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Chapter 1

Stochastic Hamiltonian
Systems

The microscopic deterministic nature of Hamiltonian systems poses a formidable
problem when applied to statistical systems where the number of degree of
freedoms prevents the solution of the motion equations. A possible approach is
to consider the dynamics of a single particle and to introduce the interactions
with other particles in an effective way. This approach has to consider some
physical constraints: e.g. the existence of a preserved energy of the system
during the interactions. We assume that the test particle dynamics is described
by a time dependent Hamiltonian system

H(x, t) = H0(x) +Hint(x, y(t)) (1.1)

where H0(x) is the average energy of the system associated to a particle in
the dynamical state x (it considers the interaction with the other particles as
environment) and H1(x, yα) is a local interaction potential with a particle in
the state y(t). The interaction potential acts for a very small amount of time
τ (local collisions) and the states y(t) can be considered a stochastic process
(molecular chaos).
If collision time scale τ is much less then the evolution time scale of H0 we can
separate the collision dynamics from the evolution and applying the CLT to get
an effective description of the collision effects.
The concept of thermal bath is related to the definition of temperature and the
Maximum Entropy Principle: the physical equilibrium is characterized by an
exponential distribution of the energy states H0(x) with a characteristic energy
given by the temperature T . Let x any microstate we have the MB equilibrium
distribution

ρs(x) ∝ exp

(
−H0(x)

T

)
where the proportional constant is the partition function

A(T ) =

∫
exp

(
−H0(x)

T

)
dx

assuming it is convergent. The MB distribution is related to the fluctuation
dissipation relation discovered by Einstein: in a physical system we simulate
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the collision dynamics by

q̇ =
p

m

ṗ = −∂V
∂q

− γp+
√
2mγTξ(t)

(1.2)

where γ is a friction coefficient for the energy

H0 =
p2

2m
+ V (q)

Using the stochastic dynamics we get

∆H0 = − γ

m
p2∆t+

p

m

√
2mγT

∫ t+∆t

t

ξ(s) ds+ γT

(∫ t+∆t

t

ξ(s) ds

)2

+ o(∆t)

The fluctuations ξ(t) are characterized the correlation function:

⟨ξ(t+∆t)ξ(t)⟩ = 1

2τ
e−∆t/τ → δ(∆t) τ → 0

τ is a correlation time scale that → 0 in the white noise limit. An explicit
integration gives∫ t+∆t

t

ds

∫ s

t

du⟨ξ(s)ξ(u)⟩ = ∆t

2
+
τ

2

(
e−∆t/τ − 1

)
≃ ∆t

2

assuming ∆t ≫ τ . We denote by ∆wt the fluctuation term integrated over a
time interval ∆t in the white noise limit.
The emergence of dissipation γ follows from the physical conservation laws of
collision dynamics. If we consider the average energy evolution

⟨∆H0⟩ = −2γ

m

〈
p2

2m

〉
∆t+ γT∆t

in the white noise limit. We observe that the dissipation and the fluctuation
term coincides if we define the temperature ⟨p2/2m⟩ = T/2 in the equilibrium
state. The Einstein relation has deep consequences: if we consider the Fokker-
Planck equation for the evolution of the single particle distribution function

∂ρ

∂t
= −DH0

ρ+ γ
∂

∂p
pρ+mγT

∂2ρ

∂x2

where DH0
is the Lie derivative for the Hamiltonian H0 (DH0

F = {F,H0}, the
stationary solution for the distribution is

ρs(x) = A−1(T ) exp

(
−H0(q, p)

T

)
A(T ) =

∫
exp

(
−H0(q, p)

T

)
dq dp

(1.3)
The momentum distribution is Gaussian and it follows∫

p2

2m
ρs(q, p) dq dp = T
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The stochastic dynamics describes an ensemble of colliding particles in a thermal
bath of temperature T , so that the FP equation describes the relaxation process.
The equilibrium state is consistent with a thermodynamic description: let β =
T−1 by definition we get

∂

∂β
lnA(β) = −A−1(β)

∫
H0 exp

(
−H0(q, p)

T

)
dq dp = ⟨H0⟩ = E(T )

where E(T ) is the internal energy. The we can identify the Helmholtz Free
Energy

F = E − TS − T lnA(T ) = F

where S is the Entropy. We recall that F defines the equilibrium states of the
system in a thermal bath, so that if F (η) where η is a parameter that classifies
the microstates, one can study the phase transitions using the bifurcation theory
on F (η). The definition of Entropy follows

S(T ) = −∂F
∂T

= lnA(T ) +
E

T
= −

∫
ρs ln ρs dq dp (1.4)

since

ln ρs = − lnA(T )− H0

T

Remark: in the entropy definition it is understood that all the microstates are
equivalent so that the invariant measure for the Hamiltonian dynamics is the
Lebesgues measure. The distribution ρs(T ) is the maximum entropy distri-
bution with the constraint that ⟨H0⟩ = Ē. Using the Lagrangian multiplier
methods we get the condition

δ

[
−
∫
(ln ρs + λH0)ρs dq dp

]
= −

∫
(ln ρs + λH0)δρs dq dp

and it follows
ρs ∝ exp(−λH0)

where λ = 1/T has to be computed inverting the relation E(λ) = Ē.
To generalize this framework we write the stochastic dynamics of a thermal bath
in a more general form (we set m = 1)

ẋ = DH0x+
√
2TγDH1xξ(t)− γ{H0, H1}DH1x (1.5)

where H1 = q. We compute the energy dissipation

⟨∆H0⟩ = −γ⟨{H0, H1}2⟩∆t

and the energy fluctuations〈
(H0 − ⟨H0⟩)2

〉
= 2Tγ⟨{x,H1}2⟩∆t

We have the generalized condition〈
{H0, H1}2

2

〉
= ⟨{x,H1}2⟩T



6 CHAPTER 1. STOCHASTIC HAMILTONIAN SYSTEMS

which defines the temperature T according to the Einstein relation. The FP
equation associated to the Hamiltonian (1.5) in the Stratonovich interpretation
is written in the form

∂ρ

∂t
= −DH0ρ+ γDH1{H0, H1}ρ+ γTD2

H1
ρ (1.6)

using the relations

∂

∂x
DH0

xρ =
∂

∂xj
Jjk

∂H0

∂xk
ρ =

∂ρ

∂xj
Jjk

∂H0

∂xk
= DH0

ρ

and

∂

∂x
{H0, H1}DH1

xρ =
∂

∂xj
{H0, H1}ρJjk

∂H1

∂xk
= DH1

{H0, H1}ρ

Then the stationary solution is computed by choosing ρs(x) = ρs(H0(x)) so
that we get the condition

γDH1{H0, H1}ρs(H0) + γTD2
H1
ρs(H0) = 0

We consider the sufficient condition

{H0, H1}ρs(H0) + T{H0, H1}
dρs
dH0

= 0 ⇒ d

dH0
ln ρs(H0) = −T

and we recover the MB distribution. We remark that the stochastic equation
has a covariant form in the Stratonovich interpretation: a canonical change
of variable x = T (y) in the white noise limit is covariant with respect the
Stratonovich interpretation (see later).

