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Non-degenerate noise

Non-singular drift:

dXt = F(Xt)dt + U(Xt)th

[H-Hor] o(x) > &, with K > 0 (Ellipticity)
[H-0] o € C¥, with v € (0,1] (standard Hélder = bounded)
[H-F] F € %7, with v € [0, ] (Holder with linear growth)

() (Only) for notational simplicity:
— X (thus F and o) scalar valued

— o, F time-independent: in general ||o(t,")|cv, [F(t, )]s < 00
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Weak well-posedeness:
Existence/uniqueness for standard (Stroock-Varadhan) martingale problem

Aronson-type bounds:
3\, C >0, dependent on T, k, ||o]cv, [Flen, s.t.

C_lg)\—l(t_sa gt,s(X) _y) < pF,O'(S7Xa t7y) < C g)\(t_sa et,S(X)_y)
S—— —— S

/

T ) )
flow of F transition density of X Gaussian density
(any) (s:x)~(t,y) Not ()M (t-5))
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Weak well-posedeness:
Existence/uniqueness for standard (Stroock-Varadhan) martingale problem

Aronson-type bounds:
3\, C >0, dependent on T, k, ||o]cv, [Flen, s.t.

/

Clgya(t—s, 0es(x) —=y) < pro(s,x,tiy) < Cgr(t—s,0cs(x)—y)
S—— —— S

T ) )
flow of F transition density of X Gaussian density
(any) (s:x)~(t,y) Not ()M (t-5))

— if F bounded, then 60 s(x) ~» x and X independent of T

— (1) uniform in space, up to time T >0

Friedman (1964), Menozzi et al. (2021), ...
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_ Ly
2|
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(= Classical solutions to Kolmogorov PDE)
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Regularity bounds: forward variable(s)
(Menozzi and P. (2026))

Ve (0,v), 3 Gy >0s.t.

|VEPF,U(57X» t, )/) - ViPF,g(S,X, ty}/')| < Cnf(t - 5)_#“/ - y/|77f
x (ga(t = 5,0e5(x) = v) + & (t =5, 0e5(x) = ¥'))

for 6 =0,1
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X (g (t = 5,0t,s(x) = y) + &t —5,0e5(x) = y'))
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Regularity bounds: forward variable(s)
(Menozzi and P. (2026))

Vnee (0,v), 3 G, >0s.t.

’viPF,U(S7X7 t, )/) - VipF,U(Saxﬂ tvy/)| < Cm(t - S)_%b/ - y/|77f
X (g (t = 5,0t,s(x) = y) + &t —5,0e5(x) = y'))

for 6 =0,1
Intuition: Vip,:’(,(s,x, t,y) solves Fokker-Planck PDE in (t,y)

2ot cCcv? o Fec 't — Vopeo(s,x,t,-) € CV~
Y PDE regularizes by 2 ’

(1) No derivatives in y, even if v >0
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[H-b] beC”:= B . . with 8 e (-1/2,0)
N——

1
Besov space

[H-Hor] o(x) > &, with K > 0 (Ellipticity)

[H-0] o € C¥, with v € (—=3,1+ 3) (standard Holder = bounded)

[H-F] Fe®® (measurable with linear growth)

(1) Again, in general:
— X with values in RY

— b, o, F time-dependent: ||b(t,")||¢cs, [|o(t,)llcv, [F(t, )]s < o0
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Weak well-posedeness (MP): (Menozzi and P. (2026))

Let to € [0, T) and ppo distribution, 3! P = Py, ., on (Cpy,, 77, B) st
(i) Xy ~ o under P

(ii) for g € LS and £ € S, the process

M, := ug o(r,x;) — Uge(0, Xey) ft (s,xs)ds, r€[ty, T]

is a (local) martingale under P,
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Weak well-posedeness (MP): (Menozzi and P. (2026))
Let to € [0, T) and ppo distribution, 3! P = Py, ., on (Cpy,, 77, B) st
(i) x¢ ~ po under P
(ii) for g € LS and £ € S, the process
M, = ug o(r,x,) — ug,e(0, xt,) ft (s,xs)ds, r € [to, T]

is a (local) martingale under P, where ug s € C7Cp N LS°C?tA" s the unique
solution to

= T)xR
{ﬁu £g on (0.7) x R, (Kolmogorov PDE)
ur = ¢,

where o2
L= (b+F)ox+ 78§+6t
Furthermore, x; is Markov under P, ,, with semigroup

P(s,x; t,dy) = Py 5,(x: € dy)
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Non-degenerate noise Distributional drift

