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Regularization by noise phenomenon (1)

F non-Lipschitz continuous:

dX: = F(t, X¢)dt tel0, T]

ODE: ill-posed problem (Peano example: F(x) = |x|® 3 € (0,1])
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Regularization by noise phenomenon (1)

F non-Lipschitz continuous:
dX: = F(t, X;)dt + edW,; te [0, T] (Ve > 0)

ODE: ill-posed problem (Peano example: F(x) = |x|® 3 € (0,1])
SDE: well-posed stochastic equation

Weak uniqueness (or in law)

X,Y solvethe SDE — X~ Y

Strong uniqueness (or pathwise)

X,Y solve the SDE =  P{Xi(w) = Yi(w),Vt} =1
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Regularization by noise phenomenon (2)

dXt - F(t,Xt)dt + th

Zvonkin transform:

FO0ucu(t, x) + F(t,x)0xu(t, x) + Opu(t,x) = —F(t,x)
u( T,)=0
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Regularization by noise phenomenon (2)

t
dX: = F(t, X;)dt + dW; Xe = Xo —|—/ F(s,Xs)ds + W;
0
Zvonkin transform:

FO0ucu(t, x) + F(t,x)0xu(t,x) + Oeu(t,x) = —F(t,x)
u( T,)=0

— du(t, X;) = —F(t, X¢)dt + Oxu(t, X;)dW;
t6
formula

t t
—_ / F(s, Xs)ds = u(0, Xo) — u(t, X¢) +/ Oxu(s, Xs)dWs
0 0

Crucial point: u and dxu are Lipschitz continuous
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Regularization by noise phenomenon (2)

t
dX: = F(t, X;)dt + dW; Xe = Xo —|—/ F(s,Xs)ds + W;
0
Zvonkin transform:

FO0ucu(t, x) + F(t,x)0xu(t,x) + Oeu(t,x) = —F(t,x)
u( T,)=0

— du(t, X;) = —F(t, X¢)dt + Oxu(t, X;)dW;
t6
formula

t t
—_ / F(s, Xs)ds = u(0, Xo) — u(t, X¢) +/ Oxu(s, Xs)dWs
0 0

Crucial point: u and Oxu are Lipschitz continuous

Zvonkin (1974), Veretennikov (1981), Flandoli (2015) J
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Kinetic regularization by noise

Degenerate settings in R:

{dvt = dWi te0,T]

dXt - F(t,Xt)dt + tht
Non-Lipschitz continuous coefficient:
|F(t,x) — F(t,x")] < C|x — X/|ﬁ

B € (0,1] s.t. strong uniqueness for SDE?
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Kinetic regularization by noise

Degenerate settings in R:

{dvt = dWi te0,T]

dXt - F(t,Xt)dt + tht
Non-Lipschitz continuous coefficient:
|F(t,x) — F(t,x")] < C|x — X/|ﬁ

B € (0,1] s.t. strong uniqueness for SDE?
Backward Kolmogorov operator:

1
E:§8VV+(v+F(t,X))8X+3t (t,x,v) € [0, T] x R?
Degenerate PDE = V|, ,yu Lipschitz continuous in x?
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Anisotropic scaling and smoothing

Langevin prototype model in R?:

dVi = dW;
dX¢ = Ve dt

Scaling:
E[V?] = E[W7] = ¢ »

t 2 t Ve = X
E[X{] ZEK/ Vsd5> } < t/ E[Vds~t> [~ 1T
0 0
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Anisotropic scaling and smoothing

Langevin prototype model in R?:

dVi = dW;
dX¢ = Ve dt

Scaling:
E[V?] = E[W7] = ¢ »

t 2 t Ve = X
E[X{] ZEK/ Vsd5> } < t/ E[Vds~t> [~ 1T
0 0

Backward Kolmogorov operator:

L= %8\,\, + vOx + O

u ec3c2+5

Lu=Fecllct — "
v iT0 1+B
Vo € G Cl

Giacomo Lucertini Regularization by noise for kinetic SDEs 4/15



“State of the art” for degenerate SDEs
Kinetic-type equation:

fo- e

dXt - (Vt + F(t,Xt)) dt
Holder continuous coefficients:

|F(t,x) = F(t,x)| S |x = x|”
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“State of the art” for degenerate SDEs
Kinetic-type equation:

{th — dW,

tel0, T

Holder continuous coefficients:

|F(t,x) = F(t,x)| S |x = x|”

[Chaudru-Menozzi, 2022] [Chaudru-Honoré-Menozzi, 2022]
weak strong
Ae(l/31] = uniqueness Ae2/3,1] = uniqueness
Counterexample:
F(x) = sign(x)|x|” 8 €(0,1/3)
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Strategy of the proof (1)

Ve = dW; te0,T]
dXe = (Ve + F(t, X¢)) dt ’
Zvonkin transform:
F0wu(t,x,v) + (v + F(t,x))0xu(t,x, v) + deu(t, x, v) = —F(t, x)
u(T,-,-)=0
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Strategy of the proof (1)

V, = dW,
Vi = dW, te[0, 7]
dXt - (Vt + F(t,Xt)) dt
Zvonkin transform:
{é@vvu(t,x, v) + (v + F(t,x))0xu(t, x,v) + dru(t, x,v) =

u(T,-,-)=0

|:> dU(t Xt7 Wt) F(t,Xt)dt + avu(t7Xt, Wt)th
to
formula

—F(t,x)

t t
. / F(s, X.)ds = u(0, Xo, 0) — u(t, X, Wt)+/ Dy u(s, Xe, W,)dW,
0 0

Giacomo Lucertini Regularization by noise for kinetic SDEs

6/15



Strategy of the proof (1)

dV: = dW,
‘ ‘ te0,T]
dXt == (Vt + F(t,Xt)) dt
Zvonkin transform:

{é@vvu(t,x, v) + (v + F(t,x))0xu(t, x,v) + dru(t, x,v) =

—F(t, x)
u(T,-,-)=0
|:> dU(t Xt7 Wt) F(t,Xt)dt =+ avu(t7Xt, Wt)th
to
formula

t
— / F(s, Xs)ds = u(0, Xo,0) — u(t, X, Wt)+/ Oy u(s, Xs, We)dW,
0 0
— Xt — Xt{ = Ll(l‘.',)(t{7 Wt) — U(t, Xt7 Wt)

t
+ / (8vu(s,XS, Ws) — 0y u(s, XL, Ws)) dW,
0
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Strategy of the proof (2)

t
Xo + u(t, Xe) — X! — u(t, X!) = / (0u(s, Xs) — Dy u(s, X)) dW,
0

::Zt ::Z(S,XS,XS,)
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Strategy of the proof (2)

t
Xo + u(t, Xe) — X! — u(t, X!) = / (0u(s, Xs) — Dy u(s, X)) dW,
0

::Zt ::Z(S,XS,XS,)

Watanabe-Yamada technique:

[E=to = 30 /1 IS
— = TO0 z Z|: V4 r—
o || o n=so0 o ~ nlz|
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Strategy of the proof (2)

t
Xo + u(t, Xe) — X! — u(t, X!) = / (0u(s, Xs) — Dy u(s, X)) dW,
0

=:Z; =:X(5,Xs,X!)

Watanabe-Yamada technique:

[E=to = 300 flel MRS
— = TO0 z Z|: V4 r—
o |2l o n=so0 o ~ nlz|

t
—— don(Z - Z)) _/ 5 (Ze — Z)5(5, Xo, XL)dWs
to 0

formula
U ! !/
+ 5 / on(Zs — Z)X(s, Xs, X )ds
0
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Strategy of the proof (2)

t
Xo + u(t, Xe) — X! — u(t, X!) = / (0u(s, Xs) — Dy u(s, X)) dW,
0

=:Z; =:X(5,Xs,X!)

Watanabe-Yamada technique:

[E=to = 300 flel MRS
— = TO0 z Z|: V4 r—
o |2l o n=so0 o ~ nlz|

t
—— don(Z - Z)) _/ 5 (Ze — Z)5(5, Xo, XL)dWs
to 0
formula

1 t
n 2/0 H(Ze — ZD)5(5, Xe, XL)2ds

1 [t 2
Elo(Z —Z) <= | ——— X, — X/|*"d
= ElonZi= 2D <5 [ g = Xy
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Schauder estimates for degenerate equations
Backward Kolmogorov operator:
1
L= an + (v + F(t,x))0x + O

Cauchy problem:
{Eu =F on [0, T] x R?

