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Regularization by noise phenomenon (1)

F non-Lipschitz continuous:

dXt = F (t,Xt)dt + εdWt t ∈ [0,T ] (∀ε > 0)

ODE: ill-posed problem (Peano example: F (x) = |x |β β ∈ (0, 1[ )
SDE: well-posed stochastic equation

Weak uniqueness (or in law)

X ,Y solve the SDE =⇒ X ∼ Y

Strong uniqueness (or pathwise)

X ,Y solve the SDE =⇒ P{Xt(ω) = Yt(ω),∀t} = 1
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Regularization by noise phenomenon (2)

dXt = F (t,Xt)dt + dWt Xt = X0 +

∫ t

0
F (s,Xs)ds +Wt

Zvonkin transform:{
1
2∂xxu(t, x) + F (t, x)∂xu(t, x) + ∂tu(t, x) = −F (t, x)

u(T , ·) = 0

====⇒
Itô

formula

du(t,Xt) = −F (t,Xt)dt + ∂xu(t,Xt)dWt

====⇒
∫ t

0
F (s,Xs)ds = u(0,X0)− u(t,Xt) +

∫ t

0
∂xu(s,Xs)dWs

Crucial point: u and ∂xu are Lipschitz continuous

Zvonkin (1974), Veretennikov (1981), Flandoli (2015)
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Kinetic regularization by noise

Degenerate settings in R2:{
dVt = dWt

dXt = F (t,Xt)dt + Vtdt
t ∈ [0,T ]

Non-Lipschitz continuous coefficient:

|F (t, x)− F (t, x ′)| ≤ C |x − x ′|β

β ∈ (0, 1] s.t. strong uniqueness for SDE?

Backward Kolmogorov operator:

L =
1

2
∂vv + (v + F (t, x))∂x + ∂t (t, x , v) ∈ [0,T ]× R2

Degenerate PDE =⇒ ∇(x ,v)u Lipschitz continuous in x?
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Anisotropic scaling and smoothing

Langevin prototype model in R2:{
dVt = dWt

dXt = Vt dt

Scaling:

E[V 2
t ] = E[W 2

t ] = t

E[X 2
t ] = E

[(∫ t

0
Vsds

)2]
≤ t

∫ t

0
E[V 2

s ]ds ≈ t3

 =⇒ Vt ≈ X
1/3
t

Backward Kolmogorov operator:

L =
1

2
∂vv + v∂x + ∂t

Lu = F ∈ C
β/3
x Cβ

v =⇒

 u ∈ C
2+β
3

x C 2+β
v

∇vu ∈ C
1+β
3

x C 1+β
v
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“State of the art” for degenerate SDEs

Kinetic-type equation:{
dVt = dWt

dXt =
(
Vt + F (t,Xt)

)
dt

t ∈ [0,T ]

Hölder continuous coefficients:

|F (t, x)− F (t, x ′)| ≲ |x − x ′|β

[Chaudru-Menozzi, 2022] [Chaudru-Honoré-Menozzi, 2022]

β ∈ (1/3, 1] =⇒ weak
uniqueness

β ∈ (2/3, 1] =⇒ strong
uniqueness

Counterexample:
F (x) = sign(x)|x |β β ∈ (0, 1/3)
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Strategy of the proof (1){
dVt = dWt

dXt =
(
Vt + F (t,Xt)

)
dt

t ∈ [0,T ]

Zvonkin transform:{
1
2∂vvu(t, x , v) + (v + F (t, x))∂xu(t, x , v) + ∂tu(t, x , v) = −F (t, x)

u(T , ·, ·) = 0

====⇒
Itô

formula

du(t,Xt ,Wt) = −F (t,Xt)dt + ∂vu(t,Xt ,Wt)dWt

=⇒
∫ t

0
F (s,Xs)ds = u(0,X0, 0)− u(t,Xt ,Wt) +

∫ t

0
∂vu(s,Xs ,Ws)dWs

=⇒ Xt − X ′
t = u(t,X ′

t ,Wt)− u(t,Xt ,Wt)

