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e convexity;

e sub-harmonicity and the conjugate function
inequality;

o Burkholder and differential subordination of
martingales;

e Bellman functions and the characterization of
Carleson measures.

N. Arcozzi Differential Inequalities vs. Integral Inequalities



R > R
!Lp({?-e)x-réy)sQ-e)"f[xﬂrrt’VV[r};’/ vebel
[€[Xtyye Y W]
L ot i 2

4

R T

| ¢ e
T 9(% o) f {
To”:,

(X, ): pager=)

N. Arcozzi Differential Inequalities vs. Integral Inequalities



Jensen

CORMVEX Fuwvcerions ARD TEwSew'c wWeQuaLITy

R > |R

PEF | ‘(’((I—Ver)x}é,v) siai- g)i“f[xﬁ[(é(y}jﬁ/ Debe

i/“’["‘—*;*)s "fé‘); VZ‘?}?

4

() v

(X, m): M&(;:Zfi

3
Ry ———
vy

Ly

N. Arcozzi Differential Inequalities vs. Integral Inequalities



Jensen

WDV T8

IW@ Hx+eu g e)?&)+t?@)<

—————————— e;l/; i [(((ZV—L
! | .
X ¢
i ?(—*—“l Y1 ‘/wi 5
T Tt T
ron ndaw, riig, mff "
{ B T ‘:SU“ML f‘lrp/( ' ! ;w& 4 dﬂ (Vi)()ﬁd
]| Yo | | |
[ S—— [Lf((' &)X-’éy)tMAgJ (/[x, (f['ﬂ;‘f}
w'r f, - 0<é<; g
TitE

Al Q(‘:‘,“ r {:’“G’,u!_ﬂkil?.,\/)
¥ Max,y)ec!

I
V Is cowv gx
N’ i

N. Arcozzi Differential Inequalities vs. Integral Inequalities



SCHWAR 2

2
m]. 9

= MUt kK

N. Arcozzi Differential Inequalities vs. Integral Inequalities



sub-Harmonicity

Consup b L" unckipar ITwa u\j-v{u[,/l'_/._.r l¢ P4 oo
T 4= Vil
0o c ¢ it) w P
' > ! it
o o gﬁl"’@ M“C (]v(e )4y
AR , 192 7 "or
1933
Ve A p ROW 194® ¢
/‘1 Fs)tﬁu ]W[;\) Al
V) - n =y - ’tvnw/c(p Q—f!{, >
tr e, E-2] R.BALD E B wlibe 14 Wik
% 2¢
by mi oy ~. . [
z Tayr ‘lnt"__> E \/l\[nllvt 5‘#“0‘”7‘ v,lht‘gthf
nyo 12k 77)
AP $)
vl = [ ). wt(51) ds

2

N. Arcozzi Differential Inequalities vs. Integral Inequalities



sub-Harmonicity

P STEIN's PROOF (1835K)

DLt -E R 6 supmhetriomic
- : YAd6<co DI

S\ !J,n-:}v..”‘.w Y g @-(w_,reié).rdt < 6'((4))
;‘A(&o;), D6of [1!,2’ ID(W, v) ";}?ff MvpP

WHAT IS THE (AN) ASSOCIATED )

R ;‘ INTEGRAL INEQUALLTY
N ™
T it
15 e ;’;5" G(le**)) dt ¢ G(V(co;) |
€5\ L S

N. Arcozzi Differential Inequalities vs. Integral Inequalities



sub-Harmonicity

0o GW) = Glusiv)= Iwl—cl yr
1< Svp- Harm i - .

