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It follows immediately that F* has LP-boundary values with [F| = h on 0D, therefore we actually have
IE N ere = |IAllLe- =

An analytic function /' on the unit disc is called an outer function, if there exists a non-negative function
h on 6D such that |logh| € L' and

F(2) := elJz &5 logh(¢) dm(¢))

2. ENTIRE FUNCTIONS

2.1. Some basic facts. We start with some definitions. A function f : C — C is called entire, if it is
holomorphic in the whole complex plane. A typical example would be a polynomial Zg:o anz™, or an
exponential function e*. Given an entire function f define

My(r) == Ei};lf(zn

A polynomial of degree N has exactly N zeros and grows like |z|"V. For a general entire function the situation
is much more complicated. The main goal here is to establish some basic facts about connection between
zeros of an entire function and its growth.

Proposition 2.1 Assume that f is entire and

lim inf M =)
r—oo TP

for some non-negative p. Then f is a polynomial of degree no larger than p.

Proof. The statement follows immediately from the Cauchy inequality

M
len| < # n>0
T

where f(z) = 3.7 cn2". mThe order ps of the entire function f is the infimum of such A > 0 that

I

My(r) < e

In other words, for every positive ¢ one has My(r) e”’ ™ and there is a sequence {ry} — oo such that

M;y(r) 2, e™ ™" or, finally,
log log M
pf = limsup 08 08 VA7) f(r).

r—o0 10g r
We complement this characteristic by measuring the growth in a finer way. Namely, let oy be the infimum
of such A > 0 that

M;(r) S et
we call it the type of f. As before,
log M¢(r)

oy = limsup -y

T—00
If o5 = oo, then the function f is of mazimal type, for oy = 0 it is of minimal type, otherwise it is of normal
lype. Entire functions of order ps =1 and normal type oy are called entire functions of exponential type o.

Lemma 2 Let f(z) = 3°° 2" be an entire function. If

M (f) S e

Ap\ »
len] S <Q> -
n

On the other hand, if the coefficients satisfy the asymplotic inequality above, then one has
Mj(r) < elA+or”

Jor some A,p > 0, then

for every positive ¢.




Proof. Part 1. By Cauchy inequality and our assumption on the growth we have

|Cn,| 5 eAr”—nlogr.

The right-hand side is minimal for rf = Alp. Plugging this into the estimate for the coeflicients we obtain

the desired inequality.
Part 2. We may assume that cg = 0, and the coefficient estimate holds for all n (we can always substract

i <eArp>’”“

m=1

a polynomial). In that case we have for |z| =7

s 3 () =3 <A)

n=1 n=1 p

S [3

after a suitable change of variable. By Stirling’s formula

renccy Axs

)m+1 p(m+1)

< CelAte)r
m! -

with C = C(e).
Corollary 2.1 The order and type of an entire function can be computed as follows

. nlogn
ps = limsup ————,
n—oo  |og (ﬁ)

1 p
o5 = — limsup (n|cn[7) .
Pf€ n-ooo

2.2. Jensen formula. Assume f is an entire function. Fix some R > 0. By rescaling in the Poisson
representation formula on the unit disc we obtain

1 2T 0 R2 - 72
Rf(z) = or J, Rf(Re )R2 — 2Rrcos(t — 0) +r? ”

for z = re® with 0 < r < R. Since
R? —1r? C+z

R? — 2Rrcos(t — 6) + r? - §RC -

with ¢ = Re', one has
1 27 )
)= E/o 5)&‘:,[(11249)?r do + i £(0).

Now let {2} be the zeros of f, counted with respect to their multiplicity, and ordered according to increasing
modulus. Fix some R > 0 such that |z,| # R,n € N, and consider

)= £(2) HR

where N = N(R) is the amount of zeros inside {|z| < R}. The second term in the product is just the inverse
of rescaled (to the disc of radius R) Blaschke product for the unit disc, generated by first N zeros of f.
Clearly, ¢ does not vanish in this disc, and

1 27 ) R
log p(z) = 5 R(log (Rele))Re‘ do +iC,
2T Jo

where C = $log ¢(0). Hence for z ¢ {z,} one has

1 2" — Zn
1ogf(z):%/o log | f|(Re d@+Zlog =) 16,

oA

4 n<

sSo we obtain
R(z — zy)
R?2 -7,z

k]