1.0.1 Physical meaning of the stochastic equation

The stochastic differential equations cannot be directly studied with the meth-
ods of the dynamical systems theory due to the not physical characters of the
Wiener process. From one hand they cannot be used as fundamental laws of
Physics, but from the other hand they are a fundamental tool for a ”mesoscopic”
approach the physical problems and for a formulation of non-equilibrium Sta-
tistical Mechanics (Stochastic Thermodynamics) in Complex Systems Physics.
The irreversible character of the stochastic dynamics allows to introduce the
time arrow and the entropy concept in a natural way, but this is incompatible
with the principles of classical mechanics for isolated systems. From a different
point of view, one can say that the stochastic equations destroy the idea itself
of isolated system: more precisely the ”particles” are continuously affected by
unpredictable small perturbations from the external environment (i.e. the con-
cept of environment means the hidden degrees of freedom). The time reversing
operation would imply to reverse the dynamical state of the whole environment
(i.e. the whole universe) not only of the system particles. As a consequence even
if the reverse dynamics is possible, but it is practically impossible to observe.
It is also important to remark that any experimental measure concerns average
quantities (both in space and time) of extensive or intensive observables, whose
evolution does not necessary preserve the properties of Hamiltonian Mechan-
ics. One assumes that the environment degrees of freedom satisfy the following
conditions
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� the microscopic dynamics should have a strong chaotic character (sensitive
dependence from the initial conditions and/or from the environmental
conditions);

� the macroscopic dynamics is affected by the environment through an ad-
ditive term.

When both the hypotheses are verified, the stochastic equations can be used
as a mathematical model for Statistical Mechanics of physical systems and it
is possible to include some principles of Classical Mechanics. One of the prob-
lems is to reconcile the Hamiltonian nature of the Classical Mechanics, which is
strictly related to the canonical character of the evolution equations, with the
non-differentiable nature of the Wiener process, which describes the continuous
innovative character of stochastic effects (statistical independence of the future
from the past and irreversibility of the time arrow). We assume that the mi-
croscopic dynamics can be interpreted as the superposition of a deterministic
Hamiltonian dependent only on the particle dynamical state and an additive
stochastic term, whose amplitude depends only on the particle dynamical state.
In a generic case one considers the a stochastic Hamiltonian in the form

H(x, t) = H0(x) +Hp(x, ξ(t)) (1.7)

where ξ(t) is a regular stationary stochastic Gaussian process (i.e. we assume
that the realizations ξ(t) are continuous and we assume < ξ >= 0) with a
correlation function

⟨ξ(t)ξ(t+ τ)⟩ = σ2ϕ(γτ) ϕ(γτ) ≃ γ

2
e−γ|τ | (1.8)

γ−1 is the correlation scale time, that defines the noise evolution with respect to
the characteristic time scale of the unperturbed dynamicsH0 (the average values
are taken over all the possible realizations of noise that can be associated to a
probability measure dµ(ξ) in a functional space according to the path integral
computation). We assume Hp(x, 0) = 0 so that the perturbation can be written
in the form

Hp(x, ξ(t)) = ξ(t)H1(x) +
ξ2(t)

2
H2(x) +O(ξ3) H2(x) =

∂H1

∂ξ
(x)

where we are interested in a small noise limit. We approximate the initial system
by the Hamiltonian

H(x, t) = H0(x) +H1(x)ξ(t) +
ξ2(t)

2
H2(x) (1.9)

We recall the white noise limit γ → ∞ where the noise variance diverges

lim
γ→∞

ϕ(γτ) → δ(τ)

In the white noise limit we have

lim
γ→∞

〈∫ τ

0

ξ2(t)dt

〉2

= σ2τ
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An explicit calculation gives〈∫ τ

0

ξ(t) dt

〉2

= σ2 γ

2

∫ τ

0

dt

∫ τ

0

dse−γ|t−s| = σ2

∫ τ

0

(1− e−γt)dt

and 〈∫ τ

0

ξ2(t)dt

〉2

= σ2

(
τ +

e−γτ − 1

γ

)
Then letting in the limit γ → ∞ when τ is fixed, we get the result σ2τ . We
observe that the limit changes if we correlate the value of γ and τ (i.e. as we
can fixed the product γτ is the limit). For example if we fix γ the limit τ → 0
gives

lim
τ→0

〈∫ τ

0

ξ2(t)dt

〉2

≃ σ2 γτ
2

2

that has different limit. This result is related to different physical models: if
τ ≫ γ−1 means that the evolution time scale is much greater than the fluctu-
ation time scale and we can average over independent fluctuations. This is the
diffusion limit where the mean square value of the fluctuations increases ∝ τ .
In the white noise limit σ2 plays the role of temperature. On the contrary if
the evolution time scale is τ ≪ γ−1 we have the ballistic case where we cannot
average on the fluctuations that are an external forcing for the solution. In this
case the solution is strongly dependent on the noise realization. Another case
is when γτ = 1 and we have the limit

lim
τ→0

〈∫ τ

0

ξ2(t)dt

〉2

≃ σ2 τ

2

This is a diffusion limit, but the fluctuation time scale is of the same order of the
evolution time scale: i.e. the environmental fluctuations could be induced by the
particle dynamics itself. This is the expected case for Hamiltonian systems. As
a consequence of the previous remark, the white noise limit has not a covariant
character so it does not commute with changes of variable.

Without loss of generality, we neglect H2(x) in the following since its contribu-
tion is equivalent to an average contribution

ξ2(t)H2(x) ≡ σ2H2(x)

in the white noise limit.

The Hamiltonian H0(x) is the particle energy whereas H1(x) is the perturba-
tion Hamiltonian (in Statistical Mechanics one assumes that H1(x) ≪ H0(x).
Moreover we consider the case H0(x) = E are compact invariant surfaces.

In applications to Statistical Mechanics each one considers an ensemble of inde-
pendent ‘particles’ (i.e. copies of the system) whose evolution is defined by the
Hamiltonian (1.9): i.e. any particles feel a different realization of the noise that
mimics the effect of the interaction with the environment. This assumption can
justified when the dynamics is non linear since the effect of fluctuations become
independent at different points of the phase space since they depend on the
non linear character of the unperturbed dynamics. For a given realization of
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the stochastic process ξ(t) the evolution follows a symplectic dynamics for any
initial condition. Then the equations of motion read

ẋ = J

(
∂H0

∂x
+ ξ(t)

∂H1

∂x

)
= DH0+ξH1x (1.10)

where J is the usual symplectic matrix related to the canonical form of the
Hamilton equation

J =

(
0 I
−I 0

)
and DH is the Poisson bracket operator DHx = {x,H}. For any continuous
realization ξ(t), the stochastic phase flow x(t, x0|ξ) = Φt

ξ(x0) is defined by
symplectic maps (

∂Φt
ξ

∂x

)T

J
∂Φt

ξ

∂x
= J (1.11)

