v) = W<~ 1o + b1, The
parameter set ® = {@F = (W*,b)[k =0,...,K—1}.

Xue-Cheng Tai (NORCE) athematical Deep Neural Networks and Ap June 10, 2026 29 /91



General Neural Network for Semantic Image
Segmentation

@ The training process is to learn the parameter set ® by giving
some images V = (v1,vs, -+ ,vn) € RNMN2XN and their C classes
ground truth segmentation U = stack(Uy, Us,
co L Uy) € {0, 1NN XN wiith 1, € {0, 1}N1N2XC to minimize a
loss functional £(Ng (V),U), namely

®* = argmin L(Ng(V),U).
)

In many references, the loss function are set as the cross entropy
which is given by

E(N@(V),U) = — % < Z/{n,logN@(vn) > .

n=1
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General Neural Network for Semantic Image
Segmentation

@ The algorithm of learning is a gradient descent method:

oL
k\step kystep—1 __ — e _
(@F)tr = (@F) 056 |0 (orurr’ K= 0 KL,

where step = 1,2, - - - is the iteration number and 7g is a time step
or so called learning rate. 2% can be calculated by

5OF
backpropagation technique using chain rule.

Xue-Cheng Tai (NORCE) athematical Deep Neural Networks and Ap June 10, 2026 31/91



Networks

softmax loss
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General Neural Network for Semantic Image
Segmentation

@ Denote of = Tgi1(vF1), then (5) becomes

ok = Ak(o"),
{ of — T@El()vk_l) wherek=1,--- ,K.

@ Let us write A = g—ﬁ, then

AF = oo BEs = diag((AY) (oF)) (W9 TART,

S0k svk Sok+l

5L skt sL okt AR+
50k T 5Ok S0k T sOF ’
= 0,1,---,K—1.
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Total Variation

@ The total variation (TV) is proposed to produce piece-wise
constants cartoon restorations in ROF model[Rudin, L.I., Osher, S.,
Fatemi, E, 1992]. TV can be wrote as:

TV () = / Vu(x)|dx,
Q
where Q is a bounded subset of R2.It has a dual formulation as

TV (u) =sup {/Q u(x)divé,(x)dx} ,

£eB

where B = {£ € CL(Q;R?) |[1£] e = max{[[£(x)]]2} < 1}
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Variational explanation of softmax

e Given a vector 0 = (01,0, ...,0;) € Rl, the standard (unit)
softmax function S : R — R! is defined by the formula:

evi
n
j=1

S(o); = =1,..., L (8)

i
e%’
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Variational explanation of softmax

@ In segmentation case, softmax could be derived from a
minimization problem. When given o € R*N1N2 ag the input, I is
the number of classes, N1 X Nj is the image size, we want to find
a corresponding output u € RI*NiN2 gych that u is the minimizer
of the following problem:

min— <u,0 > + < u,logu >,

9
st.uecC. ®)

I
C={uluye(0,1], Y ujp=1,Yp=1,...,NINz}.
i=1
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Variational explanation of softmax

o Letu = (uy,...,u;),u; € RNMN fori=1,2,... 1. Some simple
calculations can show that the minimizer of the above problem is:

ﬁ;‘:%,i:lw.,l. (10)
Li exp(o;)

i} is the i-th class probability map of the input image. One can
easily see that this is just the commonly used softmax activation
function, i.e.

" = S(o) (11)

However, this function doesn’t have any spatial regularization.
Prediction of each pixel is independent of other pixels.
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Spatial regularization through activation function

Our idea is to add spatial regularization
through activation functions.
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Proposed Regularization Neural Network

@ Inspired by the soft-max variational problem, we proposed the
following TV (total variation) regularized softmax:

i(o) = argmin{— < u,0 > + < u,logu > +ATV(u)}, 12)
ucC

where the item ATV (u) is defined by

I I
TV(u) = z/QWui(x)]dx: sup {'1/Qui(x)div£i(x)dx}

TV (u) is the total variation of the vector image u.

