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Non-degenerate noise Non-singular drift

Non-degenerate noise

Non-singular drift:

dXt = F (Xt)dt + σ(Xt)dWt

[H-Hör] σ(x) > κ, with κ > 0 (Ellipticity)

[H-σ] σ ∈ Cν , with ν ∈ (0, 1] (standard Hölder ⇒ bounded)

[H-F ] F ∈ C γ , with γ ∈ [0, ν] (Hölder with linear growth)

(!) (Only) for notational simplicity:

→ X (thus F and σ) scalar valued

→ σ, F time-independent: in general ‖σ(t, ·)‖Cν , [F (t, ·)]C γ <∞
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Non-degenerate noise Non-singular drift

Weak well-posedeness:
Existence/uniqueness for standard (Stroock-Varadhan) martingale problem

Aronson-type bounds:
∃ λ,C > 0, dependent on T , κ, ‖σ‖Cν , [F ]C γ , s.t.

C−1gλ−1(t−s, θt,s(x)︸ ︷︷ ︸
↑

flow of F

(any)

−y) ≤ pF ,σ(s, x , t, y)︸ ︷︷ ︸
↑

transition density of X

(s,x) (t,y)

≤ C gλ(t − s, θt,s(x)− y)︸ ︷︷ ︸
↑

Gaussian density

(Nθt,s (x),λ(t−s))

→ if F bounded, then θt,s(x) x and λ independent of T

→ (!) uniform in space, up to time T > 0

Friedman (1964), Menozzi et al. (2021), ...
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Non-degenerate noise Non-singular drift

Regularity bounds: backward variable(s)∣∣∇xpF ,σ(s, x , t, y)
∣∣ ≤ C (t − s)−1/2 gλ

(
t − s, θt,s(x)− y

)

Furthermore, ∀ ηb ∈ (0, 1), ∃ Cηb > 0 s.t.∣∣∇xpF ,σ(s, x , t, y)−∇xpF ,σ(s, x ′, t, y)
∣∣ ≤ Cηb (t − s)−

1+ηb
2 |x − x ′|ηb

×
(
gλ
(
t − s, θt,s(x)− y

)
+ gλ

(
t − s, θt,s(x ′)− y

))
(!) If γ > 0 (drift γ-Hölder continuous), C 2+γ regularity:∣∣∇2

xpF ,σ(s, x , t, y)
∣∣ ≤ C (t − s)−1 gλ

(
t − s, θt,s(x)− y

)
(⇒ Classical solutions to Kolmogorov PDE)∣∣∇2

xpF ,σ(s, x , t, y)−∇2
xpF ,σ(s, x ′, t, y)

∣∣ ≤ Cηb (t − s)−
2+ηb

2 |x − x ′|ηb . . .

∀ ηb ∈ (0, γ)
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Non-degenerate noise Non-singular drift

Regularity bounds: forward variable(s)

(Menozzi and P. (2026))

∀ ηf ∈ (0, ν), ∃ Cηf > 0 s.t.∣∣∇δxpF ,σ(s, x , t, y)−∇δxpF ,σ(s, x , t, y ′)
∣∣ ≤ Cηf (t − s)−

δ+ηf
2 |y − y ′|ηf

×
(
gλ
(
t − s,θt,s(x)− y

)
+ gλ

(
t − s, θt,s(x)− y ′

))
for δ = 0, 1

Intuition: ∇δxpF ,σ(s, x , t, y) solves Fokker-Planck PDE in (t, y)

∂2
yσ

2 ∈ C ν−2, ∂yF ∈ Cγ−1 =⇒
PDE regularizes by 2

∇δxpF ,σ(s, x , t, ·) ∈ C ν
−

(!) No derivatives in y , even if γ > 0
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(!) Again, in general:
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Non-degenerate noise Distributional drift

Weak well-posedeness (MP): (Menozzi and P. (2026))

Let t0 ∈ [0,T ) and µ0 distribution,

∃! P = Pt0,µ0 on (C[t0,T ],B) s.t.