Aronson-type and regularity bounds: (Menozzi and P. (2026))
3 X, C >0, dependent on ||bl|cs (!) and T,k,|o|cv, [Flgo, st
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Furthermore, V 1, € (0,1 + ) and s € (0,v), 3 G, G, > O s.t.
|VXP(57X7 tuy) - VXP(S,X/, t,y)‘ < CTIb(t - s)_H#|X - X/|nb
X (ga(t —5,0ts(x) —y) + &t —s5,004(x") — y))

s _ué / -l
IV2p(s,x,t,y) = Vop(s,x, t,y)| < Cu(t —s)" 2 |y — /|
X (ga(t = s,0e5(x) — y) +8r(t = 5,0:5(x) — ¥'))

for6 =0,1

Stefano Pagliarani (UniBo) Heat-kernel singular April 2026

8/22



Non-degenerate noise Distributional drift

Aronson-type and regularity bounds: (Menozzi and P. (2026))
3 X, C >0, dependent on ||bl|cs (!) and T,k,|o|cv, [Flgo, st
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Furthermore, V 1, € (0,1 + ) and s € (0,v), 3 G, G, > O s.t.
|VXP(57X7 tuy) - VXP(S,X/, t,y)‘ < CTIb(t - s)_H#|X - X/|nb
X (ga(t —5,0ts(x) —y) + &t —s5,004(x") — y))

s _ué / -l
IV2p(s,x,t,y) = Vop(s,x, t,y)| < Cu(t —s)" 2 |y — /|
X (ga(t = s,0e5(x) — y) +8r(t = 5,0:5(x) — ¥'))
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(I) p(57 ) tuy) € C2+5_
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Non-degenerate noise Distributional drift

Aronson-type and regularity bounds: (Menozzi and P. (2026))
3 X, C >0, dependent on ||bl|cs (!) and T,k,|o|cv, [Flgo, st

C_lg)\*l(t - Saet,s(x) - y) S p(S,X, tay) S Cg/\(t - Saet,S(X) - y)
|VXP(5,X, tay)| S C(t - 5)71/2 g)x(t - saet,s(X) - y)
Furthermore, V 1, € (0,1 + ) and s € (0,v), 3 G, G, > O s.t.
V(s %, £,y) = Vap(s, ', t,y)| < Gt =)™ 7" [x — x|
X (ga(t —5,0ts(x) —y) + &t —s5,004(x") — y))

5 b / o=
|Vop(s, x,t,y) = Vop(s,x, t,y" )| < Cp(t —s)" 2 |y — /|
X (ga(t = s,0e5(x) — y) +8r(t = 5,0:5(x) — ¥'))

for6 =0,1
(1) p(s,- t,y) €C*F, p(s,x,t,-) €C” (recall v € (3,1 + )
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Remarks and comparisons:
— First (weak) well-posedness result for multiplicative noise
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Remarks and comparisons:

— First (weak) well-posedness result for multiplicative noise
For additive noise:

o Flandoli et al. (0304), Bass and Chen (2003) (early results in d = 1)
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Remarks and comparisons:

— First (weak) well-posedness result for multiplicative noise
For additive noise:

o Flandoli et al. (0304), Bass and Chen (2003) (early results in d = 1)
o Flandoli et al. (2017) (also stable driven), Chaudru de Raynal and
Menozzi (2022) (multidimensional)
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Remarks and comparisons:

— First (weak) well-posedness result for multiplicative noise
For additive noise:

o Flandoli et al. (0304), Bass and Chen (2003) (early results in d = 1)

o Flandoli et al. (2017) (also stable driven), Chaudru de Raynal and
Menozzi (2022) (multidimensional)

o Issoglio et al. (2024), Hao et al. (2024) (degenerate noise)
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Remarks and comparisons:

— First (weak) well-posedness result for multiplicative noise
For additive noise:

o Flandoli et al. (0304), Bass and Chen (2003) (early results in d = 1)

o Flandoli et al. (2017) (also stable driven), Chaudru de Raynal and
Menozzi (2022) (multidimensional)

o Issoglio et al. (2024), Hao et al. (2024) (degenerate noise)

e many others recently...
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Remarks and comparisons:

— First (weak) well-posedness result for multiplicative noise
For additive noise:

o Flandoli et al. (0304), Bass and Chen (2003) (early results in d = 1)

o Flandoli et al. (2017) (also stable driven), Chaudru de Raynal and
Menozzi (2022) (multidimensional)

o Issoglio et al. (2024), Hao et al. (2024) (degenerate noise)

e many others recently...