Notice: f>1/3 = n=1/3+3>1/2 |
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Schauder estimates for degenerate equations
Backward Kolmogorov operator:
1
L= an + (v + F(t,x))0x + O

Cauchy problem:

Lu=F on [0, T] x R?
u(T,)=0

[Hao-Wu-Zhang, 2020]

ue LPCLC?

>1/3 F(t,-)e CP F(-,0)eL® ——
B / ( ) ( ) 8VU€ L%_OC)}/:‘H‘/BC‘}

Notice: f>1/3 = n=1/3+3>1/2 |
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Main result (1)

Autonomous diffusion SDE in R?:

dV; = u(t, Vi)dt t, Vi) dW,
{ + = p(t, Ve)dt + o(t, Vi)dW, teo,T]

dXt = Vt + F(t,Xt)dt

Holder continuous coefficients:
jo(t,v) = o(t, V)| Slv = V/[*2
|u(t, v) = p(t, V) Slv = V|7
|F(t,x) = F(t.x)| Slx = x'|”
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Main result (1)

Autonomous diffusion SDE in R?:

{dvt— p(t, Ve)dt + o(t, Ve)dW,;

t €0, T]
dXe = Vi + F(t, X¢)dt

Holder continuous coefficients:
lo(t,v) = a(t, V) Slv = v/[?
|u(t, v) = p(t, V) Slv = V|7
|F(t,x) = F(£,X)] Slx = x'|°

[L.-Menozzi-Pagliarani, 2024]

o, i, F(+,0) bounded )
—>  strong uniqueness
v€(0,1], B€(1/3,1]
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Introducing stable processes

L{*) stable process of index o € (1,2)

Symmetric Lévy process generated by the fractional Laplacian

DG F(v) = /R (F(t, v+ w) = f(t, v —w) = 2f(t,v)) [w[t+e

Giacomo Lucertini Regularization by noise for kinetic SDEs 10/15
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Introducing stable processes

L(G')

¢ ~ stable process of index a € (1,2)

Symmetric Lévy process generated by the fractional Laplacian

AZf(v) = /R (F(t, v+ w) — £(t,v — w) — 2f(t,v)) W

m Lévy process = almost surely cadlag trajectories
s Symmetric: P(L\ e Hy=P(-L1 e H)  HeB

m Lévy measure: dv

V(dV) = Mm
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Introducing stable processes

L(G')

¢ ~ stable process of index a € (1,2)

Symmetric Lévy process generated by the fractional Laplacian

AZf(v) = /R (F(t, v+ w) — £(t,v — w) — 2f(t,v)) W

m Lévy process = almost surely cadlag trajectories

Symmetric: P(L\Y e H)=P(-L{ e H)  HeB

m Lévy measure: dv

V(dV) = Mm

m a € (1,2) = unbounded variation, infinite activity
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Generalization to stable processes

Kinetic-type SDE in R?:

dV; = p(t, Ve)dt + o(t, Vi)dLl

tel0,T]
dXt - (Vt —|— F(t, Xt)) dt
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Generalization to stable processes

Kinetic-type SDE in R?:

dV; = u(t, Ve)dt + o(t, Vy)dLl®

te[0, T]
dXt - (Vt —|— F(t, Xt)) dt
Backward Kolmogorov operator:
o(t,v)® 2
L=—"""—A] + p(t,v)o, + (v + F(t,x))0x + O

2
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Generalization to stable processes

Kinetic-type SDE in R?:

dV; = p(t, Ve)dt + o(t, Vi)dLl

tel0,T]
dXt - (Vt —|— F(t, Xt)) dt

Backward Kolmogorov operator:

o(t,v)® =

L= 5 AZ + u(t,v)0, + (v + F(t,x))0x + ¢

Applications:
m Hydrogeology: anomalous diffusion (propagation in aquifer material)

m Geophysics: super diffusive mixing (atmospheric turbulences)

Giacomo Lucertini Regularization by noise for kinetic SDEs 11/15



Main result (2)
Autonomous diffusion SDE in R?:

dV, = u(t, Vi)dt + o(t, Vi)dLl®

te[0,T]
dXe = Vi + F(t, X¢)dt

Holder continuous coefficients:
o (t,v) —o(t, V)| Slv = V]
lu(t, v) — p(t, V)| Slv = V']
‘F(t,X) - F(t7X/)| 5’){ _X/’B
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Main result (2)