+

∫ t

0

(
∂vu(s,Xs ,Ws)− ∂vu(s,X

′
s ,Ws)

)
dWs
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Strategy of the proof (2)

Xt + u(t,Xt)− X ′
t − u(t,X ′

t)︸ ︷︷ ︸
=:Zt

=

∫ t

0

(
∂vu(s,Xs)− ∂vu(s,X

′
s)
)︸ ︷︷ ︸

=:Σ(s,Xs ,X ′
s )

dWs

Watanabe-Yamada technique:∫ 1

0

dz

|z |
= +∞ =⇒ ∃φn(z) ↗

n→∞
|z | : |φ′′

n(z)| ≤
2

n|z |

====⇒
Itô

formula

dφn(Zt − Z ′
t) =

∫ t

0
φ′
n(Zs − Z ′

s)Σ(s,Xs ,X
′
s)dWs

+
1

2

∫ t

0
φ′′
n(Zs − Z ′

s)Σ(s,Xs ,X
′
s)

2ds

=⇒ E[φn(Zt − Z ′
t)] ≤

1

2

∫ t

0

2

n|Zs − Z ′
s |
|Xs − X ′

s |2ηds
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Schauder estimates for degenerate equations

Backward Kolmogorov operator:

L :=
1

2
∂vv + (v + F (t, x))∂x + ∂t

Cauchy problem: {
Lu = F on [0,T ]× R2

u(T , ·) = 0

[Hao-Wu-Zhang, 2020]

β > 1/3 F (t, ·) ∈ Cβ F (·, 0) ∈ L∞ =⇒
u ∈ L∞T C 1

x C
2
v

∂vu ∈ L∞T C
1/3+β
x C 1

v

Notice: β > 1/3 =⇒ η = 1/3 + β > 1/2
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Main result (1)

Autonomous diffusion SDE in R2:{
dVt = µ(t,Vt)dt + σ(t,Vt)dWt

dXt = Vt + F (t,Xt)dt
t ∈ [0,T ]

Hölder continuous coefficients:

|σ(t, v)− σ(t, v ′)| ≲|v − v ′|1/2

|µ(t, v)− µ(t, v ′)| ≲|v − v ′|γ

|F (t, x)− F (t, x ′)| ≲|x − x ′|β

[L.-Menozzi-Pagliarani, 2024]

σ, µ,F (·, 0) bounded
γ ∈ (0, 1], β ∈ (1/3, 1]

=⇒ strong uniqueness
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Introducing stable processes

L
(α)
t stable process of index α ∈ (1, 2)

Symmetric Lévy process generated by the fractional Laplacian

∆
α
2
v f (v) =

∫
R

(
f (t, v + w)− f (t, v − w)− 2f (t, v)

) dw

|w |1+α

Lévy process =⇒ almost surely càdlàg trajectories

Symmetric: P(L
(α)
t ∈ H) = P(−L

(α)
t ∈ H) H ∈ B1

Lévy measure:
ν(dv) =

dv

|v |1+α

α ∈ (1, 2) =⇒ unbounded variation, infinite activity
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Symmetric Lévy process generated by the fractional Laplacian

∆
α
2
v f (v) =

∫
R

(
f (t, v + w)− f (t, v − w)− 2f (t, v)

) dw

|w |1+α
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Symmetric Lévy process generated by the fractional Laplacian

∆
α
2
v f (v) =

∫
R

(
f (t, v + w)− f (t, v − w)− 2f (t, v)

) dw

|w |1+α
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Generalization to stable processes

Kinetic-type SDE in R2:dVt = µ(t,Vt)dt + σ(t,Vt)dL
(α)
t

dXt =
(
Vt + F (t,Xt)

)
dt

t ∈ [0,T ]

Backward Kolmogorov operator:

L =
σ(t, v)α

2
∆

α
2
v + µ(t, v)∂v + (v + F (t, x))∂x + ∂t

Applications:

Hydrogeology: anomalous diffusion (propagation in aquifer material)