— Previous heat-kernel estimates in Perkowski and Van Zuijlen (2022):
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Remarks and comparisons:

— First (weak) well-posedness result for multiplicative noise
For additive noise:

o Flandoli et al. (0304), Bass and Chen (2003) (early results in d = 1)

o Flandoli et al. (2017) (also stable driven), Chaudru de Raynal and
Menozzi (2022) (multidimensional)

o Issoglio et al. (2024), Hao et al. (2024) (degenerate noise)

e many others recently...

— Previous heat-kernel estimates in Perkowski and Van Zuijlen (2022):

o Aronson-type bounds + (backward) gradient bound
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Non-degenerate noise Distributional drift

Remarks and comparisons:

— First (weak) well-posedness result for multiplicative noise
For additive noise:

o Flandoli et al. (0304), Bass and Chen (2003) (early results in d = 1)

o Flandoli et al. (2017) (also stable driven), Chaudru de Raynal and
Menozzi (2022) (multidimensional)

o lIssoglio et al. (2024), Hao et al. (2024) (degenerate noise)

e many others recently...

— Previous heat-kernel estimates in Perkowski and Van Zuijlen (2022):

o Aronson-type bounds + (backward) gradient bound
° be]Bﬁ 1 instead of b e BE,
e F=0 (no unbounded drlft H avoid flows)
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Remarks and comparisons:

— First (weak) well-posedness result for multiplicative noise
For additive noise:

o Flandoli et al. (0304), Bass and Chen (2003) (early results in d = 1)

o Flandoli et al. (2017) (also stable driven), Chaudru de Raynal and
Menozzi (2022) (multidimensional)

o lIssoglio et al. (2024), Hao et al. (2024) (degenerate noise)

e many others recently...

— Previous heat-kernel estimates in Perkowski and Van Zuijlen (2022):

o Aronson-type bounds + (backward) gradient bound
° be]Bﬁ 1 instead of b e BE,
e F=0 (no unbounded drlft H avoid flows)

— Corollary: diffusion (x, Py, ,,,) is irreducible (Gaussian lower bound)

Stefano Pagliarani (UniBo) Heat-kernel singular April 2026 9/22



Non-degenerate noise Distributional drift

Remarks and comparisons:

— First (weak) well-posedness result for multiplicative noise
For additive noise:

o Flandoli et al. (0304), Bass and Chen (2003) (early results in d = 1)

o Flandoli et al. (2017) (also stable driven), Chaudru de Raynal and
Menozzi (2022) (multidimensional)

o lIssoglio et al. (2024), Hao et al. (2024) (degenerate noise)

e many others recently...

— Previous heat-kernel estimates in Perkowski and Van Zuijlen (2022):

o Aronson-type bounds + (backward) gradient bound
° be]Bﬁ 1 instead of b e BE,
e F=0 (no unbounded drlft H avoid flows)

— Corollary: diffusion (x, Py, ) is irreducible (Gaussian lower bound), with
Feller semigroup (backward regularity)
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Non-degenerate noise Distributional drift

Remarks and comparisons:

— First (weak) well-posedness result for multiplicative noise
For additive noise:

o Flandoli et al. (0304), Bass and Chen (2003) (early results in d = 1)

o Flandoli et al. (2017) (also stable driven), Chaudru de Raynal and
Menozzi (2022) (multidimensional)

o lIssoglio et al. (2024), Hao et al. (2024) (degenerate noise)

e many others recently...

— Previous heat-kernel estimates in Perkowski and Van Zuijlen (2022):

o Aronson-type bounds + (backward) gradient bound
° be]Bﬁ 1 instead of b e BE,
e F=0 (no unbounded drlft H avoid flows)

— Corollary: diffusion (x, Py, ) is irreducible (Gaussian lower bound), with

Feller semigroup (backward regularity)
= uniqueness of invariant distribution (Peszat and Zabczyk (1995))
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The (backward) Kolmogorov PDE
Lu=g on (0,t) x R,
usg = g,

L=K+b-0
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The (backward) Kolmogorov PDE
{Eu =g

on (0,t) x R,
uy = 67
K = F(x)0x + 02(x)0? + 0,

L=K+b-0
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The (backward) Kolmogorov PDE