A6W) = p- [p;wn' ‘_ p-nivi”]
= prwit v P ] co

for—— , )
IX) 6'(0)=0.f More : 6-(V+i-o):lvlpé—f,l)<a

Hewee : "b i€
ence: L g)v(c) DAL U]

\
€ —

12 L

* -'—r-r f GUED A < 640 = 6 @) <o :
T

| Ul MH e € (7 )" nu»Lmi

.
N. Arcozzi Differential Inequalities vs. Integral Inequalities

il g <F-1ve



sub-Harmonicity

), r
SENS K
. ,
1 W
4k S W
>
H
M(o) ¢

THEWN - B ity ©
o e

THER E

-~

(
Cp
P

A/ VEW P ‘ fvl q £/)
A N
Er . rECI AL b
M
& ——= IR 57
Jvie™)I™] 4
(A) k) ;
N~
W H A AN |

_ pa -
[ 4 /.
Sg_ "/ z P ¢

N. Arcozzi Differential Inequalities vs. Integral Inequalities



sub-Harmonicity

\
L \9 (’()g
A Uu+Z // \\N
LR f’/; ’k% {\9 « S \
/ (W) * AN
/ . Wk
/N
\ M
. X -
N
His v /
ruj:}utfﬁu d: /nnd,
s

H(w)= Uf-w)

N. Arcozzi Differential Inequalities vs. Integral Inequalities



martingales

B\ RURKHOLDER :LF mequaiTIEL Fop
DIFFERENTIALLY SVBORDIN4TE MARTINGA¢ES

n
{== "17 )
I do wTTL, S A MARTIWGAL &
——— - n
o I ) 0o P A
A T C D ANOT e .
M Vn )t ? ubﬂ M"[(T""[’A/é
v ,‘/‘c (Ar
ril’ -
aall, T
. 9: IE[&J]"& -I 2
—
= U,
‘I:__,“I; h 1P |
v (¢ MY) | V'n
-1 " é = . )
s eamad "12 h U(" V"v) )“h.‘t‘/
- o(\n 15 ‘-C/",".“.",,f\ NT Oow
EAcy TM™
BuzzworD: d ' b — e D<»é,3n_/
HAAR WAVELgT S Y
—

N. Arcozzi Differential Inequalities vs. Integral Inequalities



martingales

Psl,’f’*«li("ﬂé’f 198 L |< P< e FRWF 1988

[ Said i, i n;l%{f" .
R S

G;O(: F‘»! (P" -

R svppose I R* He
TG H, ; Gly) e Hyln)
< B lelglhl=> E=> H (K+th, yotl) 1 CoNcavE
4 \\
/R Hy(0,0) ¢ 0
(%A

N. Arcozzi Differential Inequalities vs. Integral Inequalities



martingales

2lE-2A6 MARTIVNEALES .,
o(”e?:il} s T “"‘ﬁ""\v‘zr ALE, J’w: S d,

l’ -
n B U S

- —t
DEFINES A  216-244 :

(7N
19
'
'S 3, 4
e

T!{ -l rg
”

-

E[H: (4,905, ]_IE[H,(J) LMY STE AR
T2 LMl ® 990 Ha(426, 8,200 M6, 9..)

N. Arcozzi Differential Inequalities vs. Integral Inequalities



martingales

END OF THE PROOF

E (912040 141") = E 64,.9,) < E W, 8,)
= { B[, 3009, T8 CE R, (£ 9,.)
£ ¢ IE Hzé{o, %)= IE H Co0) <O

WHERE IS THE DIFFIcVLTx?
FINPING Hy :

Hofo9) = p (- ,';,)P'.'(lw—-(}"—;)m).éx; noy
-3 4 (@, e) Hese H,é(,w)[‘;) co ifldlzle]
IT EH(49,)¢ Mo 4 §9,3¢ 14

e e

N. Arcozzi Differential Inequalities vs. Integral Inequalities



martingales
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Some readings

47 articles in MR with Bellman functionin the title since 1997 (non exhaustive list).

92 preprints in Arxiv with Bellman functionin the title (only artially overlapping with the above).

Zygmund, A. Trigonometric series. Reprint of the 1979 edition. Cambridge, 1988.
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