(i) xt0 ∼ µ0 under P

(ii) for g ∈ L∞T S and ` ∈ S, the process

Mr := ug ,`(r , xr )− ug ,`(0, xt0 )−
∫ r

t0
g(s, xs)ds, r ∈ [t0,T ]

is a (local) martingale under P, where ug ,` ∈ CTCb ∩ L∞T C2+β−
is the unique

solution to {
Lu = g on (0,T )× R,
uT = `,

(Kolmogorov PDE)

where
L = (b + F )∂x +

σ2

2
∂2
x + ∂t

Furthermore, xt is Markov under Pt0,µ0 with semigroup

P(s, x ; t,dy) = Pt0,δx (xt ∈ dy)
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Non-degenerate noise Distributional drift

Aronson-type and regularity bounds: (Menozzi and P. (2026))

∃ λ,C > 0, dependent on ‖b‖Cβ (!) and T , κ, ‖σ‖Cν , [F ]C 0 , s.t.

C−1gλ−1 (t − s, θt,s(x)− y) ≤ p(s, x , t, y) ≤ C gλ(t − s, θt,s(x)− y)∣∣∇xp(s, x , t, y)
∣∣ ≤ C (t − s)−1/2 gλ

(
t − s, θt,s(x)− y

)
Furthermore, ∀ ηb ∈ (0, 1 + β) and ηf ∈ (0, ν), ∃ Cηb ,Cηf > 0 s.t.∣∣∇xp(s, x , t, y)−∇xp(s, x ′, t, y)

∣∣ ≤ Cηb (t − s)−
1+ηb

2 |x − x ′|ηb

×
(
gλ
(
t − s, θt,s(x)− y

)
+ gλ

(
t − s, θt,s(x ′)− y

))
∣∣∇δxp(s, x , t, y)−∇δxp(s, x , t, y ′)

∣∣ ≤ Cηf (t − s)−
δ+ηf

2 |y − y ′|ηf

×
(
gλ
(
t − s,θt,s(x)− y

)
+ gλ

(
t − s, θt,s(x)− y ′

))
for δ = 0, 1

(!) p(s, ·, t, y) ∈ C2+β− , p(s, x , t, ·) ∈ Cν− (recall ν ∈ (−β, 1 + β))
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Non-degenerate noise Distributional drift
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Non-degenerate noise Distributional drift

Remarks and comparisons:

→ First (weak) well-posedness result for multiplicative noise

For additive noise:

Flandoli et al. (0304), Bass and Chen (2003) (early results in d = 1)
Flandoli et al. (2017) (also stable driven), Chaudru de Raynal and
Menozzi (2022) (multidimensional)
Issoglio et al. (2024), Hao et al. (2024) (degenerate noise)
many others recently...

→ Previous heat-kernel estimates in Perkowski and Van Zuijlen (2022):

Aronson-type bounds + (backward) gradient bound

b ∈ Bβ∞,1 instead of b ∈ Bβ∞,∞
F ≡ 0 (no unbounded drift −→ avoid flows)

→ Corollary: diffusion (xt ,Pt0,µ0 ) is irreducible (Gaussian lower bound), with
Feller semigroup (backward regularity)
=⇒ uniqueness of invariant distribution (Peszat and Zabczyk (1995))
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Non-degenerate noise Distributional drift

The (backward) Kolmogorov PDE{
Lu = g on (0, t)× R,
ut = `,

L = K + b · ∂x

K = F (x)∂x + σ2(x)∂2
x + ∂t −→ generator of non-singolar SDE (b ≡ 0)

Mild solutions (Duhamel):

u(s, ·) = PF ,σ
s,t︸ ︷︷ ︸
↑

semigroup of K

`+

∫ t

s

PF ,σ
s,r [b · ∂u(r , ·)− gr︸ ︷︷ ︸

↑
distribution

]dr

(!) How do we define PF ,σ
s,t ? No dual paring as pF ,σ(s, ·, t, ) is not smooth...

Propostion/Definition: For ϕ ∈ Cα with α > −ν (recall ν ∈ (−β, 1− β))

PF ,σ
s,t : Cα →

⋂
ε>0

C2−ε, PF ,σ
s,t ϕ := lim

n→∞
PF ,σ
s,t ϕn,

with ϕn → ϕ in Cα
−

smooth sequence
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Non-degenerate noise Distributional drift

Propostion: (Schauder estimates) For any α ∈ (−ν, 2) and γ ∈ (α, 2)

‖PF ,σ
s,t ϕ‖Cγ . (t − s)−

γ−α
2 ‖ϕ‖Cα , ϕ ∈ Cα

Theorem: For g ∈ L∞t Cβ, ` ∈ C2+β, ∃! sol. in u ∈ CtCb ∩ L∞t C2+β− to
Kolmogorov PDE

→ Previous results: Chaudru de Raynal et al. (2021), Issoglio and Russo
(2024), etc.