The symplectic character of the phase flow (1.10) has to be justified from a
physical point of view (i.e. one has to prove that for physical reasons the evolu-
tion must have a symplectic character since it represents a mechanical system).
This is the case when we simulate the diffusion process in the phase space due
to the local chaotic character of the dynamics. The evolution equation for the
unperturbed energy along the trajectories reads

∂H0

∂t
= ξ(t)

∂H0

∂x

T

J
∂H1

∂x

This equation is the backward equation for the evolution of the observable
H0(x, t) = H0(Φ

t
ξ(x)) along a stochastic trajectory for a given realization of

the noise (the name backward is due to the fact that x is the initial condition).
The solution can be formally written using the operator

H0(x, t) = exp

(
−
∫ t

0

ξ(s) ds
∂H1

∂x

T

J
∂

∂x

)
H0(x) (1.12)

where we use JT = J and the commutative nature of the Gaussian operators

ξ(t)
∂H1

∂x

T

J
∂

∂x

Remark: the fluctuation ξ(t) is a scalar function in the Hamiltonian, so that
any phase space variable is subjected to the same fluctuation and H1(x) is not
time dependent. Then we have the relation

DH(t)DH(s)f = {{f,H(s)}, H(t)} = {{H(t), H(s)}, f}+ {{f,H(t)}, H(s)}
= {{H(t), H(s)}, f}+DH(s)DH(t)f

so that the operators commutes if {H(t), H(s)} = 0. This is the case for the
Hamiltonian ξ(t)H1(x) so that the formula (1.12) holds.
However if we consider the evolution of a generic observable A(x) which is not
an integral of motion for H0(x) the complete backward equation is

∂A

∂t
=
∂A

∂x

T

J
∂H0

∂x
+ ξ(t)

∂A

∂x

T

J
∂H1

∂x
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and the corresponding operators do not commute at different time so that it is
not possible to write the solution in a exponential form.
The solution (1.12) depends on the Gaussian operator∫ t

0

ξ(s) ds
∂H1

∂x

T

J
∂

∂x

(we assume ξ(t) Gaussian), which has zero mean value and one can use the
equality

⟨exp(X)⟩ = exp

(
⟨X⟩2

2

)
which is valid for any Gaussian variable with ⟨X⟩ = 0. Then the average
observable evolution reads

⟨H0(x, t)⟩ =

〈
exp

(
−
∫ t

0

ξ(s) ds
∂H1

∂x

T

J
∂

∂x

)〉
H0(x) ≃ exp

[∂H1

∂x

T

J
∂

∂x

]2
t

H0(x)

where we use the equality (ξ(t) is assumed stationary)∫ t

0

∫ t

0

⟨ξ(s1)ξ(s2)⟩ds1 ds2
∂H1

∂x

T

J
∂

∂x

∂H1

∂x

T

J
∂

∂x
= 2

∫ t

0

∫ s1

0

c(s1−s2)ds1 ds2 ≃ t

and we perform the white noise limit

c(τ) ≃ γ

2
e−γτ γ ≫ 1

H0(x) = ⟨H0(x, 0)⟩ is the initial condition and we recognize the solution of the
partial differential equation

∂H̄0

∂t
=

1

2

∂H1

∂x

T

J
∂

∂x

∂H1

∂x

T

J
∂H̄0

∂x
(1.13)

Remark: in the case of parametric noise the solution is more complicated since
the perturbation Hamiltonian H1(x, ξ(t) produces non-commutative operators
and the evolution operator is not exponential.
The symplectic character allows to introduce the Poisson bracket or the Lie
derivative DH1

DH1
F = {F,H1} = −∂H1

∂x

T

J
∂F

∂x

In the canonical variable x = (q, p) and using the definition of J we get

DH1
F =

∑
j

∂H1

∂pj

∂F

∂qj
− ∂H1

∂qj

∂F

∂pj

and eq. (5.13) reads

∂H̄0

∂t
=

1

2
D2

H1
H̄0 =

1

2

∂H1

∂x

T

J
∂

∂x

(
∂H1

∂x

T

J
∂H0

∂x

)
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This equation holds for any first integral of motion of the unperturbed Hamil-
tonian. A particular case is the average dynamics when the observable is the
single state of the system

⟨Φt
ξ⟩(x0) =

∫
ξ

Φt
ξ(x0)dµ(ξ) (1.14)

We remark that the transformation Φt
ξ(x0) is a symplectic map but this is not

the case for the average value: indeed the symplectic condition reads (1.11)

∂Φt
ξ

∂x0

T

J
∂Φt

ξ

∂x0
= J

so that the average value cannot be applied to each factor independently and the
map (1.14) is not symplectic. From the Hamilton equation (1.10) the average
procedure gives

d

dt
⟨Φt

ξ⟩ = J
〈
H0(Φ

t
ξ)
〉
+
〈
ξ(t)H1(Φ

t
ξ)
〉

and in the white noise limit one gets

⟨Φ∆t
ξ ⟩(x0) ≃

〈
exp

(
∆tDH0

+

∫ ∆t

0

ξ(s)DH1
ds

)〉
x0 + o(∆t)

= exp

([
DH0 +

1

2
D2

H1

]
∆t

)
x0 + o(∆t)

By iterating this operator we can construct the solution x(t) in the limit ∆t→ 0

x̄(t) = exp

([
DH0

+
1

2
D2

H1

]
t

)
x0 + o(1)

This corresponds to the solution of the differential equation

˙̄x = DH0(x̄)x̄+
1

2
D2

H1(x̄)
x̄

whose character is not Hamiltonian. This is the average field approximation for
the white noise limit.

1.1 Stochastic phase flows and diffusion equa-
tion

When one considers the white-noise limit the stochastic phase flow Φt
ξ can be

associated to a stochastic differential equation that can to be derived from the
stochastic Hamiltonian (1.9) to preserve the symplectic character in a prob-
abilistic sense. The phase flow of the canonical equations (1.10) defines the
stochastic phase flow

x(t+∆t) = exp (∆tDH0 +∆ξDH1)x(t) (1.15)

which is symplectic.
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Remark: ∆ξ is the increment of the stochastic process for a time ∆t; for a
differentiable noise we have ∆ξ ∝ ∆t, but this is not true in the white noise
limit since ∆ξ ∝ √

γ∆t with γ → ∞. In the white noise limit we consider
∆t→ 0 but γ∆t finite (i.e. the discretization time scale is of the same order of
the correlation time scale), so that ∆ξ ≃

√
∆t and it is necessary to consider

the second order terms in the development. Using the operators DH the explicit
expansion reads

x(t+∆t) = x(t) +

[
∆tDH0 +∆ξDH1 +

∆ξ2

2
D2

H1

]
x(t) +O(∆t2,∆ξ3)