L=K+b-0

Lu=g on (0,t) x R,
Utze,

K = F(x)0x + 0%(x)0% + 0; — generator of non-singolar SDE (b = 0)
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The (backward) Kolmogorov PDE

L=K+b-0

Lu=g on (0,t) x R,
Utze,

K = F(x)0x + 0%(x)0% + 0; — generator of non-singolar SDE (b = 0)
Mild solutions (Duhamel):

t
u(s,:) = Psf’f {+ / Pg;"[b ~ou(r,-) — g/dr
N~ s —
) T
semigroup of K distribution
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The (backward) Kolmogorov PDE

L=K+b-0

Lu=g on (0,t) x R,
Utze,

K = F(x)0x + 0%(x)0% + 0; — generator of non-singolar SDE (b = 0)
Mild solutions (Duhamel):

t
u(s,:) = Psf’f {+ / Pg;"[b ~ou(r,-) — g/dr
N~ s —
) T
semigroup of K distribution

(") How do we define P_ff? No dual paring as pr (s, -, t,) is not smooth...

Stefano Pagliarani (UniBo) Heat-kernel singular April 2026 10/22



The (backward) Kolmogorov PDE

L=K+b-0

Lu=g on (0,t) x R,
ut:&

K = F(x)0x + 0%(x)0% + 0; — generator of non-singolar SDE (b = 0)
Mild solutions (Duhamel):

t
u(s,:) = Psf’f {+ / Pg;"[b ~ou(r,-) — g/dr
N~ s —
) T
semigroup of K distribution

(") How do we define P_ff? No dual paring as pr (s, -, t,) is not smooth...

Propostion/Definition: For ¢ € C* with o > —v (recall v € (—3,1 — 3))

F,o . 2— Fo . . F,o
Ps,t 'Ca_)mc 67 Ps,t‘)D'_nll)n;oPs,t Pn;
e>0
with ¢, — ¢ in C* smooth sequence
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Propostion: (Schauder estimates) For any a € (—v,2) and v € («,2)
F, _y—a
1Ps pller S (£ =) "2 flellee,

pec”
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Non-degenerate noise Distributional drift

Propostion: (Schauder estimates) For any a € (—v,2) and v € («,2)

F, _ -«
IPs¢ller < (t—9)""2 llglles,  peC®

Theorem: For g € L2°CP, £ € C?*8, Tl sol. in u € C,Cp N LPC?HP to
Kolmogorov PDE
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Non-degenerate noise Distributional drift

Propostion: (Schauder estimates) For any a € (—v,2) and v € («,2)

F, _ -«
IPs¢ller < (t—9)""2 llglles,  peC®

Theorem: For g € L°CP, 0 € C>TP, Tl sol. in u e CCpN LPC?HF™ to
Kolmogorov PDE

— Previous results: Chaudru de Raynal et al. (2021), Issoglio and Russo
(2024), etc.
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Non-degenerate noise Distributional drift

Propostion: (Schauder estimates) For any a € (—v,2) and v € («,2)

F, _ -«
IPs¢ller < (t—9)""2 llglles,  peC®

Theorem: For g € L°CP, £ € C2tF, Al sol. in u € C,Cp N LFC*HF to
Kolmogorov PDE

— Previous results: Chaudru de Raynal et al. (2021), Issoglio and Russo
(2024), etc.

Theorem: Let (b(", g{")) be a smooth sequence such that
16— b 1ecs + g — & [ligecr — O as n— oo

Then: [u(™ — Ulljoopaep~ —> 0 as n— oo
t
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Non-degenerate noise Distributional drift

Propostion: (Schauder estimates) For any o € (—v,2) and v € (a, 2)

F, _ -«
1Ps " eller S (t=5)""2 [lolles,  peC®

Theorem: For g € L3°CP, £ € C*™, 3 sol. in u € G:Cp N LFC*F to
Kolmogorov PDE

— Previous results: Chaudru de Raynal et al. (2021), Issoglio and Russo
(2024), etc.

