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The building blocks of classical image processing
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Karhunen-Loève tranform

Independent component analysis

Pointwise non-linearities

Gain control

Thresholding, clipping

Soft-threshold
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Fig. 2. Decomposition of a signal into orthogonal scale components. The error signals ri = ( fi−1 − fi ) between two successive signal approximations
are expanded using a series of properly scaled wavelets.

Fig. 3. Separable cubic-spline wavelet decomposition of an image. (a) Original 256 × 256 image. (b) First pass of (horizontal) 1-D wavelet decomposition:
the rows are split into halves. (c) Second pass of (vertical) 1-D wavelet decomposition: the columns are split into halves. (d) Full 2-D wavelet transform
obtained by iterating the splitting process on the lower-resolution version of the image. The wavelet coefficients are displayed so that the amplitudes of
small absolute value appear in mid grey, the negative values in darker grey and the positive values bright.

C⃝ 2014 The Authors
Journal of Microscopy C⃝ 2014 Royal Microscopical Society, 255, 123–127
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Linear transforms
Digital filters

Fourier transform (FFT)

Wavelet transform, DCT



The building blocks of classical and modern image processing
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Karhunen-Loève tranform

Independent component analysis

Linear transforms

Pointwise non-linearities

Gain control

Thresholding, clipping

Soft-threshold

Specialized hardward: GPUs

Integrated software frameworks

Neural networks

Fully connect layers

Convolutional layers

Multi-channel filterbanks

Linear weights

Activation functions
Sigmoid

ReLU

Digital filters

Fourier transform (FFT)

Wavelet transform

Formal model of neuron (McCulloch & Pitt)
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https://en.wikipedia.org/wiki/Artificial_neuron
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Artificial neurons
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(McCullogh & Pitt 1943; Rosenblatt 1957)

(Rumelhart 1986, …)

And variants .....

Rectified Linear Unit: ReLU(x) = x+ = max(0, x)

Examples of activation functions

Threshold Logic Unit (Heaviside): TLU(x) =

8
<

:
1, x � 0

0, x < 0

Sigmoid function: �(x) =
1

1 + e�x

Definition: An artificial neuron with weights w = (w1, . . . , wN ) 2 RN , bias b 2 R
and activation function � : R ! R is defined as the function f : RN ! R

f(x) = �
�
wTx� b

�
= �
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The building blocks of classical and modern image processing
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Linear transforms

Pointwise non-linearities
Gain control

Thresholding, clipping

Soft-threshold

Neural networks

Fully connect layers

Convolutional layers

Multi-channel filterbanks

Trainable

Why & how

Linear weights

Activation functions

Integrated software framework

Karhunen-Loève tranform

Independent component analysis

Digital filters

Fourier transform (FFT)

Wavelet transform
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OUTLINE

■ Introduction ✔
■ Scientific context: Image reconstruction
■ Classical image reconstruction
■ Compressed sensing and the sparsity revolution
■ Emergence of deep-CNN-based methods for image reconstruction

■ Can we trust CNN-based methods ?
■ Dark sides of deep architectures
■ Safeguards: imposing consistency and stability
■ PnP framework with recurrent CNNs

AdG GlobalBioIm 
(2016-2021)

AdG FunLearn

(2021-2026)

■ Controlled design of nonlinearities
■ Optimality of splines
■ Deep spline framework

■ Application to (stable) iterative image reconstruction 

 
Scientific context: Image Reconstruction
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srec = arg min
s2RN

ky �Hsk22| {z }
data consistency

+ �kLskpp| {z }
regularization

, p = 1, 2

y = Hs+ n

linear 
model

noise

H n
s

Classical paradigm: Formulation as an optimization problem

Goal: recover s from noisy measurements y

Inverse problem (typically ill-posed)



Formal linear solution: s = (HT
H+ �LT

L)�1
H

T
y = R� · y

Classical image reconstruction                        (          )
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Equivalent variational problem

s
? = argmin ky �Hsk22| {z }

data consistency

+ �kLsk22| {z }
regularization

Interpretation: “filtered” backprojection

R(s) = kLsk22: regularization (or smoothness) functional

L: regularization operator (i.e., Gradient)

Formal linear solution: s = (HT
H+ �LT

L)�1
H

T
y = R� · y

Andrey N. Tikhonov (1906-1993)

min
s

R(s) subject to ky �Hsk22  �2

Dealing with ill-posed problems: Tikhonov regularization

p = 2

(consistency)

Image reconstruction under sparsity constraints (CS)
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p = 1

Linear step (consistency with imaging physics)

Proximal step (regularization = prior constraints) 

(1)

“denoising” of current estimate z

ssparse = argmin
s

⇣
1
2ky �Hsk22 + g(s)

⌘
with g(s) = �kLsk`1 (regularization)

Solution by forward-backward splitting

(Moreau 1962)

(Combettes-Wajs, 2005)

Convex optimization problem with non-smooth regularization

Proximal operator: proxg
�
z
�
= argmin

s

�
1
2kz� sk22 + g(s)

�

Repeat

until stop criterion

Interpretation: Same as (1) with H = I )

 (Donoho, Candes, 2006)

z
(n) = s

(n�1) + �
⇣
H

T
y �H

T
Hs

(n�1)
⌘

s(n) = prox�g
�
z(n)

�

Guarantee of convergence: �  2
�max(HTH)



Efficient proximal denoising: wavelet-domain soft thresholding
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�

Fast Wavelet
Transform

Inverse Wavelet
Transform

z̃z

 (Figueiredo-Nowak 2003)Iterative Soft-Thresholding Algorithm (ISTA)

Proximal step: z̃ = proxg
�
z
�
= argmin

s

�
1
2kz� sk22 + �kWTsk`1

�

Regularization: Promote sparsity in an orthogonal wavelet basis

g(s) = �kWTsk`1 with WTW = I (Orthonormality)