B={(&,....&N 1) <1,Vi=1,...,I}.
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Proposed Regularization Neural Network

@ the first problem in (12) can be easily solved by primal-dual
method:

ii,m) = argmin max{— <u,0 >+ < u,logu >
(#,m) = argmin max{ g

+ A <u,divE >}

o If the dual variable n is known, then we have:

o = o exp(0j;—A(divn;);)
v = AO)i = 5T, explon-Gaiona)

where j=1,...,C,i=1,...,NiN».
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Proposed Regularization Neural Network

@ We can use the following primal-dual gradient algorithm to find
the solution for

minmax — < #,0 > + < u,logu > +A < u,divg >, (14)
ucC &cB

in an iterative way:

£t+l — gt _ T)\Vut,
nt+1 — PB<£t+l), (15)
utl = S(o — Mdiv(ntth)),

where S is the softmax operator, t is the iteration number and 7 is
a time step, Pp is a projection operator onto the convex set B.

@ Notation: The item TA in Equation (15) could be seen as a scaled
step size, we set it to a fixed constant in all computation.
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Spatial regularization with TD (Threshold Dynamics)

Spatial regularization with TD (Threshold Dynamics)
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TD regularization

@ MBO (Threshold Dynamics (TD). For a binary u;:

Y 100 =) TV(u;) Z\/7 Z ) (ko xuz) (x)dx := R(u)

i=1,i#i

ks is the Gaussian kernel with width o or an indicator function of
the ball of radius o.
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Entropic & spatial regularization

@ Regularized and geometry prior based softmax

H(u)

——
A=arg min { < —o,u>+e<ulogu >+R(u).
ucCOP

F(u;0)

o C—-segmentation condition.

@ P—geometry shape constraint or volume constraint.

o F—-dual formulation of smooth max function.

@ H—- negative entropic regularization (for smooth
backpropagation).

@ R—-spatial regularization (for smoothness segmentation
boundaries).
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Application 1 : STD-softmax (Soft Threshold
Dynamics softmax)

@ Taking R to be the threshold dynamics (TD) regularization, we
get soft threshold dynamics (STD)

il = argrl?eig\ < —o,u>+e <ulogu>+R(u).

F(u)

® R(u) = (eu, ks * (1 —u)), where e is an edge detector weighting
function and k is a Gaussian kernel.
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Stable and fast algorithm for unrolling

e F is convex, R is concave.
o Efficient algorithm (DCA, difference of convex algorithm)
ut™l = argmin { F(u;0) + R(u") + (p",u —u')}.
ueC
o ph = A((ke x (1 —u'))e — ko x (eu')) € IR (u').
@ Regularized softmax solution

0i(m)-pil (x)

ult () = ¢ = softmax. (o — p').
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STD-softmax

Algorithm 1: STD-softmax

Input: The feature o

Output: Soft segmentation function u.
Initialization: u’ = S(o).

fort; =0,1,2,--- do

1. compute the solution of (7) by STD-softmax

t
ult ! —S(O_pl>.
€

2. Convergence check. If it is converged, end the
algorithm.

end
return Segmentation function u.

Proposition

(Energy decay). Let u't be the t1-th iteration of STD-softmax algorithm, then
we have F(uh 1) + R(uht 1) < F(uh) + R(uh).
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Proposed STD DCNN segmentation

@ Proposed STD softmax (Liu,Wang and Tai 2020)):

o' = Tom(o Lo, o),
o' = argmin{F(w;0')+R(u)},t=1,---,T.

ueC

@ Superiority : spatial prior can be kept both in back and forward
propagation.

1]um Liu, Xiangyue Wang, and Xue-Cheng Tai. “Deep convolutional neural net-
works with spatial regularization, volume and star-shape priori for image segmenta-
tion”. arXiv:2002.03989. 2020.
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Results on PASCAL VOC 2012 dataSet.

