
Summer PhD School MLIA Bologna – June 2024

Numerical Optimization Methods in Imaging – Exam

Exercice. For the exam, solve exercises 4,5 and 6.
Let H and G be real Hilbert spaces (e.g., H = R

N and G = R
M). Let

f ∈ Γ0(H), let g ∈ Γ0(G), and let L ∈ B(H,G) (e.g., L ∈ R
M×N). Let x̃ ∈ H

and γ ∈ ]0,+∞[. We denote by L∗ the adjoint of L (e.g., L∗ = L⊤ in the
finite dimensional case).

1. Consider the operator defined as

(∀y ∈ G) B(y) = −Lproxf (x̃− L∗y).

Show that B is βB-cocoercive where βB will be specified.

2. In the following, we assume that γ ∈]0, 2/‖L‖2[. Deduce from the pre-
vious question that the operator defined as

(∀y ∈ G) T (y) = proxγg∗(y + γLproxf (x̃− L∗y))

is αT -averaged where αT will be specified.

3. Assume that FixT 6= ∅. Consider the iterative algorithm :

(∀n ∈ N) yn+1 = yn + λn(T (yn)− yn).

where y0 ∈ G. Give a sufficient condition on (λn)n∈N for the weak conver-
gence of (yn)n∈N. What can be said about the limit point ?

4. Show that the fixed points of T are the minimizers of a function to be
determined.

5. Let y ∈ FixT . Show that x = proxf (x̃ − L∗y) is the solution to a
minimization problem.

6. Show that the algorithm can be expressed as

(∀n ∈ N) yn+1 = yn + λn

(
proxγg∗(yn − (−L)∇ 1f ∗(−L∗yn)

)
.

where 1f ∗ is the Moreau envelope of f ∗ with parameter 1.
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