≃ exp (∆tDH0
+∆ξDH1

)x(t) +O(∆t3/2)

where

∆ξ =

∫ t+∆t

t

ξ(s) ds

The relation holds in a statistical sense and in the white noise limit ∆ξ → ∆wt

and ∆ξ2 → ∆t where wt is a Wiener process (the limit is not a pointwise and
it has to be considered a weak-convergence in a probabilistic sense) and the
previous relation defines the Euler scheme for a stochastic differential equation.
Then in the limit ∆t→ 0 one gets the stochastic differential equation

dx = DH0
xdt+DH1

xdwt +
1

2
D2

H1
xdt = DH0

xdt+DH1
x ◦ dwt (1.16)

Remark: dwt is a scalar stochastic process.
The equation (1.16) has not the canonical form (1.10), but its solution is stochas-
tically equivalent to a symplectic phase flow in the sense of a L2 mean square
norm. The proof consider the possibility of representing a symplectic transfor-
mation using a Lie transformation

Φ∆t
wt

= exp (DH0
x∆t+DH1

x∆wt)

where ∆t and ∆wt are given (in a simulation one has to choose the increments
∆wt independent each time step). Then we approximate

exp (DH0
x∆t+DH1

x∆wt) = DH0
x∆t+DH1

x∆wt +
1

2
D2

H1
x∆t+O(∆t3/2)

in a L2-average norm. Then in the limit ∆t → 0 one iterates the previous
scheme at a finite time t = N∆t with an error O(

√
∆t) → 0.

It is possible to relate the equation (1.16) to a canonical form, by introducing
the Stratonovich stochastic integral∫

σk(x) ◦ dwt =

∫
σk(x)dwt +

1

2

∫
σl(x)

∂σk
∂xl

(x)dt (1.17)

so that if we set

σk(x) = Jkl
∂H1

∂xl

the equation (1.16) can be written in a canonical form

dx = DH0
x dt+DH1

x ◦ dwt
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using the Stratonovich integral instead of the Ito stochastic integral. The
Stratonovich equation recover a covariant form with respect to a symplectic
change of variable y = T (x): using the Ito formula we have

dy =
∂T

∂x

(
DH0(x)x dt+DH1(x)x dwt +

1

2
D2

H1(x)
x dt

)
+

1

2

∂2T

∂x2
(
DH1(x)x

)2
dt

By definition of symplectic transformation we have

∂Ti
∂xk

∂H

∂xl

T

Jlk =
∂H

∂yn

T ∂Tn
∂xl

T

Jlk
∂Ti
∂xk

=
∂H

∂yn

T

Jni

so that
∂T

∂x
DH1(x)x = DH1(y)y

Using the same algebraic properties it is possible to show

∂T

∂x
D2

H1(x)
x+

∂2T

∂x2
(
DH1(x)x

)2
= D2

H1(y)
y

so we get the equation

dy = DH0(y)ydt+DH1(y)ydwt +
1

2
D2

H1(y)
ydt

which is the Stratonovich equation associated to the stochastic Hamiltonian
H0(y) +H1(y)ξ(t) is the white noise limit.
The statistical properties of any observable can be computed by the distribution
function

ρ(x, t) =

〈
ρ0(Φ

−t
ξ (x))

∣∣∣∣∣∂Φ
−t
ξ

∂x

∣∣∣∣∣
〉

=
〈
ρ0(Φ

−t
ξ (x))

〉
since Φtξ(x) is a symplectic map, where ρ0(x0) is the initial probability distri-
bution of the system and Φ−t

ξ (x) the inverse of the stochastic phase flow with
ξ(t) given. The evolution of observables gives

Ō(t) =

∫
⟨O(Φt

ξ(x0))⟩ρ0(x0) dx0 =

∫
O(x)

〈
ρ0(Φ

−t
ξ (x)

〉
dx

To compute the evolution equation of the distribution function one considers
the stochastic Liouville equation. We require a stationarity condition on the
system: for any realization ξ(t) and any time t0, there exists a realization ξ′(t)
such that

Φt0+t
ξ(t0)

= Φt
ξ′(t0)

(i.e. the evolution is homogeneous in time). The stationary condition implies
that the statistical properties of the evolution are invariant with respect to the
choice of the initial time. The knowledge of Φt

ξ(x) gives a complete information
on the system, but in many cases it is enough to know the distribution function
ρ(x, t) that gives the probability to detect a particle at x after a time t given
its initial condition ρ0(x) = δ(x − x0). For a fixed regular realization ξ(t) the
evolution of the distribution function ρξ(x, t), is the solution of the stochastic
Liouville equation

∂ρξ
∂t

= − ∂

∂x
J

(
∂H0

∂x
+ ξ(t)

∂H1

∂x

)
ρξ =

(
∂H0

∂x
+ ξ(t)

∂H1

∂x

)
J
∂ρξ
∂x

(1.18)
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Remark: the validity of a stochastic Liouville equation strictly related to the
regularity of the stochastic signal ξ(t). More precisely if one considers the system

ẋ = σ(x)ξ(t)

the stochastic phase flow reads

x(∆t) = x+ σ(x)

∫ ∆t

ξ(s)ds+
∂σ

∂x
σ(x)

∫ ∆t ∫ s

ξ(s)ξ(u)du ds+ ....

We require that the following limit (at least in a weak form)

lim
∆t→0

1

∆t

∫ ∆t ∫ s

ξ(s)ξ(u)du ds→ 0

Assuming a correlation function

⟨ξ(s)ξ(u)⟩ = γ exp (−γ|s− u|)

we get〈∫ ∆t ∫ s

ξ(s)ξ(u)du ds

〉
=

∫ ∆t

[exp (−γs)− 1] ds =
1

γ
[1− exp (−γ∆t)]−∆t

and the required limit holds in average if

lim
∆t→0

γ∆t

2
→ 0

This means that one cannot perform the white noise limit γ → ∞ in the deriva-
tion of the stochastic Liouville equation. From a physical point of view, if the
correlation time scale γ−1 is of the same order of the evolution time scale ∆t,
then the stochastic Liouville is not justified. Conversely if γ∆t ≪ 1 then the
fluctuation ξ(t) can be considered a regular function and eq. (1.18) holds.
Remark: the time reversibility can be defined only in a statistical sense. For a
given realization of the noise ξ(t) one can consider the reverse realization ξ(−t)
at a fixed time t = 0; if there exists a realization ξ′(t) such that ξ′(t) = ξ(−t) the
system is stochastically time-reversible. The time reversibility property may be
too restrictive and in some cases one considers the reversibility condition only
when the system is relaxed into a stationary equilibrium state (Onsager Theory).
The equation (1.18) has the form of a continuity equation since the r.h.s. can
be written as the divergence of the stochastic current

Jξ(x, t) = −
(
∂H0

∂x
+ ξ(t)

∂H1

∂x

)
Jρ(x, t)

Let Φ−t
ξ (x) is the inverse of the phase flow Φt

ξ for a fixed realization ξ(t) (the
inverse exists as a consequence of the existence and uniqueness theorem for
the solution of differential equations), we can write the solution of eq. (1.18)
according to

ρξ(x, t) = ρ0

(
Φ−t

ξ (x)
)