Figure 8: Visual effects of the DeepLabV3+ and proposed STD-DeeplabV3+
on PASCAL VOC 2012 test set.
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White Blood Cell Dataset?2

noisy
image

ground
truth

Unet

Unet &
post-TV

RUnet

Figure 9: Segmentation results predicted by Unet and RUnet trained on noisy dataset.
Noise type from left to right: small level salt and pepper(s&p) noise, large level s&p
noise, small level gaussian noise, the following two are medium level gaussian noise.
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White Blood Cell Dataset?2

Method clean gaussain ~ pepper  salt

noise level 0.05  0.09 0.01 0.01
mIoU Unetl 89.79 7394 67.67 80.68 77.75
RUnetl 90.15 79.25 74.20 85.46 84.07
Accuracy Unetl 97.04 8643 80.33 9255 90.00
RUnetl 9713 90.54 86.55 94.87 96.26

RE Unetl 182 780 1360 599 4.39
RUnetl 130 148 1.56 1.35 1.32

Table 1: Results of Unet, trained on clean dataset and test on noise data.

As we cannot always obtain very clean images in practice, we want to
know how the segmentation result will change when encountering
small perturbation. In table 1, Unet, RUnet are both trained on clean
data but tested on data with different noise.
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Method clean gaussain  pepper salt

noise level 0.05 0.09 0.01 0.01
mloU Unet2 90.57 8949 85.87 8820 88.84
RUnet2 91.86 90.24 88.37 89.85 91.22
Accuracy Unet2 9725 96.89 9577 96.54 96.77
RUnet2 97.64 97.00 96.38 96.96 97.37

RE Unet2 179 202 287 2.38 2.19

RUnet2 132 135 1.34 1.32 1.34

Table 2: Results of Unet2 and RUnet2 trained on noisy dataset.

In table 2, Unet, RUnet are both trained on noise data but tested on

data with different noise.
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White Blood Cell Dataset?2

mloU under gaussian noise

90

85+

804

mioU

75 4

— Unetl
mloU: RUnetl

—— mloU: Unet2

=»- mloU: RUnet2

70 4

T T T T T
0.00 0.02 0.04 0.06 0.08 0.10
a

Figure 10: Unetl and RUnet1 are trained on clean WBC dataset, Unet2 and
RUnet?2 are trained on noisy WBC dataset. We add gaussian noise with zero
mean, standard deviation o from 0.01 to 0.1 to WBC testing dataset.
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Volume Preservation (VP)

Volume Preservation (VP)
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VP-STD (Volume preserving Soft Threshold
Dynamics) softmax

@ Volume preserving (VP) prior by modifying C as
Cyv={ucc: / x)dx = V).

o V= (Vq,V,,---,V;)isagiven volume.
e VP-STD model

U= argmm{]—"(u 0)+R(u)}.

ucCy

@ Related iteration

u'' = arg min{F(u; 0) + (u, p")}.
ucCy H/(—)’
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Dual VP-STD softmax segmentation algorithm

Algorithm 2: VP-STD softmax

Input: The feature o and volume V.
Output: Volume preserving soft segmentation
function u.
Initialization: u’ = S(0),q" = 0.
fort=0,1,2,--- do
1. calculate the volume preserving dual variable
by (10), i.e.

_ pt1 t1
gt =gl +e (logV — 10g<$(w)7 1)) .

£

2. compute the solution of (8) by VP-STD softmax

uhitl :S(ofptl +qt1+1> '
€

3. Convergence check. If it is converged, end the
algorithm.

end
return Segmentation function u.
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Network architecture

o' = argmin {F(w;0") +R(u)}, t=1,---

{ ol = Tgri(vt 1,072, oY),

ucCy

(%

Figure 11: VP-STD blocks for DCNN. This architecture is constructed
according to the VP-STD algorithm. STD block is a special case of this

architecture by dropping all the VP layers.
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Results on PASCAL VOC 2012 dataSet.
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Numerical Results on CITYSCAPE validation set.

(a) Images (b) Ground Truth (c) DeepLabV3+ [38 (d) VP-STD
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Results on CITYSCAPE validation set
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Figure 12: Performance on CITYSCAPE validation set.
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Star-shape prior (SS)

Star-shape prior (SS)

Xue-Cheng Tai (NORCE) athematical Deep Neural Networks and Ap June 10, 2026 61/91



Application 3: SS (Star shape)-STD softmax

5 OO

Figure 13: Star shape objects with given centers

If u: Q — {0,1} is the indicator function of a region, then this region
is star-shape iff
Vu(x)-(x—c) >0, VxeQ.