… and variants: WISTA, FISTA, …

Mallat’s algorithm Donoho’s wavelet denoising

Repeat

until stop criterion

s(n) = WaveletThreshold
�
z(n);�/L

�
z
(n) = s

(n�1) +
1

L

⇣
H

T
y �H

T
Hs

(n�1)
⌘

ISMRM reconstruction challenge
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�1 wavelet regularizationL2 regularization (Laplacian)

(Guerquin-Kern IEEE TMI 2011)

Collaboration with 
Prof. Klass Prüssmann

WISTA



Compressed sensing: Applications in imaging
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- Magnetic resonance imaging (MRI) 

- Radio Interferometry

(Lustig-Donoho, Mag. Res. Im. 2007)

- Teraherz Imaging

(Wiaux, Notic. R. Astro. 2007)

(Chan, Appl. Phys. 2008)

- Digital holography (Brady, Opt. Express 2009; Marim 2010)

- Spectral-domain OCT (Liu, Opt. Express 2010) 

- Coded-aperture spectral imaging (Arce, IEEE Sig. Proc. 2014) 

- Localization microscopy (Zhu, Nat. Meth. 2012) 

- Ultrafast photography (Gao, Nature 2014) 

- X-ray (interior) tomography (Wang, Phys. Med. & Biol; 2009)

The (deep) learning (r)evolution in image processing

14

Special issues

…

Flurry of new textbooks on neural networks

…



Appearance of Deep ConvNets
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CT reconstruction based on Deep ConvNets

Input: Sparse view FBP reconstruction

Training: Set of 500 high-quality full-view CT reconstructions

Architecture: U-Net with skip connection

(Jin et al., IEEE TIP 2017)

(Jin et al. 2016; Adler-Öktem 2017; Chen et al. 2017; ... )

Dose reduction by 7: 143 views

 Reconstructed from
from 1000 views

CT data  



Dose reduction by 7: 143 views

(Jin et al, IEEE Trans. Im Proc., 2017)
 Reconstructed from

from 1000 views

CT data  

2019 Best Paper Award

Dose reduction by 20: 50 views

 Reconstructed from
from 1000 views

CT data  

(Jin et al., IEEE Trans. Im Proc., 2017)



Deep CNNs for bioimage reconstruction images 
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- Magnetic resonance imaging (MRI) 

(Jin…Unser, IEEE TIP 2017)

- Dynamic MRI (cardial imaging)

(Hammernik…Pock, Mag Res Med 2018 )

(Schlemper…Rueckert, IEEE TMI 2018)

- 2D microscopy (Rivenson…Ozcan, Optica 2017)

- Diffraction tomography

- Super-resolution microscopy (Nehme…Shechtman, Optica 2018) 

- 3D fluorescence microscocopy

(Sun…Kamilov, Optics Express 2018) 

- Ultrasound (Yoon…Ye, IEEE TMI 2019) 

- X-ray tomography 

(Tezcan…Konukoglu, IEEE TMI 2018 )

(Chen…Wang, Biomed Opt. Exp 2017)

(Hauptmann…Arridge, Mag Res Med 2019)

(Weigert…Jug, Myers, Nature Meth. 2018)
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Deep Learning for 
Biomedical Image 
Reconstruction

Jong Chul Ye, Yonina C. Eldar, 
and Michael Unser

Edited by

Ye, Eldar, and Unser
Deep Learning for Biom

edical Im
age Reconstruction

“This book is a comprehensive collection authored by luminaries in the imaging field. It is 

DbPXVW�UHDG�IRU�QHZFRPHUV�WR�LPDJH�UHFRQVWUXFWLRQ�ń�

Jeffrey A. Fessler, University of Michigan  

Ń7KLV�LV�D�WLPHO\�WH[WERRN�RQ�PHGLFDO�LPDJLQJ�UHFRQVWUXFWLRQ�ZLWK�GHHS�OHDUQLQJ��7KHbFKDSWHUV�

UHODWHG�WR�05,�ZRXOG�EH�YHU\�XVHIXO�IRU�SUHSDULQJ�VWXGHQWV�WR�ZRUN�RQ�IDVW�LPDJLQJ�DQG�

PXOWLSOH�FRQWUDVWV��7KH�FKDSWHU�RQ�SKDVH�XQZUDSSLQJ�LV�KLJKO\�UHOHYDQW�WR�UHFHQW�05,�

DGYDQFHPHQWV��LQFOXGLQJ�TXDQWLWDWLYH�VXVFHSWLELOLW\�PDSSLQJ��,�ZRXOG�UHFRPPHQG�WKLV�ERRN�

WRbDOO�P\�VWXGHQWV�ń�

Yi Wang, Cornell University

“Deep Learning for Biomedical Image Reconstruction is an outstanding guide that immerses 

readers in the captivating realm of deep learning and its profound impact on medical imaging. 

Written by esteemed experts in the field, this comprehensive resource offers a meticulous 

introduction to the theory and implementation of deep learning across diverse modalities, 

including X-ray, CT, MRI, and more. The book’s interdisciplinary approach, complemented 

E\�UHDO�ZRUOG�LOOXVWUDWLRQV�DQG�JURXQGEUHDNLQJ�UHVHDUFK�LQVLJKWV��PDNHV�LW�DQ�LQYDOXDEOH�

companion for graduate students in electrical or biomedical engineering, medical imaging, 

or physics. The authors’ commendable expertise and contributions in deep learning, signal 

processing, and image reconstruction ensure that readers gain a profound comprehension 

of the subject matter. This book stands as an indispensable reference for anyone seeking 

to explore the forefront of medical imaging advancements and the transformative potential 

RIbGHHS�OHDUQLQJ�LQ�UHYROXWLRQL]LQJ�KHDOWKFDUH�ń�

Xiaofeng Yang, Emory University

Jong Chul Ye is a Professor in the Graduate School of AI at Korea Advanced Institute of Science 

and Technology (KAIST), Korea.

