
χ2–cut-off phenomenon for Galerkin projections of Fokker–Planck
equations with monomial potentials

Benny Avelin Gerardo Barrera

LiBERA On-line Seminars

20 April 2026

Co-funded by

the European Union



History of the question?

A. Classical cut-off. Aldous–Diaconis (1986) introduced the
phenomenon for finite chains: the distance stays high until
tn(1− o(1)), then drops in a window o(tn). ”7 shuffles is enough” is
the canonical example. Total variation distance.

B. Vanishing noise. Barrera–Jara (2016,2020) introduce cut-off for
small-noise perturbations of coercive ODEs, so the complexity
parameter is now the noise level ε ↓ 0 rather than a growing state
space. Total variation distance.

C. Cutoff with respect to localized initial data. Bordenave–Mathien
(2025) study cutoff with spatially localized initial conditions on
hyperbolic manifolds. Total variation distance.

D. Spectral characterization of cut-off. Chen–Saloff Coste (2008)
give spectral criteria for cut-off in L2. λ1tn → ∞ (product condition).

Motivating question
How does one see cut-off in the spectrum of the generator? What
determines the cutoff time?
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Small-noise over-damped Langevin–Kolmogorov dynamics in 1D

dX
(ε)
t = −V ′(X

(ε)
t ) dt +

√
2εdBt , X

(ε)
0 ∼ ϱε,0.

Monomial convex potential:

V (x) =
|x |γ+1

γ + 1
, γ > 0.

Localized initial density with radius δ = δ(ε):

ϱε,0(x) =

{
|Bδ(ε)(x0)|−1, x ∈ Bδ(ε)(x0),

0, x /∈ Bδ(ε)(x0).

Invariant Boltzmann density:
ϱε,∞(x) = Cεe

−V (x)/ε.
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Generator and spectrum

Lεu = εu′′ − V ′u′, L∗
εϱ = (ϱV ′ + εϱ′)′, ∂tϱ = L∗

εϱ.

For our monomial potentials (γ > 0), Lε has discrete spectrum

0 = λ0,ε < λ1,ε < λ2,ε < · · ·

with orthonormal eigenfunctions ψk,ε in L2(Cεe
−V/ε dx).

The transformed density ratio

u =
ϱε,t − ϱε,∞

ϱε,∞

evolves by the semigroup generated by Lε.

This makes convergence to equilibrium accessible through eigen-expansions rather than
direct trajectory estimates.
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Truncated χ2-distance

Πn,εf :=
n∑

k=0

⟨f , ψk,ε⟩ϱε,∞ψk,ε,

dn,ε(t, x0) :=

(∫
R

∣∣∣Πn,ε

[ ϱε,t
ϱε,∞

]
(x)− 1

∣∣∣2ϱε,∞(x) dx

)1/2

.

dn,ε(t, x0) =

(
n∑

k=1

e−2λk,εt
(∫

R
ϱε,0(x)ψk,ε(x) dx

)2)1/2

.

Πn,ε keeps the first (n + 1) eigenfunctions; n ∈ N is fixed and ε is the complexity parameter.

Each retained mode enters through its own damping factor and its own Fourier coefficient
from the localized initial datum.

Context: unlike total variation or Wasserstein, this choice is native to the spectral
decomposition and gives a genuinely mode-by-mode picture.
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Cut-off?: A sharp transition around the mixing time

cut-off: dn,ε(ctε, x0) →

{
∞, 0 < c < 1,

0, c > 1,

window cut-off:
wε

tε
→ 0,

dn,ε(tε + rwε, x0) depends non-trivially on r ,

profile cut-off: dn,ε(tε + rwε, x0) → p(r).

Because χ2 is unbounded, the pre-cut-off side diverges
rather than staying near 1.

For η > 0,

τmix(η; ε, x0, n) := inf{t ≥ 0 : dn,ε(t, x0) ≤ η}.

If p is continuous and strictly decreasing,

τmix(η; ε, x0, n) = tε + p−1(η)wε + o(wε).

t

dn,ε

tε

wε

large drop

r

p(r)

profile

Window in time, profile in r .
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Main results: regime split for non-centered data

V (x) =
|x |γ+1

γ + 1
, dn,ε(t, x0) =

(
n∑

k=1

e−2λk,εt
(∫

R
ϱε,0(x)ψk,ε(x) dx

)2)1/2

.

