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INTRODUCTION

According to physics laws, given a positive charge distribution (Radon
measure) p on a compact conductor K C R?, it will get a new equi-
librium configuration i which is the one minimizing the energy as-
sociated to the electrostatic potential and making the latter essentially
constant on K (say = V). The quantity u”* (K)/Vik is the capacity of
K. Generalizing from Physics to Mathematics, in any locally compact
metric space (X, d) one can set up an L? potential theory and, roughly
speaking, try to solve (P): given £ C X, minimize the p-energy aris-
ing from some potential over a set of admissible functions on E. This
is equivalent to solving a p-Laplace equation, and the minimum energy

POTENTIAL THEORY ON THE TREE
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Definition. Let f : E(T) — Rand u € M™*(9T). We define:
The potential of f, [ f: V(T')UIT — R, I f(C) = )_pep(e) ().
The co-potential of u, " : E(T) — R, I'" () = p(971y,).
The energy of 1, £,(4) = X e ) My (B,

where M, (53) := I*u(B)? ~! is the edge function associated to .
Definition (p-capacity of £ C 9T). Set Qg ={f e’ :1f > 1on E}.

def . . E
c,(FE) = inf . = min b = L,
() g 1A= min 171 = 1771
r ]
where QEE 2 {f et If >1c¢,— ae on E}. The function f¥

is unigue ([1]) and it is called the equilibrium function for £. It holds
[f* =1 on FE but for a set of null-capacity.

is called the capacity of E. In the Euclidean space one has existence and
uniqueness of a p-harmonic function being the minimizer. By a minimax
duality argument, (P) is equivalent to maximize the total mass of E over
a set of admissible measures. The unique measure solving the problem
is called the equilibrium measure for Iv. At present, we lack a complete
description of such measures in the Euclidean space. In this work, we
give a characterization of them when the metric space X, is an infinite,
locally finite rooted tree 1. In particular, we show that equilibrium mea-
sures are exactly those solving a nonlinear discrete integro-differential
equation.

EQUILIBRIUM MEASURES

Theorem (Dual definition of p-capacity, [1]). Let 2 C 0T be a capacitable
set. Then,

cp(E) = sup p(E)”,

peEMEg
where Mg == {u € MT(0T) : supp(p) C E, E,(p) < 1}. Moreover,
there exists a unique measure u* € M™(9T), supp(u®) C E, called p-

equilibrium measure for E, such that M’ is the p-equilibrium function for
E, 1e.

THE MAIN RESULT

Theorem 1 (Characterization of equilibrium measures, [2]).

(i) Let B C OT and pn = p” be its p-equilibrium measure. Then,
for every a € E(T'),  solves the following equation:

My(@)P/7 (1= 1My (b(a))) = &y alp). (1)

(ii) Let o € M™(OT) be a solution of (1). Then, there exists an F,
set I/ such that p is its p-equilibrium measure.

The necessary condition (7) is a quite straight forward consequence
of some rescaling properties of capacity on subtrees. The main result
is the opposite implication, where one has to cerefully deal with the
so called irregular points, namely that exceptional set on which the
potential is not equal to one. According to the beautitful probabilis-
tic interpretation of capacity given in [3], (i¢) can be reformulated
saying that it exists an F, set such that u is given by the distribution
P(lim, 500 X, = ¢ € E; X,, # o0 Vn), where X,, is the symmetric
random walk on 7T, starting at e(w).

THE CASE p = 2: SQUARE TILINGS

Hiw)

Theorem 2 ([2]).

In the linear case p = 2 our result can be re-interpreted in terms of square tilings of a rectangle. The relationship
between graphs and square tilings has already been studied by many authors. In particular, an important result
[4] consists in associating a square tiling to the boundary of a planar graph. However, the opposite implication
seems to be new, even in the linear case.

(i) Let u" be the equilibrium measure for E C OT. Then, there exists a square tiling of a rectangle R
having sides 1 and co(F), where the combinatorics of the tilings are prescribed by 'I" and the square ()(«) associated
with the edge o has side " (0T, ). Moreover, if we replace T by its subtree Ty having edges o s.t. u* (9T,) > 0,
the tiling does not have degenerate squares.

(11) Viceversa, suppose a rectangle R is square-tiled with combinatorics given by a rooted tree T', and assume the tiles
are not degenerate. Then there exists an F, subset E of T such that co(E N 9JT,,) > 0 for all edges o, and that the
measure (1(0T,,) = |Q(a)|*/2, where |Q| is the area of Q, is the equilibrioum measure of E.
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