(1.19)

where ρ0(x) defines the initial condition. The distribution function ρξ(x, t)
provides all the information for a statistical approach to the system. But in
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many cases the realization of the process ξ(t) is unknown so that one considers
the expectation value of all the possible distribution function. In principle there
is the problem to study ρξ(x, t) as a random function whose variance gives
information on the reliability of the expectation value.
In Statistical Physics one assumes that considering an ensemble of particles,
each particle is subjected by a different noise realization and the average on the
possible realization corresponds to the average on the ensemble when the proba-
bility distribution is weakly dependent on the initial conditions. The knowledge
of ⟨ρξ(x, t)⟩ gives all the information for a statistical mechanics approach to the
study of the considered systems and, from a mathematical point of view, this
means the existence of a generalized law of large numbers for a system composed
by many identical non-interacting particles. The classical result for statistical
systems containing N ”almost” independent particles is that the particle dis-
tribution function is well approximated by ⟨ρξ(x, t)⟩ with a statistical error of

order O(1/
√
N(∆V )) where N(∆V ) is the number of particles contained in the

volume ∆V in the limit N → ∞ and ∆V → 0. The average value is computed
by considering independent realizations ξ(t) distributed according to dµ(ξ). Of
course there are situations in which the fluctuations effects are important both
because the system contains a limited number of particles and because the in-
dependence assumption for the dynamics of different particles fails.

1.2 Diffusion equation for the distribution func-
tion

Deriving an evolution equation for the average distribution ⟨ρξ(x, t)⟩ is a key is-
sue for non-equilibrium Statistical Mechanics . We proceed in a formal way from
the stochastic Liouville equation (1.18). We takes advantage by the following
Lemma:

Given a stochastic Liouville of the form

∂ρξ
∂t

= −ξ(t)∂H
∂x

(x, t)J
∂ρξ
∂x

(1.20)

the solution can be formally written according to

ρξ(x, t) = T exp

(
−
∫ t

0

ξ(s)
∂H

∂x
(x, s)J

∂

∂x
ds

)
ρ0(x) (1.21)

where ρ0(x) is the initial distribution and T is the time-ordering operator (the
time-ordering operator is necessary due to the non-commutativity of the Lie
operators

DH(x,t) =
∂H

∂x
(x, t)J

∂

∂x

at different times (we have not this problem if H is time independent)).

To compute the expectation value with respect all the noise realizations, we use
the commutativity property of the T operator and the averaging computation.
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This is possible since the Liouville equation depends linearly from the noise ξ(t).
By expanding the exponential operator we get terms of the form

1

n!
T

〈(∫ t

0

−ξ(s)∂H
∂x

(x, s)J
∂

∂x
ds

)n
〉

(1.22)

We perform an explicit calculation in the case of a Gaussian process ξ(s) where
the stochastic fluctuation of the operator

D(t; ξ) =

∫ t

0

ξ(s)
∂H

∂x
(x, s)J

∂

∂x
ds (1.23)

are Gaussian and satisfy the cumulant relations. The non Gaussian character
can be considered when a Central Limit Theorem is applied to the fluctuations
in the dynamics (this is possible for small noise) so that we recover the Gaussian
distribution. Moreover according to eq. (1.9) ξ(t) is a scalar random process so
that it commutes with the derivative operator. Then the average over all the
possible realizations and the time-ordering operator commutes and using the
cumulant relations we get

1

n!
T ⟨(D(t; ξ))

n⟩ = 1

2n/2(n/2)!!
T
[〈

(D(t; ξ))
2
〉]n/2

where T acts on the operator that defines the variance. Introducing the operator

B(x, t) =
1

2

〈
(D(t, ξ))

2
〉

=
1

2

∫ t

0

ds

∫ t

0

du⟨ξ(s)ξ(u)⟩∂H
∂x

(x, s)J
∂

∂x

∂H

∂x
(x, u)J

∂

∂x
(1.24)

we get the equality (n is even otherwise we have no contribution)

1

n!
T ⟨(D(t; ξ))

n⟩ = 1

n/2!
[B(t)]n/2

In the case of a Gaussian process from the equation (1.21) we derive the relation

⟨ρξ(x, t)⟩ = exp (B(t)) ρ0(x) (1.25)

In the white noise limit, the operator B(t) can be explicitly computed

B(x, t) =
1

2

∫ t

0

ds

∫ t

0

duδ(s− u)
∂H

∂x
(x, s)J

∂

∂x

∂H

∂x
(x, u)J

∂

∂x

=
1

2

∫ t

0

∂H

∂x
(x, s)J

∂

∂x

∂H

∂x
(x, s)J

∂

∂x
ds

and we have the formal identity

⟨ρξ(x, t)⟩ = exp

(
1

2

∫ t

0

∂H

∂x
(x, s)J

∂

∂x

∂H

∂x
(x, s)J

∂

∂x
ds

)
ρ0(x) (1.26)

The following Lemma holds:
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Given a stochastic Liouville of the form

∂ρξ
∂t

= −ξ(t)∂H
∂x

(x, t)J
∂ρξ
∂x

where ξ(t) is a Gaussian noise with correlation function (1.8), in the limit of
a white noise for the process ξ(t), the average distribution ρ̄(x, t) = ⟨ρξ⟩(x, t)
satisfies the Fokker-Planck equation

∂ρ̄

∂t
=

1

2

[
∂H

∂x
(x, t)J

∂

∂x

]2
ρ̄ (1.27)

Eq. (1.27) is related by the backward equation for the evolution of the observable
by an adjoint operation. From the equality∫

∂

∂t
O(x0, t)ρ0(x0) dx0 =

∫
O(x)

∂

∂t
⟨ρξ(x, t)⟩ dx

where we use the symplectic change of variable Φt
ξ(x0) = x, at t = 0 one gets∫ [

DH0
+

1

2
DH2

1

]
O(x0, t)ρ(x0, t) dx0 =

∫
O(x0)

[
DH0

+
1

2
DH2

1

]∗
ρ(x0, t)

=

∫
O(x0)

∂

∂t
ρ(x0, t) dx0

since x = x0 and ρ(x0, t) = ρ0(x0) and the suffix ∗ denotes the adjoint operator.
The choice t = 0 is generic: one can interpret the previous equality as the
evolution from t → t + ∆t in the limit ∆t → 0 starting from the condition at
time t considered known. By definition one has

D†
H =

∂

∂xi
Jij

∂H

∂xj
=
∂H

∂xj
Jij

∂

∂xi
= −DH

so that we recover the FP equation (1.27).
One has to remark is that the white noise limit for the process ξ(t) is a singular
limit: to keep finite the noise effect , the amplitude of the noise should diverge.
The Liouville equation (1.20) is justified only when the noise correlation time
γ−1 is fixed so that it is possible to consider an evolution time scale ∆t≪ γ−1.
The white noise limit γ−1 → 0 is an approximation of the solution of the
stochastic Liouville equation when the correlation time scale is negligible with
respect the evolution time scale. The FP equation (1.27) provides an effective
way to approximate la solution of the stochastic Liouville equation averaged
over all the possible noise realizations.
In the case of the Hamiltonian (1.9) a key role is played by the unperturbed
dynamics H0(x): in the case of non-linear dynamics different initial condition
can be related to independent evolution so that an average over a particle en-
semble coincides with the average over the realizations. This is not only true if
H0(x) has a chaotic dynamics and the correlation among different initial con-
ditions depend on the Ljapunov exponents, but also if H0(x) is an integrable
Hamiltonian and the orbit correlation depends on the nonlinear character and
it has a power law decaying.
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1.3 Remark on white noise limit