Autonomous diffusion SDE in R?:

dV, = u(t, Vi)dt + o(t, Vi)dLl®

te[0,T]
dXe = Vi + F(t, X¢)dt

Holder continuous coefficients:
o (t,v) —o(t, V)| Slv = V]
lu(t, v) — p(t, V)| Slv = V[
‘F(t,X) - F(t7X/)| 5’){ _X/’ﬂ

[L.-Menozzi-Pagliarani, 2024]

a € (1,2] o,u, F(-,0) bounded

ve(0,1] Be (1+a, 1] —>  strong uniqueness
V4, is the unique strong solution
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Main result (3)
Kinetic SDE in [0, T] x R?:
dVi = u(t, Vi)dt t, Vi) dW,
t /’L( ’ f) +O-( ) 1.‘) t tE[O, T]
dXt - Vt + F(t,Xt)dt
Holder continuous coefficients:
|o(t,v) = o(t, V)| Slv — V|
lu(t, v) = p(t, V)| Slv =V
IF(t,x) = F(t, )] Slx — x|
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Main result (3)
Kinetic SDE in [0, T] x R?:

dVi = pu(t, Vi)dt t, Vi)dW,
t /,L( ’ f) + U( ) 1.‘) t te [O, _,_]
dXt = Vf + F(t,Xt)dt

Holder continuous coefficients:
lo(t,v) —o(t, V)] Slv = V|
|u(t, v) = p(t, V)| Slv = V[
|F(t,x) = F(t,x)] Slx = x|

[L.-Menozzi-Pagliarani, 2024]

o, i, F(-,0) bounded

1 i1
7€ (O’ ] i (3’ ] —> strong uniqueness
F satisfies [Pea]

Vi is the unique strong solution
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Peano-type assumption for F

[Pea] Gradient estimate

Chaudru de Raynal-Menozzi-Pesce-Zhang (2023):

.
/ E[|VFE) (s, X2V []ds < Cr, (t,x,v) € [0, T] xR* >0

t

Giacomo Lucertini Regularization by noise for kinetic SDEs 14 /15



Peano-type assumption for F

[Pea] Gradient estimate

Chaudru de Raynal-Menozzi-Pesce-Zhang (2023):

.
/ E[|VFE) (s, X2V []ds < Cr, (t,x,v) € [0, T] xR* >0

t

Example: Peano type functions

F(t,x)=a(t)|x|” Be(1/3,1] ael™®
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Peano-type assumption for F

[Pea] Gradient estimate

/ IVFE (s, )T (s — t)3,y — 0)dy < Cr(s— t)2(#~D
]Rd

Chaudru de Raynal-Menozzi-Pesce-Zhang (2023):

.
/ E[|VFE) (s, X2V []ds < Cr, (t,x,v) € [0, T] xR* >0

t

Example: Peano type functions
F(t,x) = a(t)|x]® Be(1/3,1] acl™
Counterexample: cumulating singularities (d = 1, 8 € [0, 1])
—2a.)8 i antant1
;NF M an,a,.1)(X) F"(X):{E:,,Hai)x)ﬁ ::ii %’”““2 anil)
ap =0, a, "1 an+1—anzn*1/ﬁ
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Main result (4)
Kinetic SDE in [0, T] x R?:

dV; = u(t, Vy)dt + o(t, Vy)dL'

tel0,T]
dXt - Vt + F(t,Xt)dt

Holder continuous coefficients:
o (t,v) —a(t, V)| Slv = V|7
u(t, v) — p(t, V)| Slv = V|7
[F(£,%) — F(£,5)] Slx = x')?
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Main result (4)
Kinetic SDE in [0, T] x R?:

dV; = u(t, Vy)dt + o(t, Vy)dL'

tel0,T]
dXt - Vt + F(t,Xt)dt

Holder continuous coefficients:
o (t,v) —a(t, V)| Slv = V|7
u(t, v) — p(t, V)| Slv = V|7
[F(£,%) — F(£,5)] Slx = x')?