Here c is center (red point). We will denote s(x) = x —c.
References: Veksler et al (2008), Yuan et al (2012).
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Star shape prior

e Ifu:Q — {0,1}, discrete energy (Veksler?,2008) for star shape

0, if u(y) = u(x),
Po(u(x),u(y)) =< +oo, ifu(y)=0andu(x)=1,
B=>0, ifu(y)=1andu(x)=0.
@ After continuation and simplification (3 = 0), the star-shape
continuous energy:

o, (Vu(x),s(x)) >0,
Plu) = {+oo, (Vu(x),s(x)) < 0.

@ We get the geometry constraint
P =A{u: (Vu(x),s(x)) > 0}.

ion of convex set P.
20lga Veksler. “Star shape prior for graph-cut image segmentation”. In: Conmpuiter

Vision -10th European Conference on Computer Vision, Marseille, France, Proceedings, Part
III.. Springer. 2008, pp. 454—467.
Xue-Cheng Tai (NORCE) athematical Deep Neural Networks and Ap June 10, 2026 63 /91




Proposed star-shape soft threshold dynamics

@ Star-shape softmax: if we want the ith class segmented object to
be star-shape, then we need u; € P and solve:

u=arg min {F(u;0)+R(u)},

ucCNu,;eP
P = f{u: (Vu(x),s(x)) = 0},

@ Dual problem in terms of KKT condition

(u,9) = argminmax {F(u;0) + R(u) — (q,s - Vu;) }.
ucC g0

e Algorithm

g" = max{q' — 1,5 - Vul,0}.
uh ™ = argmin {F(u;0) + R(u) + (div(gh™'s), u;) },

ueC
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SS-STD softmax segmentation algorithm

Algorithm 3: SS-STD softmax
Input: The feature o, and a center c of star-shape.
Output: Soft segmentation function .
Initialization: u® = S(0). Calculating the star-shape

vector field s according to c.

fort; =0,1,2,--- do

l.update dual variable for the i-th star-shape
region

¢ = max{q" — 7,5 - Vui',0}.

2. compute the solution of (7) by SS-STD
softmax

t1 (gt
o; —p:t — 0 .div(g" s R
uf”l:S( 7P sty )>,11:1,"'

N €

3. Convergence check. If it is converged, end the
algorithm.

end
return Segmentation function u.
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The network architecture of STD -DeepLabV3+

= argmin{F(w;0")+R(u)},t=1,---,T.

ol = Tori(vi-1,072,... oY),
v
ucC,u;€P

SS layers

f

7°=0 (@)
STD layers J

©

wt

@ | | ! [
Figure 14: SS-STD block for DCNN. This architecture is constructed
according to the SS-STD algorithm.
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Comparison

Testing of Algorithm 3 as a segmentation tool:

EIEIE S |D

(a) Feature o (b) Softmax () STD  (d) SS-STD  (e) SS-STD

Figure 15: Segmentation results by softmax, proposed STD and SS-STD
softmax.
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Comparison

Testing when Algorithm 3 is integrated into the CNN network for:

(a) image (b) ground truth  (¢) DeepLabV3+ [38] (d) with regularization (e) with volume pre- (f) with star-shape &
(without spatial priori) serving & regulariza- regularization
tion

Figure 16: An example of without and with the proposed spatial priori for
DeepLabV3+ on ISIC2018 validation set.
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Results on ISIC2018 validation set.
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The network architecture of STD based DeepLabV3+

=== - = - -

Basic Network 'Variational Prior Block;
DeeplabV3+

VP/SS Layers

1

|

1
Encoder Atrous Conv 1
smm |

som

DCNN smm |
1

|

1

1

1

1

3x3 Conv
rate=6,12,18
s
Decoder

Concat Upsample I

DeeplabV3+'s Prediction 1

Our Prediction
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Performance on ISIC2018 validation set

Methods mloU
Baseline DeepLabV3+ [38] 89.77
STD 91.02
Ours VP-STD 92.46
SS-STD 91.57
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Application 4: CS-STD sigmoid

@ Similar idea, we can get the new variational interpretation for
other common activation functions.