The white noise limit is consistent with the Stratonovich limit for the stochastic
dynamics (1.18) that is related to the stochastic differential equation

dx = DH1
x dwt +

1

2
D2

H1
x dt

associated to a FP equation (1.27) by the Ito calculus. The white noise limit can
be useful to approximate the operator (1.24) when one has a fast decaying in the
noise correlation. This means that we can applied the previous approach when
the fluctuations are defined by a chaotic dynamics with a positive Ljapunov ex-
ponents. In such a case the different realizations are different chaotic trajectories
(i.e. corresponding to different initial conditions) and their correlation decaying
exponentially according to the sum of the positive Ljapunov exponents.
One could compute the effect of a finite noise correlation in a formal way using
Gaussian stochastic operators B(x, t) with an exponentially decaying correla-
tion. The Gaussian character allows to compute the finite correlation effects of
the noise, otherwise one needs to perform the white noise limit to recover the
Gaussian character by means of the Central Limit Theorem.
To generalize the previous results to the Hamiltonian (1.9), we observe that the
stochastic Liouville equation (1.18) can be reduced in the form required by the
Lemma if one performs the symplectic change of variables

x(t, ξ) = Φt
0(y(t, ξ))

where Φt
0(·) is the phase flux associated to the deterministic Hamiltonian H0(x).

As it is well known from Hamiltonian dynamics theory, in the new variables y,
the new Hamiltonian is ξ(t)H1(Φ

t
0(y)) so that the corresponding Liouville has

the form (1.18) and the average distribution ⟨ρξ⟩(y, t) satisfies the FP equation

∂⟨ρξ⟩
∂t

(y, t) =
1

2

∂H1

∂y
(Φt

0(y))J
∂

∂y

∂H1

∂y
(Φt

0(y))J
∂

∂y
⟨ρξ⟩(y, t) (1.28)

The Hamiltonian Liouville operator is covariant with respect the canonical
changes of variables:

∂H1

∂y
(Φt

0(y), t)J
∂

∂y

∣∣∣∣
y=Φ−t

0 (x)

=
∂H1

∂x
(x)J

∂

∂x

As a consequence the FP equation (1.28) in the original variables reads (recall
that the symplectic character of the phase flow does not change the density
measure)

∂ρ

∂t
⟨ρξ⟩(Φ−t

0 (x), t) =
1

2

∂H1

∂x
J
∂

∂x

∂H1

∂x
J
∂

∂x
⟨ρξ⟩(Φ−t

0 (x), t)

where Φ−t
0 denotes the inverse phase flow. Letting < ρξ > (Φ−t

0 (x), t) = ρ(x, t)
an explicit calculation finally gives

∂

∂t
ρ(x, t) =

∂⟨ρξ⟩
∂t

(Φ−t
0 (x), t) +

∂H0

∂x
(x)J

∂

∂x
ρ(x, t)
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so that the final FP equation reads

∂ρ

∂t
(x, t) = −∂H0

∂x
J
∂ρ

∂x
(x, t) +

1

2

∂H1

∂x
J
∂

∂x

∂H1

∂x
J
∂ρ

∂x
(x, t) (1.29)

We have formally proved the following proposition:
the average distribution function of the stochastic Hamiltonian system (1.9) in
the limit of a white Gaussian noise, satisfies the Fokker-Planck equation (1.29).
Remark: if one interprets the system (1.10) as a stochastic differential equation,
the FP equation (1.29) is associated to the stochastic differential equation (cfr.
eq (1.16))

dx =

(
∂H0

∂x
J +

1

2

∂H1

∂x
J
∂2H1

∂x∂x
J

)
dt+

∂H1

∂x
Jdwt (1.30)

is obtained if one follows the Stratonovich interpretation of the canonical stochas-
tic differential equations (1.10). The previous stochastic equation has to be used
instead of the usual canonical equation for stochastic Hamiltonian systems. As
a the consequence of the symplectic nature of the Hamiltonian dynamics, the
differential operator that defines the Fokker-Planck equation

FH = −∂H0

∂x
(x)J

∂

∂x
+

1

2

(
∂H1

∂x
J
∂

∂x

)2

is an self-adjoint operator (one can use the properties of the Lie-derivative) so
that the eigenvalues are all real and the eigenvector are orthogonal with respect
to the L2-product. We define the drift and the diffusion coefficients by

aj(x) =
∑
i

∂H0

∂xi
Jij +

1

2

∑
ihl

∂H1

∂xi
Jih

∂2H1

∂xhxl
Jlj bjk(x) =

∑
ih

∂H1

∂xi
Jij

∂H1

∂xh
Jhk

(1.31)
We observe that the diffusion coefficient only depends on the perturbation
Hamiltonian H1(x) and not on the dynamical properties of the unperturbed
system H0(x).
Moreover the operator is semi-negative defined: indeed if one computes the
quadratic form ∫

ρFHρdx = −
∫
ρDH0ρdx+

1

2

∫
ρD2

H1
ρdx

Using the equality
DH0

ρ2 = 2ρDH0
ρ

and the property∫
X

DHρ dx =

∫
X

∑
ij

∂H

∂xi
Jij

∂ρ

∂xj
dx =∫

X

∑
ij

Jij
∂

∂xj

∂H

∂xi
ρ dx =

∫
∂X

∑
ij

Jij
∂H

∂xi
ρ dσj = 0

assuming vanishing boundary conditions for ρ and its derivatives, then one gets∫
ρFHρdx = −1

2

∫
(DH1ρ)

2dx ≤ 0 (1.32)
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The stationary solution is defined by the condition FHρs = 0; according to the
previous result ρs has to satisfy both the equations

DH0
ρs = 0 DH1

ρs = 0

which implies {H0, H1} = 0 (due to the Jacobi identity) which means that if
H1 is an integral of motion of the unperturbed Hamiltonian H0. In such a case
the surfaces H0(x) = E are invariant with respect to the stochastic dynamics
(1.30): using the Ito calculus one gets (cfr. eq. (5.13)

dH0 =
∑
j

∂H0

∂xj

[∑
i

∂H0

∂xi
Jij +

1

2

∑
ihl

∂H1

∂xi
Jih

∂2H1

∂xhxl
Jljdt+

∑
i

∂H1

∂xi
Jijdwt

]