Theorem: Let (b(n), g (n)) be a smooth sequence such that

‖b − b(n)‖L∞t Cβ + ‖g − g (n)‖L∞t Cβ −→ 0 as n→∞

Then: ‖u(n) − u‖
L∞t C2+β− −→ 0 as n→∞

→ u(n), n ∈ N, is uniformly equicontinuous (in time)
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Non-degenerate noise Distributional drift

Pathway to well-posedness:

- Let P(n) solution to MP(b(n);µ0, t0) (regularized MP)

- Prove tightness (Zvonkin transform + gradient estimates and stability
of Kolmogorov PDE + equicontinuity) =⇒ P(n) −→ P

- Limit identification: show P solves singular MP (stability of
Kolmogorov PDE)

↓

existence

- Prove uniqueness of time marginal laws (∃ for Kolmogorov PDE)

- Prove uniqueness of finite-dimensional laws (Ethier-Kurtz argument)

↓
uniqueness

(!) P is limit of Stroock-Varadhan MPs =⇒ Markov property
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Non-degenerate noise Distributional drift

Proof of heat-kernel estimates:

1st attempt: full-parametrix expansion

p(s, x , t, y) = p̃(s, x , t, y)︸ ︷︷ ︸
Levi parametrix
(frozen noise)

−
∫ t

s

p̃(s, x , r , z)
∑
k≥0

ϕk(r , z , t, x)dzdr

7 explosion of concentration constants due to flow θ associated to F (should
work if F bounded)

2nd attempt: regularization + 1-step parametrix

p(n)(s, x , t, y) = pF ,σ(s, x , t, y)−
∫ t

s

p(n)(s, x , r , z) b(n) · ∂ypF ,σ(r , z , t, y)dzdr

then bound, uniformly in all variables,

hη,ns,x (t) :=
pn(s, x , t, y)

pF ,λ(s, x , t, y)
+
|pn(s, x , t, y)− pn(s, x , t, y ′)|

pF ,λ(s, x , t, y) + pF ,λ(s, x , t, y ′)

(t − s)
η
2

|y − y ′|η
+ · · ·

(!) Strongly relies on previous non-singular estimates (b ≡ 0)

→ Then Arzelà–Ascoli theorem (limit already identified (!))
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Degenerate noise

Degenerate noise

dX 1
t = b(Xt) + F1(Xt)dt + σ(Xt)dWt

dX 2
t = F2(Xt)dt

→ Xt = (X 1
t ,X

2
t ) and Ft = (F 1

t ,F
2
t )

→ Intrinsic geometry: replace Euclidean distance with anisotropic one:

|x|d = |(x1, x2)|d = |x1|+ |x2|1/3

due to different time scaling of W and
∫ ·

0 Wsds

→ anisotropic functional spaces: Cγd , C γ
d , Bβd,p,q, ...

Daprato and Lunardi (1995), than many others ...

→ time regularity could be included (|t|1/2 + non-Euclidean translation)
Lanconelli and Polidoro (1994), then many others ...
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Degenerate noise

dX 1
t = b(Xt) + F1(Xt)dt + σ(Xt)dWt

dX 2
t = F2(t,Xt)dt

→ Xt = (X 1
t ,X

2
t ) and Ft = (F 1

t ,F
2
t )

[H-b] b ∈ Cβ := Bβd,∞,∞, with β ∈ (−1/2, 0)

[H-Hör] σ(x) > κ and ∂x1F2 ∈ R \ [−κ, κ], for κ > 0

[H-σ] σ ∈ Cνd , with ν ∈ (β, 1− β)

[H-F ] F1 ∈ C 0
d , and F2 ∈ C 1+ν

d

(!) (Only) for notational simplicity: scalar and time independent

Example: Kinetic case (e.g. Langevin model)