e Sigmoid S(0)(x) = l+61*”(">:

S=argmin{—<o,u>+e(ulnu+(1—u)In(l —u))}.
uel0,1]

e ReLU max{o,0}:

ReLU = arg min {Hu — o||2} .
u=0

@ We will show how to use binary sigmoid to segment multi convex
objects.
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Convex shape (CS) prior

Convex shape (CS) prior
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Convex shape prior

(a) image (b) label [(z)  (c) sublevel set (d) sublevel set
U1 u2

Figure 17: The cup and disc areas in retinal images with sublevel set functions
ul and u2 representation can be both convex.
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Multi-label segmentation

min {/ o(v(x),l(x))dx+7\/ |Vl(x)|dx},
l Q Q

o /:0—{1,---,L}: label function

@ I(x): the pixel located at x belongs to I(x)-th class

@ o(v(x),I(x)) is a feature of I(x)-th class for a given image v(x)
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Sublevel set functions

@ y-sublevel set functions u
1, I(x)<y,
u(x,y) = { 0 N

@ 1(x) = Lyax fl’"” u(x,y)dy.

e Convex energy (Pock® et.al.)

gnigo{// v)o,u(x, y)dxdy—i—)\// |V u x,y)|dxdy}.

3T. Pock et al. “A convex formulation of continuous multi-label problems”. In: 11
European Conference on Computer Vision 2008. 2008, pp. 792-805.
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Convexity

e /(x)e{1,2,---,L},
iy = u(x,y),0y = 0(v(x),7),
up =1,
Dual representation

L1 L1
min 0y — 0 U, dx + A / YVu,|dx
min$ 3 [ (o) —0y1) 1y L [, 19

y=1

f

o C. is a relaxed sublevel set function set
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Conditions for convex shapes with binary
representation

p'y .J' \

Circle A C__iri-ckle B

@ Convex shape condition(Luo,Tai,Wang,2019)
{ L xeB, CQ,

B’
0, else.

gr(x) =

o If u € Ccs with Ccg being defined as
Ces=A{u: (1—u(x))(gr*(1—2u))(x) >0,¥VB, C Q,Vx € Q},

then the connected components of D are all convex.
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CS-STD (Convex Shape Soft Threshold Dynamics)
sigmoid

@ Convex shape (CS) soft thresholding dynamics (STD):

u= argmin {(—o,u) +e(ulnu+ (1 —u)In(l—u))
u€l0,1]NCcs

+ (eu, k* (1 —u))}.
=R (u)

=F(u;0)

@ Ccs is a quadratic constraint for convex shape.
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Algorithm

e Apply DCA

u™ = argmin {F(u;0) + R(u") + (p",u—u)}.
uel0,1]NCcs

o plt = (kx*(1—u'))e—kx(eu'r) € IR (u'r)
@ No closed-form solution.
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Our new algorithm

@ Pseudo projection algorithm
uitz = arg min {F(u;0) +A{ph,u)},
uhtl = Proju[olﬂ nCcs(utﬁ%).

@ The first subproblem

_ t
ut1+% — 1 — = 5(0 AP ! )
—o+Ap'l £

1+e =

@ The second subproblem has sigmoid solution can be solved by a
simple pseudo projection.
it —

argmin |[u— uf1 2|2,

uel0,1]NCcs

Xue-Cheng Tai (NORCE) athematical Deep Neural Networks and Ap June 10, 2026 81/91



Algorithms

Algorithm 4: Projj, ;¢ for convex shapes

Input: u*+%. Different sphere radius
7= (r9,m1,72,73,74)
Initialization: u© = u/1+3
for t, =0,1,--- do
1. Set 7 = Tinod(t,,5)-
2. Find the active set

A={o: (L —u(@)(g. * (1 - 20))(@) < 0}
2. Update

taly 1, z€A,
w T (z) 7{ u'2(z), z¢A.

3. Convergence check. If it is converged, end the
algorithm.
end
Output: Segmentation function u/*+! = u!2+1 with
convex shape.