+
1

2

∑
ij

∂2H0

∂xi∂xj

[
∂H1

∂xh
Jhi

∂H1

∂xk
Jkj

]
dt

=
1

2

∑
ijhl

∂H0

∂xj

∂

∂xl

[
∂H1

∂xi
Jih

∂H1

∂xh

]
Jljdt−

1

2

∑
ijhl

∂H0

∂xj

∂2H1

∂xi∂xl
Jih

∂H1

∂xh
Jljdt

+
1

2

∑
ij

∂

∂xi

[
∂H0

∂xj

∂H1

∂xk

]
Jhi

∂H1

∂xh
Jkjdt+

1

2

∑
ij

∂H0

∂xj

∂2H1

∂xi∂xk
Jih

∂H1

∂xh
Jkjdt

=
1

2

∑
ij

∂

∂xi

[
∂H0

∂xj
Jkj

∂H1

∂xk

]
Jhi

∂H1

∂xh
dt = 0

Then the stationary distribution is related to a micro-canonical ensemble if the
initial condition is on the invariant surface H0(x) = E and, if no other integrals
of motion exist, the invariant measure is uniform on the surface.
Remark: the stochastic Liouville equation is time-reversible, whereas the FP
equation is not: indeed the substitution t → −t and H(x) → −H(x) leaves
invariant the equation (1.18), but not the equation (1.29), so that ⟨ρξ⟩(x,−t) is
not the evolution of a physical distribution (see next section).
Remark: in the applications the equation (1.27) can be only approximately
satisfied by real systems: one can consider the white noise approximation when
the typical correlation time of the stochastic process ξ(t) is much smaller that
the typical evolution scale of the Hamiltonian dynamicsH0(x). The justification
of a stochastic approach understands the existence of two time scales: the noise
time scale that implies a fast decorrelation for the realizations ξ(t), but with
the possibility of large fluctuations, and the slow evolution time scale of the
system. The noise time scale can be determined by the chaotic character of the
hidden degrees of freedom that has positive Ljapunov exponents that in a coarse
grained description give an exponential decorrelation like for Markov processes.
The presence of a single noise in the Hamiltonian (1.30) means that ξ(t) is a
description of the global effect of the hidden degrees.
Introducing the Lie-operator for Hamiltonian systems, the previous results can
be written in the form〈

T exp(

∫ t

0

DH0
+ ξ(t)DH1

ds)

〉
ρ0(x) = exp

(
−tDH0

+ t/2D2
H1

)
ρ0(x)

in the white noise limit for the Gaussian process ξ(t). The Fokker-Planck equa-
tion (1.29) can be written in the form

∂ρ

∂t
= −DH0ρ+

1

2
D2

H1
ρ (1.33)
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(Since we assumeH0 andH1 time independent, we do not need the time-ordering
operator T ).
Remark: the limit ξ(t) towards a white noise, can be formally stated in the
following Lemma:
let ξ(t)D(t) a stochastic process of linear operators that are distributed accord-
ing to a Gaussian function with zero mean value, we consider the stochastic
equation

ẋ = ξ(t)D(t)x

whose solution can be formally written as

x(t; ξ) = T exp

(∫ t

0

ξ(s)D(s)ds

)
x0

where the initial condition x0 is given. Let us define the average linear operator

B(t) =
σ2

2

∫ t

0

ds

∫ t

0

duϕ(γ(s− u)D(s)D(u)

where σ2ϕ(γs) is the correlation function, then the average evolution X(t) =<
x(t; ξ) > is given by

X(t) = T exp (B(t))X0

The proof is based on the fact that the stochastic operator∫ t

0

ξ(s)D(s)ds

is distributed according to a Gaussian function since ξ(t) is Gaussian and the
the time ordering operator T commutes with the averaging procedure. Then
we consider the average exponential stochastic operator〈

T exp(

∫ t

0

ξ(s)D(s)ds)

〉
=

even∑
n≥0

T 1

22/n(n/2)!

(∫ t

0

∫ t

0

σ2ϕ(γ(s− u))D(s)D(u)dsdu

)n/2

we have the identity〈
T exp(

1

2

∫ t

0

ξ(s)D(s)ds)

〉
= T exp(B(t))

From the definition we get

dB

dt
=
σ2

2

∫ t

0

dsϕ(γ(t− s)(D(t)D(s) +D(s)D(t)
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Then if one considers the formal solution of the differential equation

Ẋ(t) =
dB

dt
(t)X(t)

one gets

X(t) =
∑
n≥0

∫ t

0

ds1....

∫ sn−1

0

dsn
dB

ds1
....

dB

dsn
X0 =

∑
n≥0

1

n!
T
∫ t

0

ds1....

∫ t

0

dsn
dB

ds1
....

dB

dsn
X0

or
X(t) = T exp(B(t))X0

The function X(t) is the formal solution of the differential equation

Ẋ =
σ2

2

∫ t

0

dsϕ(γ(t− s)(D(t)D(s) +D(s)D(t)X

In the white noise limit one finally gets

Ẋ =
1

2
D2(t)X

The previous results can be extended to the case of the stochastic differential
equation

ẋ = (C + ξ(t)D)x

One introduces the interaction vision using the variable x = exp(Ct)y which
satisfies the equation

ẏ = ξ(t) exp(−Ct)D exp(Ct)y

Then the operator B(t) and its derivatives are defined

B(t) =
σ2

2

∫ t

0

ds

∫ t

0

duϕ(γ(s− u))e−CsDeC(s−u)DeCu

dB

dt
=

σ2

2
e−Ct

∫ t

0

ϕ(γs)
[
DeCsDe−Cs + eCsDe−CsD

]
ds eCt

Then the average evolution Y (t) satisfies the linear equation

Ẏ =
σ2

2
e−Ct

∫ t

0

ϕ(γs)
[
DeCsDe−Cs + eCsDe−CsD

]
dseCtY

By introducing the variable X(t) = exp(Ct)Y (t) we finally gets

Ẋ = CX +
σ2

2

∫ t

0

ϕ(γs)
[
DeCsDe−Cs + eCsDe−CsD

]
Xds

and in the white noise limit

Ẋ = CX +
1

2
D2X

This equation corresponds to the backward equation of the observables.



1.4. STOCHASTIC SYMPLECTIC MAPS 23

In the case of the system (1.9) the physical problem is the evolution of an en-
semble of particles in the phase space under the the environmental effect. We
have two cases: each particle has a different noise realization ξ(t) and since all
the particles are identical and the particles are not interacting this is equivalent
to average on the noise realizations; there is the same noise realization for all the
particles (this is a the case when the noise is parametric). In the last case the
unperturbed dynamics plays a fundamental role to justify the averaging proce-
dure: in a linear case this approach may lead to wrong results, but in a generic
case, the non-linear character of the dynamics introduces a decorrelation among
the particle trajectories that can be the result of independent noise realization,
but one should prove that the distribution of the noise realizations is the same
if one consider a single particle or an ensemble on particles. The white noise
approximation is justified if the experimental measures are not instantaneous
but are obtained by a time-averaging procedure

fξ(t) =
1

T

∫ t+T

t

f̂ξ(t)dt (1.34)

where the time interval T is sufficiently long with respect to the correlation time
scale of the stochastic process ξ(t). Then fξ(t) is almost independent from the
realization ξ(t) (in a probabilistic sense) and for T ≫ 1 we have

f(t) = ⟨f̂ξ(t)⟩ =
∫
f(x)⟨ρξ(x, t)⟩dx

where we have introduced the expectation value of the distribution function
ρξ(x, t) with respect all the possible noise realizations.