X 2
t = X 1

t dt
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Theorem: (Menozzi and P. (2026))

→ Weak well-posedeness (singular MP) and Markov property

→ Aronson-typ estimates

C−1gλ−1(t− s, θ̃t,s(x)︸ ︷︷ ︸
↑

flow of F

(regular)

−y) ≤ p(s, x, t, y)︸ ︷︷ ︸
↑

transition density of x

(s,x) (t,y)

≤ C gλ(t − s, θ̃t,s(x)− y)︸ ︷︷ ︸
↑

Gaussian density(
N
θ̃t,s (x),λT(t−s)

)
T(u) :=

(
u 0
0 u3

)

→ Regularity bounds: as in non-degenerate case. Actually... almost:

only ∇x1p instead of ∇xp (∇x2p is a third derivative!)

instead, (2 + β)/3-Holder in x2

(!) Proof relies on non-singular estimates in Chaudru de Raynal et al.
(2023)
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Future developments:

→ Time-regularity

→ Dynamics

→ Asymptotic expansions
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Chaudru de Raynal, P.-É. and S. Menozzi (2022). On multidimensional
stable-driven stochastic differential equations with besov drift.
Electronic Journal of Probability 27, 1–52.

Chaudru de Raynal, P. E., S. Menozzi, A. Pesce, and X. Zhang (2023).
Heat kernel and gradient estimates for kinetic SDEs with low regularity
coefficients. Bull. Sci. Math. 183, Paper No. 103229, 56.

Daprato, G. and A. Lunardi (1995). On the ornstein-uhlenbeck operator in
spaces of continuous functions. Journal of Functional Analysis 131(1),
94–114.

Stefano Pagliarani (UniBo) Heat-kernel singular April 2026 18 / 22



Degenerate noise

Bibliography II

Flandoli, F., E. Issoglio, and F. Russo (2017). Multidimensional stochastic
differential equations with distributional drift. Transactions of the
American Mathematical Society 369(3), 1665–1688.

Flandoli, F., F. Russo, and J. Wolf (2003(04)). Some sdes with
distributional drift part i: General calculus.

Friedman, A. (1964). Partial differential equations of parabolic type.
Englewood Cliffs, N.J.: Prentice-Hall Inc.

Hao, Z., X. Zhang, R. Zhu, and X. Zhu (2024). Singular kinetic equations
and applications. Annals of Probability 52–2, 576–657.

Issoglio, E., S. Pagliarani, F. Russo, and D. Trevisani (2024). Degenerate
mckean-vlasov equations with drift in anisotropic negative besov spaces.
arXiv preprint arXiv:2401.09165 .

Stefano Pagliarani (UniBo) Heat-kernel singular April 2026 19 / 22



Degenerate noise

Bibliography III

Issoglio, E. and F. Russo (2024). A PDE with drift of negative Besov
index and linear growth solutions. Differential and Integral
Equations. 37(9-10), 585–622.

Lanconelli, E. and S. Polidoro (1994). On a class of hypoelliptic evolution
operators. Volume 52, pp. 29–63. Partial differential equations, II
(Turin, 1993).

Menozzi, S. and S. P. (2026). Heat kernels for degenerate brownian sdes
with besov drift. Preprint, ArXiv .

Menozzi, S., A. Pesce, and X. Zhang (2021). Density and gradient
estimates for non degenerate brownian sdes with unbounded measurable
drift. Journal of Differential Equations 272, 330–369.

Perkowski, N. and W. Van Zuijlen (2022). Quantitative heat kernel
estimates for diffusions with distributional drift. arXiv:2009.10786 . To
appear in Potential Analysis.

Stefano Pagliarani (UniBo) Heat-kernel singular April 2026 20 / 22



Degenerate noise

Bibliography IV

Peszat, S. and J. Zabczyk (1995). Strong feller property and irreducibility
for diffusions on hilbert spaces. The Annals of Probability , 157–172.

Stefano Pagliarani (UniBo) Heat-kernel singular April 2026 21 / 22



Degenerate noise

THANK YOU
FOR YOUR ATTENTION!

Stefano Pagliarani (UniBo) Heat-kernel singular April 2026 22 / 22


	Non-degenerate noise
	Non-singular drift
	Distributional drift

	Degenerate noise
	References