Algorithm 5: CS-STD sigmoid activation function
Input: The feature o.
Initialization: uo =S (o).
for ¢t =0,1
1. Compule lhe soluuon of the first subproblem in
by regularized STD sigmoid.
2. Calculate the pseudo pro_]ecuon
ut1+1 = Projig ) c(u! %) by Algorithm 4.
3. Convergence check. If it is converged, end the
algorithm.
en
Output: Segmentation function u with convex shape
prior.
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New CS-STD sigmoid block for DCNN

ol = Toa(v Lo 2, ,0%,t=1,--- T,
ol = Ao, t=1,---,T—1,

vl = argmin {F(u;07) +AR(u)}.
uE[O,l]ﬂCCS

Here F is the dual representation with sublevel set functions.

CS space (Projio.11nc (Projo,1n c)

[P!'Dj[c,u ne (Projp.une

STD space u? u?s T

Figure 18: CS-STD block for DCNN. This architecture is constructed
according to the CS-STD algorithm.
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The architecture of the CS-STD based DeeplabV3+
segmentation network
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Visual quality

(@ STD (©) CS.STD

Figure 19: Visual quality on Refuge test set.
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Visual quality

(@) Images (b) Ground truth (©) DeeplabV3+ (@ STD (¢) CS.STD

Figure 20: Visual quality on Refuge validation set.
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Generalization ability

Image

Ground Truth
DeeplabV3+

CS-STD

Figure 21: Visual quality of training on Refuge train set and predicting on RIM-ONE-13 test set.
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Comparison

val. set test set

methods disc  cup disc  cup

Existin: STD [29] 95.1 867 952 850
2 pOSAL-seg [27] 932 869 - -

Baseline  DeeplabV3+ [20] 950 864 95.1 843

Proposed CS-STD 95.1 883 952 8717

Figur e 22: pMm (dice measure) values of different methods for Refuge validation and test sets.

methods disc  cup

TD-GAN [35] 853 728

Existin Hoffman et al. [36] 852 755
& Javanmardi et al. [371 853 779
pOSAL [27] 86.5 789

Baseline DeeplabV3+ [20] 854 709
Proposed CS-STD 92.2 80.7

Figure 23: DM values of different methods for training on Refuge train set and predicting on RIM-ONE-3 test set.
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Numerical Results of CS-STD

Noise levels o .
0o 1 2 3 4 5 6 1 8 .
DeepLabV3+ [20] 843 842 84.1 838 83.6 83.1 826 824 817 '
CS-STD §7.7 876 §7.5 §1.3 869 866 862 859 8.5 T 0 P ks !
e, Joa)
Noise levels - z JN ®
9 10 1 12 13 M4 15 16 1T T g ;¢
DeepLabV3+ [20] 81.2 80.5 80.1 79.5 79.1 78.7 77.8 774 76.6 é A a N
CS-SCT 85.1 846 840 835 832 827 823 813 812 2 o -
Noise levels - sa, p v
18 19 20 21 22 23 24 25
DeepLabV3+ [20] 76.1 753 74.6 739 728 716 705 69.0 . . ; =
CS-STD 812 79.9 798 789 7.7 769 755 747 4

Figure 24: The improved DM values for cup regions in the Refuge test sets
(400 images) between DeeplabV3+ and the proposed CS-STD under different
levels of noise with standard deviation.
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Conclusion and discussion

@ A general method to integrate variational segmentation models
into DCNN architecture.

@ Spatial regularization, volume, star shape, convexity prior for
DCNN such as popular deeplabV3+.

@ Model prior can guide the DCNN to learn important feature, and
can improve the generalization ability of DCNN.

@ The idea can be extended to many DCNN applications in which
the data has special knowledge.

Xue-Cheng Tai (NORCE) athematical Deep Neural Networks and Ap June 10, 2026 90 /91



Shearefo W’

Homepage: https:
//www.norceresearch.no/personer/xue-cheng-tai/

i (NORCE) athematical Deep Neural Networks and Ap June 10, 2026 91/91


https://www.norceresearch.no/personer/xue-cheng-tai/
https://www.norceresearch.no/personer/xue-cheng-tai/

	Introduction
	Background
	General Neural Network for Semantic Image Segmentation
	Total Variation
	Convex shape prior: CS-STD sigmoid