Theorem: Let (b(", g(M) be a smooth sequence such that
16— | g5 + llg — 8|l zees — 0 as n— o0
Then: ||ul” — ”||L?°c2+ﬂ‘ — 0 asn— o0
— ul", n €N, is uniformly equicontinuous (in time)
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Pathway to well-posedness:
- Let P(" solution to MP(b("; g, to) (regularized MP)
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Non-degenerate noise Distributional drift

Pathway to well-posedness:
- Let P(" solution to MP(b("; g, to) (regularized MP)

- Prove tightness (Zvonkin transform + gradient estimates and stability
of Kolmogorov PDE + equicontinuity)
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Non-degenerate noise Distributional drift

Pathway to well-posedness:
- Let P(" solution to MP(b("; g, to) (regularized MP)

- Prove tightness (Zvonkin transform + gradient estimates and stability
of Kolmogorov PDE + equicontinuity) —- P — p
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Non-degenerate noise Distributional drift

Pathway to well-posedness:

- Let P(" solution to MP(b("; g, to) (regularized MP)

- Prove tightness (Zvonkin transform + gradient estimates and stability
of Kolmogorov PDE + equicontinuity) —- P — p

- Limit identification: show P solves singular MP (stability of
Kolmogorov PDE)
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Non-degenerate noise Distributional drift

Pathway to well-posedness:

- Let P(" solution to MP(b("; g, to) (regularized MP)

- Prove tightness (Zvonkin transform + gradient estimates and stability
of Kolmogorov PDE + equicontinuity) —- P — p

- Limit identification: show P solves singular MP (stability of
Kolmogorov PDE)

0

existence
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Non-degenerate noise Distributional drift

Pathway to well-posedness:
- Let P(" solution to MP(b("; g, to) (regularized MP)

- Prove tightness (Zvonkin transform + gradient estimates and stability
of Kolmogorov PDE + equicontinuity) —- P — p

- Limit identification: show P solves singular MP (stability of
Kolmogorov PDE)

0

existence

- Prove uniqueness of time marginal laws (3 for Kolmogorov PDE)
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Non-degenerate noise Distributional drift

Pathway to well-posedness:
- Let P(" solution to MP(b("; g, to) (regularized MP)

- Prove tightness (Zvonkin transform + gradient estimates and stability
of Kolmogorov PDE + equicontinuity) =— P — p

- Limit identification: show P solves singular MP (stability of
Kolmogorov PDE)

0

existence

- Prove uniqueness of time marginal laws (3 for Kolmogorov PDE)

- Prove uniqueness of finite-dimensional laws (Ethier-Kurtz argument)
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Non-degenerate noise Distributional drift

Pathway to well-posedness:
- Let P(" solution to MP(b("; g, to) (regularized MP)

- Prove tightness (Zvonkin transform + gradient estimates and stability
of Kolmogorov PDE + equicontinuity) =— P — p

- Limit identification: show P solves singular MP (stability of
Kolmogorov PDE)

0

existence

- Prove uniqueness of time marginal laws (3 for Kolmogorov PDE)

- Prove uniqueness of finite-dimensional laws (Ethier-Kurtz argument)

0

uniqueness
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Non-degenerate noise Distributional drift

Pathway to well-posedness:
- Let P(" solution to MP(b("; g, to) (regularized MP)

- Prove tightness (Zvonkin transform + gradient estimates and stability
of Kolmogorov PDE + equicontinuity) =— P — p

- Limit identification: show P solves singular MP (stability of
Kolmogorov PDE)

0

existence

- Prove uniqueness of time marginal laws (3 for Kolmogorov PDE)

- Prove uniqueness of finite-dimensional laws (Ethier-Kurtz argument)

0

uniqueness

(1) P is limit of Stroock-Varadhan MPs = Markov property
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Proof of heat-kernel estimates:
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Non-degenerate noise Distributional drift

Proof of heat-kernel estimates:
1st attempt: full-parametrix expansion

t
pls.x.ty) = plsxity) ~ [ Blsixirz) Y oulr.z.t.) dadr
/s k>0
Levi parametrix =
(frozen noise)
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Non-degenerate noise Distributional drift

Proof of heat-kernel estimates:
1st attempt: full-parametrix expansion

t
pls.x.ty) = plsxity) ~ [ Blsixirz) Y oulr.z.t.) dadr
w_/ s

Levi parametrix k=0
(frozen noise)

X explosion of concentration constants due to flow 6 associated to F

Stefano Pagliarani (UniBo) Heat-kernel singular April 2026

13/22



Non-degenerate noise Distributional drift

Proof of heat-kernel estimates:
1st attempt: full-parametrix expansion

t
pls.x.ty) = plsxity) ~ [ Blsixirz) Y oulr.z.t.) dadr
/s k>0
Levi parametrix =
(frozen noise)

X explosion of concentration constants due to flow 6 associated to F (should
work if F bounded)
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Non-degenerate noise Distributional drift