Geophysics: super diffusive mixing (atmospheric turbulences)
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Main result (2)

Autonomous diffusion SDE in R2:dVt = µ(t,Vt)dt + σ(t,Vt)dL
(α)
t

dXt = Vt + F (t,Xt)dt
t ∈ [0,T ]

Hölder continuous coefficients:

|σ(t, v)− σ(t, v ′)| ≲|v − v ′|γ

|µ(t, v)− µ(t, v ′)| ≲|v − v ′|γ

|F (t, x)− F (t, x ′)| ≲|x − x ′|β

[L.-Menozzi-Pagliarani, 2024]

α ∈ (1, 2] σ, µ,F (·, 0) bounded
γ ∈ (0, 1] β ∈ ( 1

1+α , 1]

Vt is the unique strong solution

=⇒ strong uniqueness
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Main result (3)

Kinetic SDE in [0,T ]× R2d :{
dVt = µ(t,Vt)dt + σ(t,Vt)dWt

dXt = Vt + F (t,Xt)dt
t ∈ [0,T ]

Hölder continuous coefficients:

|σ(t, v)− σ(t, v ′)| ≲|v − v ′|γ

|µ(t, v)− µ(t, v ′)| ≲|v − v ′|γ

|F (t, x)− F (t, x ′)| ≲|x − x ′|β

[L.-Menozzi-Pagliarani, 2024]

σ, µ,F (·, 0) bounded
γ ∈ (0, 1] β ∈ (13 , 1]

F satisfies [Pea]

Vt is the unique strong solution

=⇒ strong uniqueness
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Peano-type assumption for F

[Pea] Gradient estimate∫
Rd

|∇F (ε)(s, y)|Γ((s − t)3, y − θ)dy ≤ CT (s − t)
3
2
(β−1)

Chaudru de Raynal-Menozzi-Pesce-Zhang (2023):∫ T

t
E[|∇xF

(ε)(s,X ε,t,x ,v
s )|]ds ≤ CT , (t, x , v) ∈ [0,T ]× R2d , ε > 0

Example: Peano type functions

F (t, x) := a(t)|x |β β ∈ (1/3, 1] a ∈ L∞

Counterexample: cumulating singularities (d = 1, β ∈ [0, 1])

F (x)=
∑
n∈N

Fn(x)1[an,an+1)(x) Fn(x)=

{
(x − an)

β if x ∈
[
an,

an+an+1

2

)
(an+1 − x)β if x ∈

[an+an+1

2 , an+1

)
a0 = 0, an ↗ 1 an+1 − an ≈ n−1/β
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Main result (4)

Kinetic SDE in [0,T ]× R2d :dVt = µ(t,Vt)dt + σ(t,Vt)dL
(α)
t

dXt = Vt + F (t,Xt)dt
t ∈ [0,T ]

Hölder continuous coefficients:

|σ(t, v)− σ(t, v ′)| ≲|v − v ′|γ

|µ(t, v)− µ(t, v ′)| ≲|v − v ′|γ

|F (t, x)− F (t, x ′)| ≲|x − x ′|β

[L.-Menozzi-Pagliarani, 2024]

σ, µ,F (·, 0) bounded
γ ∈ (0, 1] β ∈ (13 , 1]

if d > 1, α = 2 and F satisfies [Pea]

Vt is the unique strong solution

=⇒ strong uniqueness
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Kinetic SDE in [0,T ]× R2d :dVt = µ(t,Vt)dt + σ(t,Vt)dL
(α)
t

dXt = Vt + F (t,Xt)dt
t ∈ [0,T ]

Hölder continuous coefficients:
|σ(t, v)− σ(t, v ′)| ≲|v − v ′|γ

|µ(t, v)− µ(t, v ′)| ≲|v − v ′|γ

|F (t, x)− F (t, x ′)| ≲|x − x ′|β

[L.-Menozzi-Pagliarani, 2024]

σ, µ,F (·, 0) bounded
γ ∈ (0, 1] β ∈ (13 , 1]

if d > 1, α = 2 and F satisfies [Pea]