Yonina C. Eldar is a Professor in the Department of Mathematics and Computer Science, 

:HL]PDQQ�,QVWLWXWH�RI�6FLHQFH��5HKRYRW��,VUDHO��ZKHUH�VKH�KHDGV�WKH�&HQWHU�IRU�

%LRPHGLFDOb(QJLQHHULQJ�

Michael Unser is a Professor in the Institute of Electrical and Micro Engineering, EPFL, 

6ZLW]HUODQG��ZKHUH�KH�DOVR�KHDGV�WKH�&HQWHU�IRU�,PDJLQJ�

&RYHU�LPDJH��ZUDJJ���(����*HWW\�,PDJHV

Designed by EMC Design Ltd
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OUTLINE

■ Introduction ✔
■ Scientific context: Image reconstruction ✔

■ Can we trust CNN-based methods ?
■ The dark side of deep architectures
■ Safeguards: imposing consistency and stability
■ PnP framework with recurrent CNNs

■ Controlled design of nonlinearities
■ Application to (stable) iterative image reconstruction 



But CNN-based methods also have their weaknesses

21

■ They require lots of training data
■ Medical imaging: limited access to patient data
■ Lack of gold standards (except for compressed sensing scenarios)
■ Training for (3D) medical imaging is extremely computer intensive

■ They are hard to tune
■ Many design parameters: depth, width, number of channels
■ Use of ad hoc modules: batch normalization

■ They lack robustness
■ Adversarial attacks
■ Unpredictable results On instabilities of deep learning in image

reconstruction and the potential costs of AI

Vegard Antuna, Francesco Rennab, Clarice Poonc, Ben Adcockd, and Anders C. Hansena,e,1

aDepartment of Mathematics, University of Oslo, 0316 Oslo, Norway; b Instituto de Telecomunicações, Faculdade de Ciências, Universidade do Porto, Porto

4169-007, Portugal; cDepartment of Mathematical Sciences, University of Bath, Bath BA2 7AY, United Kingdom; dDepartment of Mathematics, Simon Fraser

University, Burnaby, BC V5A 1S6, Canada; and eDepartment of Applied Mathematics and Theoretical Physics, University of Cambridge, Cambridge CB3

0WA, United Kingdom

Edited by David L. Donoho, Stanford University, Stanford, CA, and approved March 12, 2020 (received for review June 4, 2019)

Deep learning, due to its unprecedented success in tasks such as

image classification, has emerged as a new tool in image recon-

struction with potential to change the field. In this paper, we

demonstrate a crucial phenomenon: Deep learning typically yields

unstable methods for image reconstruction. The instabilities usu-

ally occur in several forms: 1) Certain tiny, almost undetectable

perturbations, both in the image and sampling domain, may

result in severe artefacts in the reconstruction; 2) a small struc-

tural change, for example, a tumor, may not be captured in the

reconstructed image; and 3) (a counterintuitive type of instability)

more samples may yield poorer performance. Our stability test

with algorithms and easy-to-use software detects the instability

phenomena. The test is aimed at researchers, to test their net-

works for instabilities, and for government agencies, such as the

Food and Drug Administration (FDA), to secure safe use of deep

learning methods.

instability | deep learning | AI | image reconstruction | inverse problems

There are two paradigm changes currently happening: 1)

Artificial intelligence (AI) is replacing humans in problem

solving; however, 2) AI is also replacing the standard algo-

rithms in computational science and engineering. Since reliable

numerical calculations are paramount, algorithms for compu-

tational science are traditionally based on two pillars: accuracy

and stability. This is, in particular, true of image reconstruction,

which is a mainstay of computational science, providing funda-

mental tools in medical, scientific, and industrial imaging. This

paper demonstrates that the stability pillar is typically absent

in current deep learning and AI-based algorithms for image

reconstruction. This raises two fundamental questions: How reli-

able are such algorithms when applied in the sciences, and do

AI-based algorithms have an unavoidable Achilles heel: instabil-

ity? This paper introduces a comprehensive testing framework

designed to demonstrate, investigate, and, ultimately, answer

these foundational questions.

The importance of stable and accurate methods for image

reconstruction for inverse problems is hard to overestimate.

These techniques form the foundation for essential tools across

the physical and life sciences such as MRI, computerized tomog-

raphy (CT), fluorescence microscopy, electron tomography,

NMR, radio interferometry, lensless cameras, etc. Moreover, sta-

bility is traditionally considered a necessity in order to secure

reliable and trustworthy methods used in, for example, cancer

diagnosis. Hence, there is an extensive literature on designing

stable methods for image reconstruction in inverse problems

(1–4).
AI techniques such as deep learning and neural networks (5)

have provided a new paradigm with new techniques in inverse

problems (6–15) that may change the field. In particular, the

reconstruction algorithms learn how to best do the reconstruction

based on training from previous data, and, through this train-

ing procedure, aim to optimize the quality of the reconstruction.

This is a radical change from the current state of the art (SoA)

from an engineering, physical, and mathematical point of view.

AI and deep learning have already changed the field of com-

puter vision and image classification (16–19), where the perfor-

mance is now referred to as super human (20). However, the

success comes with a price. Indeed, the methods are highly unsta-

ble. It is now well established (21–25) that high-performance

deep learning methods for image classification are subject to fail-

ure given tiny, almost invisible perturbation of the image. An

image of a cat may be classified correctly; however, a tiny change,

invisible to the human eye, may cause the algorithm to change its

classification label from cat to fire truck, or another label far from

the original.
In this paper, we establish the instability phenomenon of

deep learning in image reconstruction for inverse problems. A

potential surprising conclusion is that the phenomenon may be

independent of the underlying mathematical model. For exam-

ple, MRI is based on sampling the Fourier transform, whereas

CT is based on sampling the Radon transform. These are rather

different models, yet the instability phenomena happen for both

sampling modalities when using deep learning.