Proof of heat-kernel estimates:
1st attempt: full-parametrix expansion

t
pls.x.ty) = plsxity) ~ [ Blsixirz) Y oulr.z.t.) dadr
w_/ s

Levi parametrix k=0
(frozen noise)

X explosion of concentration constants due to flow 6 associated to F (should
work if F bounded)

2nd attempt: regularization + 1-step parametrix
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Non-degenerate noise Distributional drift

Proof of heat-kernel estimates:
1st attempt: full-parametrix expansion

t
pls.x.ty) = plsxity) ~ [ Blsixirz) Y oulr.z.t.) dadr
w_/ s

Levi parametrix k=0

(frozen noise)

X explosion of concentration constants due to flow 6 associated to F (should
work if F bounded)

2nd attempt: regularization + 1-step parametrix

t
p(n)(S,X, tay) = PFJ(S,X, tv Y) - / p(n)(S,Xv r, Z) b(n) : 8pr,a'(rvza t,y)dZdr
s
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Non-degenerate noise Distributional drift

Proof of heat-kernel estimates:
1st attempt: full-parametrix expansion

t
pls.x.ty) = plsxity) ~ [ Blsixirz) Y oulr.z.t.) dadr
w_/ s

Levi parametrix k=0

(frozen noise)

X explosion of concentration constants due to flow 6 associated to F (should
work if F bounded)

2nd attempt: regularization + 1-step parametrix

t
p(n)(S,X, t,_y):PFJ(S,X, tvy)_/ p(n)(S,eraz)b(n)'8pr,a'(rvza t,y)dZdr
s

then bound, uniformly in all variables,
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Non-degenerate noise Distributional drift

Proof of heat-kernel estimates:
1st attempt: full-parametrix expansion

t
p(s,x,t,y) = p(s,x,t,y) —/ p(s,x,r,z) Z or(r,z, t,x)dzdr
—_———— s

Levi parametrix k=0

(frozen noise)

X explosion of concentration constants due to flow 6 associated to F (should
work if F bounded)

2nd attempt: regularization + 1-step parametrix

t
p(n)(S,X, ta.y):pF,U(saxy tvy)_/ p(n)(S,eraz)b(n)'8pr,a(rvza t,y)dZdr
s

then bound, uniformly in all variables,

hn,n(t) — pn(57X7 t, .y) |pn(5aX7 t, .y) — pn(57X7 t, .y,)| (t — S)g
o PF7)\(5,X, t,y) PFy)\(S,X, tay)"_pF,/\(SvXa tvy/) |y_y/|77
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Non-degenerate noise Distributional drift

Proof of heat-kernel estimates:
1st attempt: full-parametrix expansion

t
p(s,x,t,y) = p(s,x,t,y) —/ p(s,x,r,z) Z or(r,z, t,x)dzdr
—_———— s

Levi parametrix k=0

(frozen noise)

X explosion of concentration constants due to flow 6 associated to F (should
work if F bounded)

2nd attempt: regularization + 1-step parametrix

t
p(n)(S,X, t,_y):PF’a(S,X, tvy)_/ p(n)(S,eraz)b(n)'8pr,a(rvza t,y)dZdr
s

then bound, uniformly in all variables,

hn,n(t) — pn(57X7 t, .y) |pn(5aX7 t, .y) — pn(57X7 t, .y,)| (t — S)g
o PEA(s, Xt y)  PEA(S, X, T, y) + pE(s, X ty') ly — y'|7

(1) Strongly relies on previous non-singular estimates (b = 0)
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Non-degenerate noise Distributional drift

Proof of heat-kernel estimates:
1st attempt: full-parametrix expansion

t
p(s,x,t,y) = p(s,x,t,y) —/ p(s,x,r,z) Z or(r,z, t,x)dzdr
—_———— s

Levi parametrix k=0

(frozen noise)

X explosion of concentration constants due to flow 6 associated to F (should
work if F bounded)

2nd attempt: regularization + 1-step parametrix

t
p(n)(S,X, tay) = pF,U(Sax, tvy) - / p(n)(S,Xv ry Z) b(n) : 8pr,U(rvza t,y)dZdI’
s
then bound, uniformly in all variables,

hn,n(t) — pn(57X7 t, .y) |pn(5aX7 t, .y) — pn(57X7 t, .y,)| (t — S)g
o PEA(S; X, t,y)  PEA(S, X, t,y) + PEA(S, X, t,y") [y — y'["

