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How the Data Assimilation Algorithm Works (in brief)



Problem setting

@ For t > 0 let u(t) represents the physical reality at time t, namely the
unknown true state of a (dissipative) dynamical system governed by an
equation

du(t)
dt

with an unknown initial condition u(0).

= F(u(t)), t>0

@ We do not know u(0) exactly, that is the detailed reality at the initial time;
hence u cannot be determined exactly for future times.

@ We have access to observational measurements Ry,(u(t)) over a time
interval, where R;, denotes an observation operator (typically corresponding
to measurements at a coarse spatial resolution h).

Goal

@ Given observational measurements Rp(u(7)) for 7 € [0, T] and T sufficiently
large, our goal is to construct an increasingly accurate initial condition from
which prediction of u(t) for t > T can be made.
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Key Idea

@ Introduce an approximating solution v(t), evolving from an arbitrary initial
condition v(0).

@ The dynamics of v(t) is driven both by the model and by observational data.
Nudging Algorithm

d‘(/i(:) = F(v(t)) + p (Ra(u(t)) — Ra(v(t))).

@ 1> 0 is a relaxation (nudging) parameter, h is the spatial resolution.

@ The term Ru(u) — Ry(v) measures the mismatch between observations and
the model.

@ The nudging term 11(Ry(u) — Rn(v)) acts on the coarse spatial scales,
enforcing agreement with observations.

@ The dissipative nature of the dynamics controls the fine scales, ensuring
decay of unresolved discrepancies.

Expected Qutcome
@ The combined effect leads to synchronization under suitable assumptions on
wand h: v(t) = u(t) as t — oo.
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Deterministic setting:
Azouani-Olson-Titi (AOT) algorithm for
2D incompressible Navier-Stokes equations



TWO-DIMENSIONAL NAVIER-STOKES EQUATIONS

@ The motivating application of continuous data assimilation is weather
prediction: see e.g. Charney J., Halem M. and Jastrow R (1969).

@ Canonical testbed (analytically tractable): two-dimensional incompressible
Navier-Stokes equations:

%U—I/AU-I—(U'V)U-‘rvaf,

V-u=0 x€DCR? t>0

_0 (1)
Uop =
u(0) = u unknown.

» velocity: u:[0,00) x D — RR?,

» pressure: p:[0,00) x D — R,

» viscosity v > 0, deterministic forcing term f.
Introduce the phase space H := {u € [L*(D)]*> : V-u=0, upp=o}-
Using the Leray-Helmholtz projector, (1) becomes an EE with values in H

2u+vAu+ B(u,u) = f,
u(0) = u unknown.
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THE NUDGING EQUATION

()

Otv + VAV + B(v,v) = f — uRy(v — u),
v(0) = v arbitrary.

Linear operator: R, : [H'(D)]? — [L?(D)]? satisfying the interpolant inequality
le = Rugllfz < coh®|lollf- 3)

Ex.1 (finite volumes): D

Np
D=, diam(Q)<h,

_ _ 1
RhSDZZSOjIQja @j:@/ow-
J j

Ex.2 (Fourier): Inverse Poincaré inequality

. . 1
Orthogonal projection on modes |k| < ;. Ro=Pe, &~ e~ K[

lle = Peelll = l|Quellz < 3, llellin
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AOT RESULT

THEOREM

Let f € H and let Ry, satisfy assumption (3). Let u be the solution to the
equation (1) with initial condition ug € H and v the solution to the
equation (2) with initial condition vo € H. Then, if i and h satisfy

4
s 4)

with ¢ a suitable constant, then ||u(t) — v(t)||y — O exponentially fast as
t — +o0.

v
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Stochastic setting:
algorithm for
2D incompressible stochastic Navier-Stokes equations



2D STOCHASTIC NAVIER-STOKES EQUATIONS

Random perturbations. Stochastic modeling is essential for realistic
applications, as measurement noise and unresolved fluctuations are intrinsic
features of physical systems.

Stochastic NS equation. On a filtered probability space (2, F, (F¢)t>0,P)
consider the NS equations driven by an additive noise

{du(t) + [VAu(t) + B(u(t), u(t))] dt = Fdt + GAW(t), t>0 )

u(0) = up unknown.
o {W(t)}: is a cylindrical Wiener process W with values in some separable
Hilbert space U,
e Ge LHs(U, H)
Nudging equation.
{dv(t) + (VAv(t) + B(v(t), v(t)))dt = GAW/(t) + fdt — pRa(v(t) — u(t))dt,

v(0) = w arbitray

(6)
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MAIN RESULT

THEOREM (BESSAIH, FERRARIO, LANDOUSLI, Z., 2026+ )

Let Ry, satisfy assumption (3). Let u be the solution to the Navier-Stokes
equation (5) and v the solution to the data assimilation equation (6). If 1

and h satisfy
G |2 f 2
, (r Zuscon , | HV*> e ™)

V2 V3 coh?’

then |u(t) — v(t)||w — O exponentially fast as t — +o0, P-a.s.
The convergence is also in expectation.

Remark. The result generalizes AOT in the case of a random forcing term.
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SKETCH OF THE PROOF
Estimate for the difference.