There is, however, a big difference between the instabilities of

deep learning for image classification and our results on insta-

bilities of deep learning for image reconstruction. Firstly, in the

former case, there is only one thing that could go wrong: A small

perturbation results in a wrong classification. In image recon-

struction, there are several potential forms of instabilities. In

particular, we consider three crucial issues: 1) instabilities with

respect to certain tiny perturbations, 2) instabilities with respect

to small structural changes (for example a brain image with

or without a small tumor), and 3) instabilities with respect to

changes in the number of samples. Secondly, the two problems

are totally unrelated. Indeed, the former problem is, in its sim-

plest form, a decision problem, and hence the decision function

(“Is there a cat in the image?”) to be approximated is necessarily

This paper results from the Arthur M. Sackler Colloquium of the National Academy of

Sciences, ”The Science of Deep Learning,” held March 13–14, 2019, at the National

Academy of Sciences in Washington, DC. NAS colloquia began in 1991 and have been

published in PNAS since 1995. From February 2001 through May 2019 colloquia were

supported by a generous gift from The Dame Jillian and Dr. Arthur M. Sackler Foun-

dation for the Arts, Sciences, & Humanities, in memory of Dame Sackler’s husband,

Arthur M. Sackler. The complete program and video recordings of most presenta-

tions are available on the NAS website at http://www.nasonline.org/science-of-deep-

learning.y

Author contributions: B.A. and A.C.H. designed research; V.A., F.R., and C.P. performed

research; V.A., F.R., C.P., B.A., and A.C.H. wrote the paper; and V.A., F.R., and C.P. wrote

code.y

The authors declare no competing interest.y

This article is a PNAS Direct Submission.y

Published under the PNAS license.y

Data deposition: All of the code is available from GitHub at https://github.com/vegarant/
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AI Moore’s law: doubling every 3.4 month !

Dangers of image-domain learning: Result
J. Fessler
Joint Opt

11 / 49

G. Nataraj and R. Otazo. “Investigating robustness to unseen pathologies in model-free deep multicoil reconstruction.”  
ISMRM 2020 Workshop on Data Sampling & Image Reconstruction 

(TV)

(variant of FBPConvNet)



Mathematical safeguards
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Forward imaging model: y = Hx+ nnoise

Image reconstruction algorithm: x̃ = f✓(y)

Consistency of reconstruction

ky �Hx̃k = ky �Hf✓(y)k  ✏ for some suitable ✏

Stability of reconstruction algorithm

kx̃2 � x̃1k = kf✓(y2)� f✓(y1)k  L ky2 � y1k, for all y2,y1 2 ⌦ ✓ RM

with L = Lip(f✓) reasonably small

Data

Reconstruction

(del Aguila Pla IEEE TCI, 2023)

Lipschitz constant of primary modules

24

Example: Lip(ReLU) = supx2R |u(x)| = 1

x

x

Heaviside

Linear (resp. affine) transform
Tlin : RM ! RN with x 7! Ax (linear)

or x 7! Ax+ b (affine) where A 2 RM⇥N ,b 2 RM

Lip(Tlin) = sup
kxk21

kAxk2 = ⇢(A) (spectral norm = largest singular value of A)

Pointwise nonlinearity
� : R ! R where � is differentiable

Lip(�) = sup
x2R

����
d�(x)

dx

���� = k�0kL1 (cf. Mean Value Theorem)

T1 T2Composition

Lip(T1) = L1 & Lip(T2) = L2 ) Lip(T2 � T1)  L2L1



Consistency via PnP variant of iterative reconstruction

25

Repeat

until stop criterion

Linear step (consistency with imaging physics)

Proximal or “denoising” step (regularization) 
Niter

Schematic structure of iterative reconstruction algorithm :

(Bauschke-Combettes 2017, Hertrich et al. 2021)Requirement for convergence: kf✓kLip  1 (Non-expansive operator)
<latexit sha1_base64="kfEE9Hqjh11ZWEovblOKWXe4MSM="></latexit>

Proximal operator: proxg
�
z
�
= argmin

x

�
1
2kz� xk2 + g(x)

�

x̂ = argmin
x

⇣
1
2ky �Hxk2 + g(x)

⌘

z
(n) = x

(n�1) + ↵
⇣
H

T
y �H

T
Hx

(n�1)
⌘

x
(n) = prox↵g

�
z
(n)

�

(Venkatakrishnan-Bouman  2013)Plug-and-Play variant

Repeat

until stop criterion

Linear step (consistency with imaging physics)

Suitable nonlinear map (e.g., CNN)
Niter

z
(n) = x

(n�1) + ↵
⇣
H

T
y �H

T
Hx

(n�1)
⌘

x
(n) =

�
(1� �)Id + �f✓

��
z
(n)

�

Neural nets with free-form activations and stability control

26

layers

nodes

(n, `)

….….

neuron

(n� 1, `)

zn,` = �n,`

�
wT

n,`z`�1 + bn,`
�

Linear step: RN`�1 ! RN`

f ` : x 7! f `(x) = W`x+ b`

Nonlinear step: RN` ! RN`

�` : x 7! �`(x) =
�
�n,`(x1), . . . ,�N`,`(xN`)

�

Joint learning / training

spectral normalization vs. Parseval frame        Lip-1 splines

fdeep(x) = (�L � fL � �L�1 � · · · � �2 � f2 � �1 � f1) (x)

Layers: ` = 1, . . . , L

Deep structure descriptor: (N0, N1, · · · , NL)

Neuron or node index: (n, `), n = 1, · · · , N`

Activation function �n,` : R ! R (free-form)