(1) Strongly relies on previous non-singular estimates (b = 0)
— Then Arzela—Ascoli theorem (limit already identified (1))
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Degenerate noise
dX}! = b(X;) 4+ F1(X;)dt + o(X:)dW;
dX? = F(X,)dt
— X = (X}, X?) and F, = (F}, F?)
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Degenerate noise

Degenerate noise

dX}! = b(X;) 4+ Fi(Xs)dt + o(X:)dW;
dX? = F(X,)dt

— X¢ = (X}, X2) and F = (F, F?)
— Intrinsic geometry: replace Euclidean distance with anisotropic one:

Xla = |(x1,%2)|a = x| + x|/
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Degenerate noise

Degenerate noise

dX} = b(X¢) + F1(X¢)dt + o(Xe)d W,
dX? = F(X,)dt
— X¢ = (X}, X2) and F = (F, F?)
— Intrinsic geometry: replace Euclidean distance with anisotropic one:

Xla = |(x1,%2)|a = x| + x|/

due to different time scaling of W and fo Wsds
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Degenerate noise

dX}! = b(X;) 4+ Fi(Xs)dt + o(X:)dW;
dX? = F(X,)dt

— X = (X}, X?) and F, = (F}, F?)

— Intrinsic geometry: replace Euclidean distance with anisotropic one:

Xla = |(x1,%2)|a = x| + x|/

due to different time scaling of W and fo Wsds

— anisotropic functional spaces: CJ, ¢, ngq,

Daprato and Lunardi (1995), than many others ...
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Degenerate noise

dX}! = b(X;) 4+ Fi(Xs)dt + o(X:)dW;
dX? = F(X,)dt

— X¢ = (X}, X2) and F = (F, F?)
— Intrinsic geometry: replace Euclidean distance with anisotropic one:

Xla = |(x1,%2)|a = x| + x|/

due to different time scaling of W and fo Wisds

— anisotropic functional spaces: CJ, €, ngq,

Daprato and Lunardi (1995), than many others ...

— time regularity could be included (|#|'/? + non-Euclidean translation)
Lanconelli and Polidoro (1994), then many others ...
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Degenerate noise

dX! = b(X:) + Fi(Xe)dt + o(Xe)dW,;
dX? = Fy(t, X;)dt

— Xy = (X}, X?) and F, = (F}, F?)
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dX! = b(X:) + Fi(Xe)dt + o(Xe)dW,;
dX? = Fy(t, X;)dt
— X¢ = (XL, X2) and F, = (F}, F?)
[H-b] beC’ =Bj .

with 8 € (=1/2,0)
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Degenerate noise

dX}! = b(X;) 4+ Fi(X;)dt + o(X:)dW;
dX? = Fy(t, X;)dt

— Xe = (X{, X?) and F, = (F;, F})

[H-b] beCP:=Bj . with 8 € (—1/2,0)

[H-Hor] o(x) > Kk and Oy, F» € R\ [—k, k], for kK >0
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Degenerate noise

dX! = b(X:) + Fi(Xs)dt + o(X:)dW,
dX? = Fy(t, X;)dt

— X¢ = (X2, X2) and F, = (FL, F2)
[H-b] beCP:=Bj . with 8 € (—1/2,0)

[H-Hor] o(x) > Kk and Oy, F» € R\ [—k, k], for kK >0
[H-o] o € CY, with v € (5,1 — )
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Degenerate noise

dX! = b(X:) + Fi(Xs)dt + o(X:)dW,
dX? = Fy(t, X;)dt

— X¢ = (X2, X2) and F, = (FL, F2)
[H-b] beCP:=Bj . with 8 € (—1/2,0)

[H-Hor] o(x) > Kk and Oy, F» € R\ [—k, k], for kK >0
[H-o] o € CY, with v € (5,1 — )
[H-F] F1 € 63, and F, € €,
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Degenerate noise

dX! = b(X:) + Fi(Xs)dt + o(X:)dW,
dX? = Fy(t, X;)dt

— X¢ = (X2, X2) and F, = (FL, F2)
[H-b] beCP:=Bj . with 8 € (—1/2,0)

[H-Hor] o(x) > Kk and Oy, F» € R\ [—k, k], for kK >0
[H-o] o € CY, with v € (5,1 — )
[H-F] F1 € 63, and F, € €,

() (Only) for notational simplicity: scalar and time independent
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Degenerate noise

dX! = b(X:) + Fi(Xs)dt + o(X:)dW,
dX2 = F(t, X¢)dt

— X¢ = (X2, X2) and F, = (FL, F2)
[H-b] beCP:=Bj . with 8 € (—1/2,0)