[L.-Menozzi-Pagliarani, 2024]

o, i, F(+,0) bounded
7€ (0,1 Be(31]
if d > 1, @ =2 and F satisfies [Pea]

Vi is the unique strong solution

—> strong uniqueness
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Main result (4)
Kinetic SDE in [0, T] x R?¢:

dVy = p(t, Vi)dt + o(t, Vi) dLl”

tel0,T]
dX: = Vi + F(t, X¢)dt

Holder continuous coefficients: ,
o (t,v) —o(t, V)| Slv = V[

|u(t, v) = u(t, V) Slv = V[
|F(t,x) — F(t,x)| Slx —x'|”
[L.-Menozzi-Pagliarani, 2024]

o, i, F(+,0) bounded
v€(0,1] Be(31]
if d > 1, « =2 and F satisfies [Pea]

V4, is the unique strong solution

Thank you!
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Strong uniqueness for autonomous diffusion
Non-degenerate SDE in RY, a € (1,2]:
dV, = u(t, Ve)dt + o(t, Vo)dLl™  te o, T]

Coefficients’ regularity:
o (£, v) — ot V)| Slv — V|

(e, v) — (e V)| Slv = V|2
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Strong uniqueness for autonomous diffusion
Non-degenerate SDE in RY, a € (1,2]:
dV, = u(t, Ve)dt + o(t, Vo)dLl™  te o, T]

Coefficients’ regularity:
o (£, v) — ot V)| Slv — V|
(e, v) — (e V)| Slv = V|2

(i) d =1 and one of the following:
(@) m=Lre(l- 1]
(b) oft, )120 72 € (0 1)
(€) m=— ult,v)=p

1
(d) a = 27’71 = 5772 € (Oal)

(i) a=2,7m1=1,7€(0,1)

Giacomo Lucertini Regularization by noise for kinetic SDEs 15/15



First order Zvonkin transform technique (1)

Autonomous equation:

th = F]_(t, Vt)dt+ O'(t, Vt)th
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First order Zvonkin transform technique (1)

Autonomous equation:
th = F]_(t, Vt)dt+ O'(t, Vt)th

Random transport equation on ]0, 7[xRY:

{8tu€(t,x) + Vaeue (£, %) (Ve(w) + FO (£, x)) = FE(t, x)
us(r,-) =0

=— solution:

() == [ (s, x)ds

g:(5,x) := FO(s,x) — Vue(s, x) (Vs(w) + FE(s,x))
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First order Zvonkin transform technique (2)

Deterministic 1td6 formula:
Ug(07XO(w))
:_/ ge(t,Xt(w))dt—/ V(£ X (@) (Ve(w) + F(E Xe(w))) dt
0 0
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First order Zvonkin transform technique (2)

Deterministic 1td6 formula:
Ug(07XO(w))
:_/ ge(t,Xt(w))dt—/ V(£ X (@) (Ve(w) + F(E Xe(w))) dt
0 0

:>/ F(a)(t,Xt)dt:/ (gs(t,Xt)—l—qus(t,Xt)(Vt+F(a)(t,Xt)))dt
0 0

_ / Vet (£, Xe) (FO(t, Xe) — F(t, X)) dt
0
— u:(0, Xo)
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First order Zvonkin transform technique (3)

(Xt)tE[O,T]> (Xt,)tE[O,T] solutions on (2, F, (ft)tE[O,T]v]P))
Xo = X} P-almost surely.

X, — X = / F(t, Xt)dt—/ F(t, X])dt
/ Vaete(t, Xe) (FE (8, Xe) — F(t, Xe)) dt

/ (F(t, Xe) — FO (¢, X)) dt

+ / Ve (£, X)) (FE (£, X!) — F(t, X)) dt
0

+ /T (F(t,X}) — FO(t,X}))dt
0
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First order Zvonkin transform technique (4)

By Haélder inequality: (p~1 +q7 1 =1)

B[X -~ Xi1] < [ BIVau(e. X[ < BIFO(EX) - F(e. X)) de
0
T l 1
+ [ E0Vaae X7 < BIFO(. X)) ~ Fle X Pt
0

i /TE[yF(E)(t,Xt) — F(t, X:)[]dt
0

4 / E[[FO(t, X!) — F(t, X!)])dt
0

Density estimate for the ODE
E[[Vate(t, Xo)|%] + E[[Vatelt, X)) < Crq,  te[0,7], >0,
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