Stability control: kfdeepkLip 
LY

`=1

k�`kLip| {z }
1

⇢(W`)| {z }
1

= 1
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OUTLINE

■ Introduction ✔
■ Scientific context: Image reconstruction ✔

■ Can we trust CNN-based methods? ✔
■ Safeguards: imposing consistency and stability

■ Controlled design of nonlinearities
■ Optimality of splines
■ Deep spline framework

■ Application to (stable) iterative image reconstruction 

Learning activation functions / pointwise nonlinearities

28

Infinite-dimensional optimization problem is that is inherently ill-posed

Search space: BV(2)(R) = {f : R ! R : kD2fkM < 1} ⇢ Lip(R)

Finding the “optimal” pointwise nonlinearity � : R ! R

) minimizing/constraining TV(2)(�)
M
= kD2�kM (Second-order total-variation)

Controlling stability: Lip(�)
M
= supx2R |D�(x)|  1

Incorporating a regularization

Should not penalize simple solutions (e.g., identity or linear scaling)

Should impose differentiability (for DNN to be trainable via backpropagation)

Should favour simplest CPWL solutions; i.e., with “sparse 2nd derivatives”



Proper continuous counterpart of     -norm
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Johann Radon (1887-1956)

`1

Dual definition of `1-norm (in finite dimensions only)

kfk`1 =
NX

n=1

|fn| = sup
u2RN : kuk11

hf ,ui

Space of bounded Radon measures on Rd

M(Rd) =
�
C0(Rd)

�0
= {f 2 S 0(Rd) : kfkM

M
= sup

'2S(Rd): k'k11
hf,'i < +1}

Superset of L1(Rd)

8f 2 L1(Rd) : kfkM = kfkL1 ) L1(Rd) ⇢ M(Rd)

Space C0(Rd) of functions on Rd that are continuous, bounded, and decaying at infinity

C0(Rd) = (S(Rd), k · kL1) ⇢ L1(Rd)

Extreme points of unit ball in M(Rd): ek = ±�(·� ⌧ k) with ⌧ k 2 Rd

Comparison of linear interpolators
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arg min
f2H1(R)

Z

R
|Df(x)|2dx s.t. f(xm) = ym, m = 1, . . . ,M

arg min
f2BV(2)(R)

kD2fkM s.t. f(xm) = ym, m = 1, . . . ,M

(de Boor 1966)

(Unser JMLR 2019; Lemma 2)



Optimality of splines: TV(2) regularization with slope constraints
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(new improved: for Stéphane Mallat’s birthday - April 2023)

Generic loss functional E : R⇥ R ! R+ (strictly convex)

(Aziznejad, IEEE OJSP 2022)

Theorem

The solution set of (TV2-SC) is a non-empty, weak*-compact subset of
BV(2)(R), and all its extreme points are adaptive piecewise-linear
splines with a most (M � 2) knots.

Slope parameters: smin < smax

0 0.2 0.4 0.6 0.8 1
-1

0

1

2

3

4

(Debarre JCAM 2022)

Solution with fewest knots

(smin, smax) = R (unconstrained)

Sparsest spline solution is identifiable using a variant of Debarre’s algorithm.

Training data: (xm, ym) 2 R⇥ R, m = 1, . . . ,M

Special cases of (smin, smax)

(�1, 1): Lipschitz-1 splines

(0, 1): firmly non-expansive = prox of a convex potential

(0,+1): monotone splines = derivative of a convex potential — invertible function

(�⇢,+1) with 0 < ⇢ (small): weakly-monotone splines = derivative of a ⇢-weakly-convex potential

(TV2-SC) S = arg min
f2BV(2)(R)

 
MX

m=1

E(f(xm), ym) + �TV(2)(f)

!
,

s.t. smin  f 0(x)  smax, 8x 2 R

Representer theorem for stable, free-form deep neural networks
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(Unser, JMLR 2019)Precursor without stability:

) Lip(fdeep)  1

The solution of (1) exists and is achieved by a deep spline network with activations of the form

�n,`(x) = b1,n,` + b2,n,`x+

Kn,`X

k=1

ak,n,`(x� ⌧k,n,`)+,

with adaptive parameters Kn,`  M � 2, ⌧1,n,`, . . . , ⌧Kn,`,n,` 2 R, and b1,n,`, b2,n,`, a1,n,`, . . . , aKn,`,n,` 2 R.

Theorem (Optimality of Lipschitz-1 deep spline networks)

neural network f : RN0 ! RNL with deep structure (N0, N1, . . . , NL)

x 7! fdeep(x) = (�L � fL � �L�1 � · · · � f2 � �1 � f1) (x)

linear transformations f ` : RN`�1 ! RN` ,x 7! W`x with W` 2 RN`⇥N`�1

free-form activations �` =
�
�1,`, . . . ,�N`,`

�
: RN` ! RN` with �1,`, . . . ,�N`,` 2 BV(2)(R)

Given a series data points (xm,ym) m = 1, . . . ,M , we then define the training problem

arg min
(W`),(�n,`2BV(2)(R))

 
MX

m=1

E
�
ym,fdeep(xm)

�
+�

LX

`=1

NX̀

n=1

TV(2)(�n,`)

!

s.t. Lip(�n,`), ⇢(W`)  1, (n = 1, . . . , N`, ` = 1, · · · , L) (1)

where E : RNL ⇥ RNL ! R+
is an arbitrary convex loss function.



Outcome of representer theorem
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Figure 2: Diagram of a minimal width neural network R ! R with L = 5
layers of active neurons (blue circles) and node descriptor (1, 1, 1, 1, 1).

Figure 3: Diagram of a fully connected neural network R2 ! R2 with L = 3
layers of active neurons (blue circles) and node descriptor (2, 4, 3, 2)

2.1 Structure of neural network

Notation: input vector x = z0 of size N0 (number of input features). Output
vector z = zL of size K = NL (number of classes) of a neural network with
L layers.