Vt is the unique strong solution

=⇒ strong uniqueness

Thank you!
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Strong uniqueness for autonomous diffusion

Non-degenerate SDE in Rd , α ∈ (1, 2]:

dVt = µ(t,Vt)dt + σ(t,Vt)dL
(α)
t t ∈ [0,T ]

Coefficients’ regularity:

|σ(t, v)− σ(t, v ′)| ≲|v − v ′|γ1

|µ(t, v)− µ(t, v ′)| ≲|v − v ′|γ2

(i) d = 1 and one of the following:

(a) γ1 = 1, γ2 ∈ (1− α

2
, 1]

(b) σ(t, v) ≡ σ, γ2 ∈ (0, 1)

(c) γ1 =
1

α
, µ(t, v) ≡ µ

(d) α = 2, γ1 =
1

2
, γ2 ∈ (0, 1)

(ii) α = 2, γ1 = 1, γ2 ∈ (0, 1)
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First order Zvonkin transform technique (1)

Autonomous equation:

dVt = F1(t,Vt)dt + σ(t,Vt)dWt

Random transport equation on ]0, τ [×Rd :{
∂tuε(t, x) +∇xuε(t, x)

(
Vt(ω) + F (ε)(t, x)

)
= F (ε)(t, x)

uε(τ, ·) ≡ 0

=⇒ solution:

uε(t, x) = −
∫ τ

t
gε(s, x)ds

gε(s, x) := F (ε)(s, x)−∇xuε(s, x)
(
Vs(ω) + F (ε)(s, x)

)
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First order Zvonkin transform technique (2)

Deterministic Itô formula:

uε
(
0,X0(ω)

)
=−

∫ τ

0
gε(t,Xt(ω))dt −

∫ τ

0
∇xuε(t,Xt(ω))

(
Vt(ω) + F (t,Xt(ω))

)
dt

=⇒
∫ τ

0
F (ε)(t,Xt)dt =

∫ τ

0

(
gε(t,Xt) +∇xuε(t,Xt)

(
Vt + F (ε)(t,Xt)

))
dt

=

∫ τ

0
∇xuε(t,Xt)

(
F (ε)(t,Xt)− F (t,Xt)

)
dt

− uε(0,X0)
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First order Zvonkin transform technique (3)

(Xt)t∈[0,T ], (X
′
t)t∈[0,T ] solutions on (Ω,F , (Ft)t∈[0,T ],P)

X0 = X ′
0 P-almost surely.

Xτ − X ′
τ =

∫ τ

0
F (t,Xt)dt −

∫ τ

0
F (t,X ′

t)dt

=

∫ τ

0
∇xuε(t,Xt)

(
F (ε)(t,Xt)− F (t,Xt)

)
dt

+

∫ τ

0

(
F (t,Xt)− F (ε)(t,Xt)

)
dt

+

∫ τ

0
∇xuε(t,X

′
t)
(
F (ε)(t,X ′

t)− F (t,X ′
t)
)
dt

+

∫ τ

0

(
F (t,X ′

t)− F (ε)(t,X ′
t)
)
dt
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First order Zvonkin transform technique (4)

By Hölder inequality: (p−1 + q−1 = 1)

E
[
|Xτ − X ′

τ |
]
≤

∫ τ

0
E
[
|∇xuε(t,Xt)|q

] 1
q × E[|F (ε)(t,Xt)− F (t,Xt)|p]

1
p dt

+

∫ τ

0
E
[
|∇xuε(t,X

′
t)|q

] 1
q × E[|F (ε)(t,X ′

t)− F (t,X ′
t)|p]

1
p dt

+

∫ τ

0
E[|F (ε)(t,Xt)− F (t,Xt)|]dt

+

∫ τ

0
E[|F (ε)(t,X ′

t)− F (t,X ′
t)|]dt

Density estimate for the ODE

E
[
|∇xuε(t,Xt)|q

]
+ E

[
|∇xuε(t,X

′
t)|q

]
≤ CT ,q, t ∈ [0, τ ], ε > 0,
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