Non-centered data x0 ̸= 0

γ > 1: no cut-off for every fixed n ∈ N.
1
3 < γ < 1: window cut-off, with tε defined by e−2λ1,εtε

(∫
ϱε,0(x)ψ1,ε(x) dx

)2
= 1

and window
wε = ε

1−γ
1+γ .

0 < γ ≤ 1
3 : profile cut-off with tε determined by e−2λn,εtε

(∫
ϱε,0(x)ψn,ε(x) dx

)2
= 1,

and profile
p(r) = e−λnr .

In every cut-off regime, tε = O(1) as ε→ 0.
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Main results: centered data

Centered data x0 = 0
Let

En := {1 ≤ j ≤ n : ψj(0) ̸= 0}.
If En = ∅, then dn,ε(t, 0) = 0. Otherwise m := maxEn is the highest surviving even mode. For 0 < γ ≤ 1

3
,

the centered datum exhibits profile cut-off with profile p(r) = e−λmr . For 1
3
< γ < 1, the same centered

mode m gives window cut-off, indeed profile cut-off, with window

wε = ε
1−γ
1+γ , p(r) = e−λmr .

Ornstein–Uhlenbeck (γ = 1)

For x0 = 0, there is no cut-off (while for x0 ̸= 0, profile cut-off holds).

In every cut-off regime, tε = O(1) as ε→ 0.
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To determine tε, one needs the coefficients

d2
n,ε(t, x0) =

n∑
k=1

e−2λk,εt
(
ak,ε(x0)

)2
, ak,ε(x0) :=

∫
ϱε,0(x)ψk,ε(x) dx .

Step 1: locate the transition time
To understand the distance near cut-off, we must choose t = tε so that the dominant modal term is of
order 1:

e−2λk,εtε
(
ak,ε(x0)

)2 ≈ 1.

So determining tε requires accurate asymptotics for the coefficients ak,ε(x0).

Step 2: the coefficients are localized averages

Since ϱε,0 is uniform on Bδ(ε)(x0),

ak,ε(x0) =
1

|Bδ(ε)(x0)|

∫
Bδ(ε)(x0)

ψk,ε(x) dx .

For x0 ̸= 0, this is controlled by the pointwise size of ψk,ε(x0) as ε→ 0.
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Proof architecture

spectral representation =⇒ scaling Lε → L1 =⇒ WKB growth of eigenfunctions

=⇒ Fourier coefficient asymptotics =⇒ mixing-time balance =⇒ cut-off / no cut-off.

1 Use the eigen-expansion of dn,ε.

2 Apply the scaling: uε(x) = u(xε−
1

1+γ ), which transforms Lε into L1.

3 The ε-dependence of ψk,ε(x0) is converted into a large-x growth problem for the fixed
operator L1.

4 Rewrite −L1u = λu as a Schrödinger-type equation and do a WKB type expansion.

5 Prove that the WKB expansion is valid up to a multiplicative constant.

6 Compare the leading modal terms to identify the transition window.
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Representative estimates

For 1
3
< γ < 1, scaling and WKB give the eigenfunction growth

ψk,ε(x) ≈ exp

(
λk

|xε−
1

1+γ |1−γ

1− γ

)
in the WKB region beyond the turning point.
Averaging over the localized ball near x0 ̸= 0 then gives∣∣∣∣∫ ϱε,0(x)ψk,ε(x) dx

∣∣∣∣ ≈ exp

(
λkε

γ−1
1+γ

|x0|1−γ

1− γ

)
, tε =

|x0|1−γ

1− γ
+ O

(
ε

1−γ
1+γ
)
.

Tk,ε(t) := e−2λk,εt
(∫

ϱε,0(x)ψk,ε(x) dx
)2
, Tk,ε(tε + rwε) ≈ e−2λk r .

The scaling x = ε
1

1+γ y reduces the problem to L1, and the first WKB term gives the growth
exponent.

For 1
3
< γ < 1, the next WKB terms are bounded, so the leading exponential already captures the

coefficient size.

Here ≈ means comparison up to constants independent of ε.

At the window scale all retained modes live on the same ε-scale: this is where semigroup smoothing
overtakes localization.
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How the potential shape affects mixing

0 < γ ≤ 1
3

Example potential V (x) = 3
4
|x |4/3.