State of network within hidden layer `: variable z` of size N`.
Initialization: z0 = x
Layer-to-layer propagation for ` = 1, . . . , L with intermediate input vari-

able z`�1 2 RN`�1 , output variables y`, z` 2 RN` and linear network param-
eters W` 2 RN`�1⇥N` and b` 2 RN` .

y` = W`z`�1 + b` (1)
z` = max(y`, 0) (2)

The first step described by (14) is the application of a linear transformation
to the output z`�1 from the previous layer followed by the addition a bias b`.
The transformation is encoded in the matrix W` of size N` ⇥N`�1. Note
that the bias may also be encoded in terms of linear weights that are applied
to a constant input common to all layers—structurally, this is equivalent to
augmenting the matrix W` by one line and including the (dummy) constant
1 as an additional component of z`. The bottom line is that this part of
the processing is intrinsically linear and parametrized by the parameters W`

and b`, which are learned during the training of the network.
Equation (5) describes the so-called rectifier unit (ReLU), which amount

to transmitting the coefficients that are positive and suppressing the oth-
ers. This module is essential since it constitutes the non-linear part of the
architecture.

2

�n,`(x) = b1,n,` + b2,n,`x+

Kn,`X

k=1

ak,n,`(x� ⌧k,n,`)+,

Each neuron
�
fixed index (n, `)

�
is characterized by

its number K = Kn,` � 0 of knots (ideally, much smaller than M );

the locations {⌧k = ⌧k,n,`}Kk=1 of these knots;

the expansion coefficients bn,` = (b1,n,`, b2,n,`) 2 R2,
an,` = (a1,n,`, . . . , aK,n,`) 2 RK .

These parameters (including the number of knots) are data-dependent
and must be adjusted (automatically) during training.

Link with `1 minimization techniques

TV(2)(�n,`) =

Kn,`X

k=1

|ak,n,`| = kan,`k1 and Lip(�n,`) = sup
K2{1,...,Kn,`}

�����

KX

k=1

ak,n,`

�����

�
�

�

�
�

-2 -1 1 2 3 4

-2

-1

1

2

3

4

How to effectively train deep splines ?
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B-spline representation

�(x) =
kmax+1X

k=kmin�1

ck'k

⇣ x

T

⌘

where 'k(x) = tri(x� k), for kmin < k < kmax

Gridded ReLU representation

�(x) = b0 + b1x+
kmaxX

k=kmin

ak(x� kT )+

Stochastic gradient descent (the difficult part being to optimize the knot locations)

Workaround: Fixed set of knots on a grid—rely on `1-minimization to suppress the unnecessary ones



Equivalence between ReLU and B-spline representations
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From ReLUs to B-splines

tri(x) = �1(x+ 1)+ +2(x)+ �1(x� 1)+

2nd difference filter: d2[·] = (�1, 2,�1)

Simplified cardinal spline setting with T = 1 and 'k(x) = tri(x� k), k 2 Z

Expressivity of triangular B-spline basis

Polynomials: 1 =
X

k2Z
tri(x� k), x =

X

k2Z
k tri(x� k)

Gridded ReLUs: (x� k0)+ =
+1X

k=k0

(k � k0)tri(x� k)

Second total variation

�(x) =
X

k2Z
c[k]tri(x� k) ) TV(2)(�) = kd2 ⇤ ck`1

B-spline basis—complexity is independent of grid size !
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8

functions are updated using the ADAM optimizer [43] with an
initial learning rate of 10�3. The remaining network parameters
are updated using an SGD optimizer with an initial learning
rate of 10�1. For the APLU NIN, an SGD optimizer with an
initial learning rate of 10�1 is used to update all the learnable
parameters. The NINs are trained for 320 epochs with a batch
size of 128. The learning rate is decreased by a factor of 10
in epochs 80, 160, and 240. The ResNets are trained for 300
epochs with a batch size of 128 while the learning rate is
divided by 10 in epochs 150, 225, and 262, following the
training scheme in [47].

Comparison with ReLU and APLU Networks
For the ReLU networks (NIN and ResNet), we deploy a
grid search to optimize the weight decays in terms of the
performance on the validation dataset. For the B-spline and
APLU networks, we use the same weight decays as those
found for the corresponding ReLU networks, and we perform
grid searches to find the optimal values of � and the `2-norm
penalty scaling factor. We then use the optimal hyperparam-
eters and retrain the networks NT times independently on
the complete training datasets, with 50,000 samples. We set
NT = 5 for the NINs and NT = 9 for the ResNets. Finally, we
compute the error rates over the test datasets. The median test
errors are reported in Table II and Table III. We see that the
B-spline networks outperform the ReLU and APLU networks
here as well. Surprisingly, the APLU ResNet is slightly inferior
to the ReLU ResNet for the CIFAR-10 dataset. It turns out that,
for residual networks with APL units, a similar observation has
been made in [48].

B-splines vs. gridded ReLUs vs. APLUs
In this experiment5, we record the memory consumption and
computation time (per epoch) for the B-spline, gridded ReLU,
and APLU ResNets.

As we see in Table IV, the time/memory consumption
during forward and backward propagation for gridded ReLUs
and APLUs explodes with the number of knots. This is
because the point evaluation of an activation function requires
a summation over all contributing ReLUs, which results in
a time complexity of O(K). Moreover, the corresponding
intermediate values need to be stored for backpropagation.

For B-splines, by contrast, each evaluation only requires
the coe�cients of two adjacent basis functions, since the 'k,T
have minimal overlap, leading to a time complexity of O(1).
Accordingly, one only needs to store the coe�cients and the
index of the two active basis functions.