[H-Hor] o(x) > Kk and Oy, F» € R\ [—k, k], for kK >0
[H-o] o € CY, with v € (5,1 — )
[H-F] F1 € 63, and F, € €,

() (Only) for notational simplicity: scalar and time independent

Example: Kinetic case (e.g. Langevin model)

X2 = X!dt
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Theorem: (Menozzi and P. (2026))
— Weak well-posedeness (singular MP) and Markov property
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Theorem: (Menozzi and P. (2026))

— Weak well-posedeness (singular MP) and Markov property

— Aronson-typ estimates
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Theorem: (Menozzi and P. (2026))
— Weak well-posedeness (singular MP) and Markov property

— Aronson-typ estimates

C_lg/\_l(t_sa gt,s(x) _y) S p(S7X, tay) < C g/\(t - 5751‘,5()() - y)
—— N———

J/

) T 0
flow of F transition density of x Gaussian density
(regular) (s:x)~(t,y) Ngt,s(x),AT(t*S)
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Theorem: (Menozzi and P. (2026))
— Weak well-posedeness (singular MP) and Markov property

— Aronson-typ estimates

C_lg/\_l(t_sa gt,s(x) _y) S p(S,X, tay) < C g/\(t - 5751‘,5()() - y)
—— N———

J/

) T 0
flow of F transition density of x Gaussian density
(regular) (s:x)~(t,y) Ngt,s(x),AT(t*S)

- (2 2)
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Theorem: (Menozzi and P. (2026))
— Weak well-posedeness (singular MP) and Markov property

— Aronson-typ estimates

C_lg/\_l(t_sa gt,s(x) _y) S p(S,X, tay) < C g/\(t - 5751‘,5()() - y)
—— N———

J/

) T 0
flow of F transition density of x Gaussian density
(regular) (s:x)~(t,y) Ngt,s(x),AT(t*S)

- (2 2)

— Regularity bounds: as in non-degenerate case.
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Theorem: (Menozzi and P. (2026))
— Weak well-posedeness (singular MP) and Markov property

— Aronson-typ estimates

C_lg/\_l(t_sa gt,s(x) _y) S p(S,X, tay) < C g/\(t - 5751‘,5()() - y)
—— N———

J/

) T 0
flow of F transition density of x Gaussian density
(regular) (s:x)~(t,y) N5t,s(X),AT(tfs)

- (2 2)

— Regularity bounds: as in non-degenerate case. Actually... almost:
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Theorem: (Menozzi and P. (2026))
— Weak well-posedeness (singular MP) and Markov property

— Aronson-typ estimates

C_lg/\_l(t_sa gt,s(x) _y) S p(S,X, tay) < C g/\(t - 5751‘,5()() - y)
—— N———

J/

) T 0
flow of F transition density of x Gaussian density
(regular) (s:x)~(t,y) N5t,s(X),AT(tfs)

- (2 2)

— Regularity bounds: as in non-degenerate case. Actually... almost:
e only V,, p instead of Vyp
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Theorem: (Menozzi and P. (2026))
— Weak well-posedeness (singular MP) and Markov property

— Aronson-typ estimates

Cilg/\—l(t_sa gt,s(x) _y) < p(S,X, tay) < C g/\(t - 5751‘,5()() - y)
—— N———

J/

) ) 0
flow of F transition density of x Gaussian density
(regular) e N, 5T

=3 3)

— Regularity bounds: as in non-degenerate case. Actually... almost:
e only V,, p instead of Vip (V,,p is a third derivative!)
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Theorem: (Menozzi and P. (2026))
— Weak well-posedeness (singular MP) and Markov property

— Aronson-typ estimates

Cilg/\—l(t_sa gt,s(x) _y) < p(S,X, tay) < C g/\(t - 5751‘,5()() - y)
—— N———

J/

) ) 0
flow of F transition density of x Gaussian density
(regular) e N, 5T

=3 3)

— Regularity bounds: as in non-degenerate case. Actually... almost:

e only V,, p instead of Vip (V,,p is a third derivative!)
e instead, (2 4 (3)/3-Holder in x,

(1) Proof relies on non-singular estimates in Chaudru de Raynal et al.
(2023)
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Degenerate noise

Future developments:

— Time-regularity
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Degenerate noise

Future developments:

— Time-regularity

— Dynamics
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Future developments:
— Time-regularity
— Dynamics

— Asymptotic expansions
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