For 1
5
< γ < 1

3
and y = xε

− 1
1+γ ,

ψk,ε(x) ≈ exp

(
λk

|y |1−γ

1− γ

)
× exp

(
λ2k

1− 3γ
|y |1−3γ

)

up to bounded factors. The |y |1−3γ

term still grows, and at γ = 1
3
it

turns logarithmic.

1
3
< γ < 1

Example potential V (x) = 2
3
|x |3/2.

Leading growth eλk |y|1−γ/(1−γ)

already controls the Fourier
coefficients.

Window cut-off for x0 ̸= 0; the
centered case gains a profile after

parity reduction.

γ > 1

Example potential V (x) = 1
4
x4.

The eigenfunctions stay bounded at
infinity.

Fourier coefficients remain uniformly
bounded, so no cut-off occurs for

fixed n.

Benchmark at γ = 1
Ornstein–Uhlenbeck is explicit: profile cut-off for x0 ̸= 0, but no cut-off for the centered datum x0 = 0.
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Three things to remember

1 Small-noise Langevin–Kolmogorov dynamics with monomial convex potentials exhibit a
genuine regime change across 0 < γ ≤ 1

3 ,
1
3 < γ < 1, and γ > 1.

2 In the truncated χ2-distance, one can prove cut-off, window cut-off, profile cut-off, or no
cut-off, and extract mixing-time asymptotics.

3 The decisive input is the interaction of eigenvalues, eigenfunction growth, and parity of the
initial condition, not eigenvalues alone.

λk,ε = λkε
γ−1
1+γ , wε = ε

1−γ
1+γ , λk,εwε = λk .
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Backup: WKB expansion
Starting from the eigenvalue equation

−u′′(x) + V ′(x)u′(x) = λu(x), v(x) := e−V (x)/2u(x),

one gets the Schrödinger-type equation

v′′(x) =

(
|V ′(x)|2

4
−

V ′′(x)

2
− λ

)
v(x) =: T (x)v(x).

Let x∗ be a turning point with T (x) ≥ 0 for x ≥ x∗, write f = V ′, and set

v(x) = exp
( n∑
i=0

Si (x) + Rn(x)
)
.

S0(x) = −
∫ x

x∗

f (s)

2
ds, S1(x) =

∫ x

x∗

λ

f (s)
ds,

S′
k (x) =

1

f (x)
S′′
k−1(x) +

1

f (x)

k−1∑
j=1

S′
j (x)S

′
k−j (x), Sk (x

∗) = 0, 2 ≤ k ≤ n.

For û = eRn the remainder solves

−û′′(x) − 2û′(x)
n∑

j=0

S′
j (x) = û(x)

S′′
n (x) +

∑
n1+n2≥n+1
n1,n2≤n

S′
n1

(x)S′
n2

(x)

 .
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Backup: asymptotic growth of the eigenfunctions
Under the hypotheses of the paper’s growth theorem, if u ∈ L2ϱ1,∞ (R) solves

−u′′ + V ′u′ = λu, u(x∗) ≥ 0, n >
1 + γ

2γ
,

then for x ≥ x∗ one has
u(x) ≈ e

∑n
i=1 Si (x).

More explicitly,

u(x) ≈


exp
(
λ
|x |1−γ

1− γ
+
∑n

i=2 Ci |x |1−(2i−1)γ
)
, γ−1 /∈ 2N− 1,

exp
(
λ
|x |1−γ

1− γ
+
∑m−1

i=2 Ci |x |1−(2i−1)γ + Cm log |x |
)
, γ =

1

2m − 1
, 2 ≤ m < n.

For 1
3
< γ < 1, one can take n = 2: the next term is bounded, so the leading exponential already captures

the growth up to constants.
The first resonance is at γ = 1

3
, where the logarithmic correction appears.

After scaling back to ε > 0, this becomes

ψk,ε(x) ≈ exp

λk |xε− 1
1+γ |1−γ

1− γ


in the WKB region for 1

3
< γ < 1.
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Backup / appendix

Exact observable

dn,ε(t, x0) =

(
n∑

k=1

e−2λk,εt
(∫

ϱε,0(x)ψk,ε(x) dx
)2)1/2

.

Parity at the centered datum

En := {1 ≤ j ≤ n : ψj(0) ̸= 0}.

If En = ∅, then dn,ε(t, 0) = 0 for all t ≥ 0.

Scaling lemma

If u solves −L1u = λu, then

uε(x) = u
(
xε−

1
1+γ

)
solves − Lεuε = λε

γ−1
1+γ uε.
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