B. Signal Recovery
We further illustrate the benefits of learning the activation

functions through the application of convolutional neural net-
works (CNNs) to inverse problems [49]. Here, the goal is to
recover a signal x 2 RN from its (noisy) measurements y 2 RM

given by
y = Hx + n, (22)

5This experiment was run on a TITAN X (Pascal) GPU with 12196 MB
of memory.

TABLE IV: B-splines vs. gridded ReLUs vs. APLUs

Architecture,
Nb. coe�cients

Memory
(megabytes)

Time
per

epoch
(seconds)

B-splines, K = 9 1132 44.92

B-splines, K = 29 1133 41.89

B-splines, K = 499 1299 41.19

Gridded ReLUs, K = 9 3313 49.86

Gridded ReLUs, K = 29 9616 81.21

APLUs, K = 9 3316 49.72

APLUs, K = 29 9618 87.34

For the gridded ReLU and APLU networks, the
maximum number of knots allowed by the GPU
memory is 31.

where H : RN 7! RM is a linear operator that describes the
measurement acquisition process and n 2 RM is an additive
noise.

Classical model-based methods formulate the inverse prob-
lem as the optimization task

x
⇤ = arg min

x2RN

⇣
ky �Hxk22 + ⌧R(x)

⌘
, (23)

where R is the regularization that incorporates prior infor-
mation about x and ⌧ 2 R+ a parameter that controls the
regularization strength. For instance, R(x) = kLxk1 [50]–[52]
promotes solutions that are sparse in the transform domain
specified by L : RN ! RN . Over the past decade, a variety
of learning-based methods were found to outperform the
classical model-based ones. These include the use of CNN-
based regression schemes that relate an initial estimate of the
signal to the desired estimate of the signal [5], [53]. In our
experiments, we compare the performance of standard ReLU
CNNs with B-spline CNNs in a deconvolution task.

1) Setup
We consider the recovery of piecewise-constant statistical

signals x 2 R100 that satisfy the discrete innovation model

u = Dx, (24)

where D 2 R100⇥100 is a finite-di↵erence matrix and u 2 R100

is a sparse random vector with independent and identically
distributed entries that are drawn from the Bernoulli-Laplace
distribution

pU(u) = (0.6)�(u) + (0.4)
1
2

e�|u|. (25)

Under appropriate boundary conditions, we can invert (24) and
derive the synthesis formula

xk =

kX

q=1

uq, k = 1, 2, . . . , 100, (26)

Explanation: only two active basis functions per data point



Implementation: Lip-1 spline CNN  (trained for denoising)
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Learnable linear spline 
nonlinearities (pointwise) Convolutional layer

Knot spacing:    , Number of knots: T<latexit sha1_base64="N8VrSjfABxXwiCk2vNAin39w97s="></latexit> K<latexit sha1_base64="qj565FENCnpHg2TFZNwFoyNWURY="></latexit>

Linear B-spline basis

Compact support

Efficient forward & backward pass

Easy to compute Lipschitz constant
(max. absolute derivative)

(Bohra et al. IEEE Open JSP 2020)

�n,`(x)

(Ducotterd et al. ArXiv 2022)

fdeep(x) = (�L � fL � �L�1 � · · · � �2 � f2 � �1 � f1) (x)

Constrain Lipschitz constant of each layer to be no greater than one

Convolutional layer: Lip-1 projector (spectral normalization vs. Parseval frame)

Linear spline layer: Lip-1 spline projector (clipping of finite difference)

PnP image reconstruction: Experimental set-up
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Compressed sensing MRI

256⇥ 256 ground-truth images

Subsampling ratio = 0.3

Gaussian additive noise with � = 10/255

Number of layers of denoising CNN = 5

Deep-spline denoising Dn-CNN

Training of Gaussian denoiser

240K examples of 40⇥ 40 patches from BSD500 dataset

Additive Gaussian noise with � = 5/255

3⇥ 3 convolution kernels, 32 channels

Deep spline activations with T = 0.1, K = 51

Number of layers = 3, 5, 7, 9

Learned Lip-1 filters = Parseval frames



Results: Gaussian denoising with Parseval frames
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Drop in performance for constrained ReLU nets
DS-L performs better than ReLU-L even with fewer parameters

Compressed Sensing MRI

40

Random sampling pattern

ReLU-LGround truth Least squares reconstruction (Zero-filled )

Ground truth ReLU-L

Parseval DS-L

Parseval DS-L

WCRR-NN

WCRR-NN

<latexit sha1_base64="bU+nwD7mwLktuZ85uw0CiF5jzyQ="></latexit>

Subsampling mask Random Radial Cartesian
Image type Brain Bust Brain Bust Brain Bust
Zero-filling 23.72 25.88 22.99 23.92 21.34 23.03
ReLU-L 30.70 30.59 29.60 30.09 23.70 26.87
Parseval DS-L 33.19 33.88 31.68 33.15 24.97 28.68
WCRR-NN 34.73 35.31 33.22 34.49 25.53 29.50

Least squares reconstruction (Zero-filled )



WCRR variant: Learnable Weakly-Convex Ridge Regularizer
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min
x2RN

 
1

2
ky �Hxk22 +

IchanX

i=1

h1,�i(Wix)i
!

Weakly-convex extension of FoE (Chen-Pock 2014) 

System matrix: H 2 RM⇥N

Learnable filters (CNN) : Wi 2 RN⇥N , i = 1, . . . , Ichan

Shared free-form potentials : �i(u) =
�
�i(u1), . . . ,�i(uN )

�
with �i(u) =

R u
�1 �i(x)dx

Iterative reconstruction

Recurrent neural network (steepest descent)

x
(n+1) = x

(n) � ↵

 
IchanX

i=1

W
T
i �i(Wix

(n)) +H
T
�
Hx

(n) � y
�
!

with �i = �
0
i

Training on denoising problem

Parametrization of the slope: �i = �0
i : R ! R

s.t. weak-monotonicity constraint and penalty on TV(2)(�i) (sparsity) ) linear splines

Deep equilibrium training of variational denoiser where the �i are expanded in a B-spline basis.