@ Set r := v — u and study its evolution

{ir(r) + VAR(E) + B(u(2), v(1)) — B(u(t), u(t)) = —pRy(r(£))

rn:=r(0)=vww—u€H

@ Taking the scalar product with r(t), by standard arguments and the
interpolant inequality, we get, for any t > 0,

% (@I + 20 1r()II5 = =2(r(t), B(r(2), u(t))) ~2u(Ra(r(t)). r(1))
< <wlr@lly + %IIr(f)IleIIVU(t)Hﬁ = nllr(®)IIF + pllRa(r(£) = r(D)115
< viir®)If + %IIr(t)IIiIIVU(t)IIﬁ*M (@) + peoh® (72,

which yields

S0 + 0= n®) 1 + (= S 100l ) o)1 <o

@ Provided 0 < p < ﬁ by the Gronwall lemma, for any t > 0, we infer

1 t
o)1y < Ity 0 (—t (w2 [Mlut9l} 0s)), P as
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Estimate for the solution process u.

@ By means of the exponential martingale inequality
VRy>0, P (sup [M(t) — v [M](£)] > R) <e R,
£>0

we obtain, for all R > 0,

v [t (1113«
P <sup [IU(t)II% + 5/ llu(s)II3 ds — fluolly — <||G||f,,S + t
t>0 0 v

VA1
suc||2 R
>R | <e Lhs

@ Asa consequence,

VA

1ot ) 2 o IFI- 2 ) G
P<Vt/0 ||“(5)|vd5§V2<||G||LHS+ » +VTt(HUOHH+R)7 Vt>0) 2 1-e tHs

hence,

imsup = [ Ju(s)l as < 2 (617 17%-)) =1 5
imsup || w(s)IF ds < 2 (IGIR o + - 0) ) =1. ©)
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What we obtained so far

@ A pathwise estimate for the difference of the NS equation u and the nudged
equation v:

2 2 I 2
IO < Inolfy o0 (<t (st o [ w1} ds) ), s

@ A pathwise bound, in the limit for t going to infinity, that involves the
solution process u:
. I 2 2 2
limsup — [ u(s)][} ds < =5 (Gl u ) +

t—+oo V1l Jo

fl|3.
M), P— a.s.
14
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Bringing everything together

@ We work pathwise. From assumption:

Je>0s.t _2 G2 +w —e>0
HTS Lys(U,H) B :

1ot , 2 I£1I%~
*t“JrE./o u(s)|3ds = —t {u— 2 (”G”LHS(UH + -

v

v

@ From (8) we get

7113
t %fJHU(S)Ilédsf—O\G”L v+ )75}
lim e[t s (U.H) —o veso

— G2 7R

. H= Lpg(U,H) v

lim e =0.
. 1 t 2

@ Conclusion: lime_ oo e #tu Jo lu6)llvds — g
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THE MULTIPLICATIVE NOISE CASE
{du(t) + [VAu(t) + B(u(t), u(t))] dt = Fdt + G(u)dW(t), t>0 ©
u(0) = wo.
Assumptions
@ G:H— Lys(U, H) is a Lipschitz continuous operator, i.e.
IL>0: |G(u)- G(v)HiHS(U’H) < Llju—v|3 Yu,v € H.
@ One of the following conditions is in force:
(B) [Bounded noise] There exists a positive constant Kg such that
IG() 1L s(u.my < KB, Vu € H.
(L) [Linear noise] There exist non negative constants K, K, such that
16 sqv.m < Kot Kllullyy, Vo€ H.
Nudging equation
{dv(t) + (VAv(t) + B(v(t), v(t))) dt = G(v)dW(t) + fdt — pRu(v(t) — u(t))dt,

v(0) = w arbitray
By By R



THEOREM (BESSAIH, FERRARIO, LANDOUSLI, Z., 2026+ )

Let u and v be, respectively, the solution to the Navier-Stokes equation and its nudged
modification.

@ Under Assumption (B), if h and p satisfy the condition

2 Hf||2* v
L+ — [ Kg <p< —,
( + V2 < T S coh?

then E [||u(t) — v(t)||2]] — O exponentially fast as t — +oo.
@ Under Assumption (L), if

- 6K,
S ot
A1
and h and p satisfy the condition
L+# 1+ K+ — ||f|| <p< 2
R, L Vo [ C0h2 )
v\V— PN

then E [||u(t) — v(t)||2,] = O p-polynomially fast as t — +oo, for any power

re (o ”—*1—%).
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Concluding remarks



Deterministic setting

o Foias-Prodi principle.

» Dissipative PDEs (e.g. 2D Navier-Stokes), possess finite numbers of
determining parameters (degree of freedom) such as modes, nodes and
local spatial averages which govern their long time behavior.

» If u, v are two solutions (starting from different initial data).

Pyu(t) = Pyv(t) Vt>0, for N e N= |u(t)—v(t)|]| >0 exp. ast— cc.

» Low modes determine the long-time dynamics; high modes are
controlled by dissipation and become asymptotically dependent on the
low modes.

@ Determining modes/nodes/volumes. Finitely many observables (Fourier
modes, nodal values, local averages) determine the long-time dynamics.

o Interpretation of the AOT algorithm. The nudging term

1(Rn(u) = Rn(v))

enforces agreement at the level of coarse observables. For h sufficiently
small and p sufficiently large, v(t) — u(t) exponentially.
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Stochastic setting.

@ A Foias—Prodi type mechanism is at the basis of uniqueness results for
invariant measures for the 2D Navier-Stokes equations in the so-called
hypoelliptic setting; see e.g.

» Glatt-Holtz-Mattingly-Richards,
» Kulik-Scheutzow,
» Ferrario-Zanella.

@ In this case, the noise acts on the unstable directions (low modes), while
dissipation controls the remaining ones. This interplay allows to prove
uniqueness of the invariant measure and its asymptotic stability.

@ To prove data assimilation results in the stochastic case, we are inspired by
these techniques.

@ Indeed, in both cases one studies the asymptotic behavior of the difference
between a solution and its nudged counterpart, showing that it converges to
zero.
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