N 0\ Y + 2
gl f1(2) = 5= | toelI(R 9)—d0+Zlou




or the Poisson-Jensen formula.
Assume for a moment that f(0) # 0. Then, plugging z = 0 into the formula above we get

1 2w " ’ |
g 10) = 3= | tezlfi(Re’ )d0+21

Define N, to be the counting function of zeros of f, i.e. Ny =4f({2,}3° N {|2| <7}). Then

N R R
z N,
—Zloglil:/ 1og§dNT:/ [—':dr
el R 0 T 0 ‘i

after integrating by parts. Therefore

R N, 1 2m )
(19 [ Zrar= o [ toglfire?) do - tog|110),
0 r 2w 0

which is Jensen formula. In particular, if f(0) = 1, then

eR N. 1 27
/ —dr < — log M¢(eR)df = log M¢(eR).
0 0

r 2m
On the other hand, fOeR —Ai—* dr > Ng, therefore we have

Ny < log M (er).

2.3. Factorization of entire functions. Assume that a sequence {z,} of complex numbers not containing
0 satisfies

for some p € Z,.. We define the Weierstrass primary factor G(w,p) as follows
G(w,p):=1—-w, p=0, weC;
P wk
G(w,p) == (1 —w)eXk=1 %, p>0, weC.

Proposition 2.2 The infinite product

(z) == H G (;,p> , z€C,
n=1 “n

converges uniformly on compact sets to a non-zero entire function.

Proof. If |w| < %, then, clearly,

o0

|log G(w, p)| Z < 2|w[P*.

It follows immediately that ngl G (j:,p) converges absolutely in closed disc of radius R > 0 for every R.
- .

Theorem 2.1 (Hadamard) Assume that f is an entire function of order p = py, and {2,} is the sequence
of its non-zero roots. Then there exist integer numbers p,q < p, and a polynomial Py of degree q such that

. o= fle(2a). -ec

where m is the multiplicity of the root of f at the origin.




Proof. By removing the zero at 0 if needed we may assume that £(0) 76 0, i.e. m = 0. Recall that

1 27 . 2 *7
logf(z)zﬂ/o 10g|f|(Re’9)Re te d0+ Z 10cr )+iC

2 _ %
z.|<R nd

for any R such that the respective circle does not hit the zero set. After differentiating this formula p+1 :=

[p] + 1 times we obtain
2Ret® 1zp+1 !
 Fz)PHD) = (P + 1) . 10 2Re p:zy B p:
log f(2) | loglfl(ke ) Re® — v iy > (=2~ i)

|zn|<R

Taking r := |7| we see that

log f(z)P*+D) 4 Z ;W <Gy <Iog1V[f(R)

lzn|<R T

R Ng
(R—r)p¥2 T (R r)pr1 >

By previous estimates it follows that the right-hand side tends to zero, as R goes to infinity. In particular,

o0

1 p!
log f(2)+1) = -}~ G =20

n=1
and this series converges absolutely for z ¢ {2,}. Now we integrate back p times (along some curve from 0
to z, taking care not to intersect any cuts that were made to define the logarithms), arriving at

00 3 4 k:
Iogf(z)zZ(log(l—Z)—%Zk k>+P()

n=1

for some ¢ < p. m Now consider a sequence {zn} C C of non-zero complex numbers, such that
= 1
; < o0
2 LP

for some A > 0. The smallest such A is called the convergence ezponent of the sequence {z,}. Let NN, be the
counting function of {z,} and let

log N,
p1 = limsup " ;

r—00 og

Lemma 3 Let the series ) - I T |A converge for some positive \. Then the integral fo ,\11 dr converges,

and
. r .
AL, x =0
Also the convergence of {z,} coincides with the order of its counting function.

i": 1 _/°° dN,
n=1 Izn * 0 7“’\ -

R 00
dN, Ng Nz
/0 7’)‘ = ﬁ + /\,/0 —X-H dr.

The second statement follows from the estimate /\+1 <A f TMI

Let Ag be the convergence exponent of the sequence. The inequality p; < Ag follows immediately from the
previous statement. On the other hand Ny S P17 for any € > 0. It follows that the integral fo )\+l dr
converges for A = p; +¢,

Proof. Clearly

Integrating by parts we obtain

are done. m
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