42

Table 4.1

PSNR and SSIM values for both reconstruction experiments.

Metric PSNR SSIM

Zero-fill 27.92 0.711
TV[5] 32.03 0.7922
CRR-NN [19] 33.14 0.842
WCRR-NN 34.55 0.858
Prox-DRUNet [23] 35.09 0.864

(a) MRI

Metric PSNR SSIM Param.

TV 31.57 0.852 1
ACR [37] 31.58 0.848 6 · 105
CRR-NN 32.87 0.862 5 · 103
AR [34] 33.62 0.875 2 · 107
WCRR-NN 34.06 0.895 2 · 104
Prox-DRUNet 34.20 0.901 2 · 107

(b) CT

Figure 4.1. Reconstructed images for the MRI experiment. The reported metrics are PSNR and SSIM.

in the other region of the k-space are uniformly sampled. Consequently, we end up with a
total number of b320/Maccc selected columns. Lastly, both the real and imaginary parts of
the measurements are corrupted by Gaussian noise with standard deviation �n = 10�4. For
validation and testing, we picked 10 and 99 images, respectively, all normalized within [0, 1].

Sparse-View CT. To provide a comparison with Adversarial Regularization (AR) [34] and
its convex counterpart ACR [37], we include the sparse-view CT experiment proposed in [37].
Its data consists of human abdominal CT scans for 10 patients, publicly available as part of
the low-dose CT Grand Challenge [36]. For validation, 6 images are taken uniformly from the
first patient of the training set used by [37]. To benchmark all methods, we use the same set
as [37], namely 128 slices with size (512⇥ 512) from a single patient. The CT measurements
are simulated using a parallel-beam acquisition geometry with 200 angles and 400 detectors.
These measurements are corrupted by Gaussian noise with standard deviation �n = 2.0.

4.2.1. Comparison and Discussion. The PSNR and SSIM values on the respective test
sets are reported together with the parameter numbers in Table 4.1. The hyperparameters of
each method are tuned to maximize the average PSNR over the validation sets with the coarse-

16

Img



but, PSNR (or SSIM) is not the whole story
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Figure 4.2. Reconstructions for the sparse-view CT experiment. The reported metrics are PSNR and SSIM.

to-fine method described in [19]. We observe that WCRR-NNs outperform the other energy-
based methods and are close to the PnP approach. For both problems, several reconstructions
are provided in Figures 4.1 and 4.2, respectively. Overall, the results illustrate the universality
and e�ciency of our method. In the following, we briefly comment on the competing methods
used in our evaluation.

Convex Models. The TV and CRR-NN reconstructions serve as references for convex meth-
ods. They are computed via the FISTA algorithm [5] with a nonnegativity constraint. Similar
to denoising, we observe that moving from convex to weakly convex regularization leads to
significant quality improvements. This is not surprising due to the interpretation as sparsity
prior and the thereby inherited universality. However, convex models are still better under-
stood from a theoretical perspective, and convergence to global optima can be guaranteed.
Hence, they might be favorable in certain settings.

Adversarial Regularization. Among the explicit regularization approaches mentioned in Sec-
tion 1, we provide a comparison with the convex ACR [37, 39] framework and its non-convex
counterpart AR [34]. Instead of a gradient-based parameterization, these models parameterize
the regularizer R directly and train it in an adversarial manner. The latter being specific to a
particular inverse problem, we can only provide a comparison for their CT experiment. While
both adversarial models have significantly more parameters than their respective (W)CRR-
NNs counterparts, they are not able to outperform them. We believe that the gradient-based
parameterization together with the specific architecture design is largely responsible for the
methods’ superiority in practice.

Plug and Play. Our approach bears some resemblance with PnP methods since R is learnt
on a generic denoising task. Hence, it is natural to compare WCRR-NNs with a deep CNN
version of this approach. Among the countless variations, the recently proposed framework
[23], which we refer to as Prox-DRUNet, is the closest to ours in terms of theoretical guar-
antees and existence of an underlying regularizer (see Section 3.4.1 for a discussion). We use

17

convex
handcrafted convex learned weakly convex

learned

Theoretical guarantees : convergence, consistency, stability

“state-of-the-art”
CNN

Learned filters and nonlinearities
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Figure 3.2. Impulse response of the filters in the learnt WCRR-NN.

Figure 3.3. Profile function  and activation function ' =  0 of the learnt WCRR-NN. These functions
are splines of degrees 2 and 1, respectively. For better visualization, only half of the spline knots are shown.

12

Figure 3.2. Impulse response of the filters in the learnt WCRR-NN.

Figure 3.3. Profile function  and activation function ' =  0 of the learnt WCRR-NN. These functions
are splines of degrees 2 and 1, respectively. For better visualization, only half of the spline knots are shown.

12

Nonlinearities are shared up to a channel-wise scaling factor

80 channels



Deep spline framework for learning nonlinearities
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https://github.com/Biomedical-Imaging-Group/DeepSplines

Versatibility
Lip-1 activations

Gradient of a (weakly-)convex potential

Proximity operator of a (weakly-)convex potential

Components of recurrent networks via deep equilibrium

Typical usage
Revamping of traditional architectures (spirit of unrolling)

Refinement of not-so-deep architectures

Incorporation of stability constraints

Quest for simplicity/interpretatibility
Ability to suppress unnecessary linear layers (via skip connection : b1 + b2x)

Sharing a nonlinearity (up to an individual scaling factor)

Determination of the sparsest solution via the Debarre algorithm

Efficient encoding via non-uniform B-splines (during inference)
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