1.4 Stochastic symplectic maps

The introduction of a thermal bath for a symplectic map M using a stochastic
perturbation of

1.5 Remark on the numerical integration

We consider the problem of integrating the stochastic Hamiltonian

H0(x) +H1(x)ξ(t)

in the white noise limit. We initially consider the reduce case

ẋ = DH1xξ(t) x(∆t) = x+

∫ ∆t

0

DH1x(s)ξ(s) ds

We have the expansion

DH1
x(s)ξ(s) = DH1

xξ(s)+D2
H1
x

∫ s

0

ξ(u) du+
1

2
D3

H1
x

(∫ s

0

ξ(u) du

)2

+O(∆t3/2)
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where the error has to be interpreted in a statistical sense. By substituting in
the expansion we get

x(∆t) = x+DH1
x

∫ ∆t

0

ξ(s) ds

+D2
H1
x

∫ ∆t

0

ξ(s)

∫ s

0

ξ(u) du ds+
1

2
D3

H1

∫ ∆t

0

ξ(s)

(∫ s

0

ξ(u) du

)2

ds+O(∆t2)

= x+DH1x∆wt +D2
H1
x
∆w2

t

2
+

1

2
D3

H1
int∆t

0 ξ(s)

(∫ s

0

ξ(u) du

)2

ds+O(∆t2)

so that the solution can be written using the Lie-Transformation

x(t+∆t) = exp (∆wtDH1
)x(t) (1.35)

where ∆wt = w(t + ∆t) − w(t) is the increment of a Wiener process. In the
generic case of a stochastic Hamiltonian we have

ẋ = DH0
x+ ξ(t)DH1

x x(∆t) = x+

∫ ∆t

0

DH0
x ds+

∫ ∆t

0

DH1
x(s)ξ(s) ds

The problem is the non-commutativity of the operators DH0 and DH1 so that
one cannot write the solution using an exponential operator. However we can
approximate the solution by a leap-frog integration scheme with an error O(∆t2)

x(∆t) = exp

(
∆t

2
DH0

)
exp(∆wtDH1

) exp

(
∆t

2
DH0

)
x+O(∆t2) (1.36)

The leap-frog scheme reproduces correctly the expansion of the solution up to
the mixed algebraic terms of second order of the operator DH0

and DH1
which

means an error of order O(∆t2) (i.e. the same order of the stochastic operator
(??). For a finite time integration, the final order of the scheme (??) is O(∆t)
on the mean L2-norm. This implies a convergence of the distribution function
ρ(x, t) of the numerical scheme to the solution of the FP equation.
The advantage of the scheme (1.35) is the possibility of maintaining the sym-
plectic character of the single particle solution solutions of small noise limit.
The operator (1.35) applies to the evolution of any observable. Let us consider
the energy evolution H0(x(t)) (i.e. the unperturbed energy of the system which
is a integral of motion), an explicit computation gives

H0(x(t+∆t)) = exp

(
∆t

2
DH0

)
exp(∆wtDH1

)H0(x) = exp(∆wtDH1
)H0(x0(t+∆t/2)

where we use the symplectic properties of the evolution operator exp(∆tDH0).
In the limit ∆t→ 0 the average value over the realizations gives

⟨H0(x(t+∆t))⟩ = exp

(
∆t

2
D2

H1

)
⟨H0(x)⟩

that corresponds to the solution of the backward equation. Assume that the
space is foliated into invariant surfaces H0(x) = const. and we have an elliptic
fixed point x∗ with H0(x∗) = E∗, a direct calculation provides

d

dt

∫ 0

E∗

H2
0 (x) dx =

∫ 0

E∗

H0(x)D
2
H1
H0 dx = −

∫
(DH1

H0)
2
dx



1.5. REMARK ON THE NUMERICAL INTEGRATION 25

where the choice of the surface H0(x) = 0 is arbitrary. Therefore we have a
Ljapunov function and the equilibrium state in the set requires the condition
DH1

H0 = 0. In a generic situation this is possible only if H0(x(t)) → const.,
since the condition implies that H1 is a first integral of motion of H0. This
means in the stationary solution for a stochastic Hamiltonian system with open
boundary conditions has a trivial stationary state and the dynamics needs to
study the transient states of the FP operator corresponding to the small eigen-
values.
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Chapter 2

The Fokker-Planck equation

The probability distribution associated to a stochastic differential equation

ẋ = a(x) + b(x)ξ(t) ⟨ξ⟩ = 0 ⟨ξ(t+ τ)ξ(t)⟩ = γ

2
exp(−γτ)

satisfies a FP equation in the white noise limit γ → ∞

∂ρ

∂t
= − ∂

∂x
a(x)ρ+

1

2

∂

∂x
b(x)

∂

∂x
b(x)ρ (2.1)

Remark: this is consistent with the Stratonovich interpretation of the stochastic
differential equation that corresponds to the Ito equation

dx = a(x)dt+
1

2
b(x)

∂b

∂x
dt+ b(x)dwt (2.2)

The Stratonovich interpretation is covariant: let x = T (y) we have

dy =
∂y

∂x

[
a(T (y))dt+

1

2
b(T (y))

∂b

∂y

∂y

∂x
dt+ b(T (y))dwt

]
+
∂2y

∂x2
b2(T (y))dt

We define

â(y) =
∂y

∂x
a(T (y)) b̂(y) =

∂y

∂x
b(T (y))

and the new equation has the form

dy = â(y)dt+ b̂(y)dwt +
1

2
b̂(y)

∂b̂

∂y
dt

where we use
∂b̂

∂y
=
∂b

∂y

∂y

∂x
+
∂2y

∂x2
b(T (y))

The stochastic equation corresponds to the white noise limit of

ẏ = â(y) + b̂(y)ξ(t)

that is the covariant transformation of the initial equation. Using the notation

dx = a(x)dt+ b(x) ◦ dwt

27



28 CHAPTER 2. THE FOKKER-PLANCK EQUATION

to denote the equation (2.2), we observe that using a covariant form for the
change of variable x = T (y)

dy =
∂y

∂x
(a(x)dt+ b(x) ◦ dwt) = â(y)dt+ b̂(y) ◦ dwt

we recover the Ito form of the stochastic equation associated with the new
Stratonovich equation. The FP equation describes the evolution of the distri-
bution function

ρ̂(y, t) = ρ(T (y), t)

∣∣∣∣∂x∂y
∣∣∣∣

and it has the same form as (2.1).
For stochastically perturbed Hamiltonian systems we have the form (1.16) for
the evolution equation

dx = J
∂H0

∂x
dt+ ϵJ

∂H1

∂x
◦ dwt = J

∂H0

∂x
dt+ ϵJ

∂H1

∂x
dwt +

ϵ2

2
J
∂H1

∂x

∂

∂x
J
∂H1

∂x

Using the formalism of the Lie derivative the previous equation can be written

dx = DH0
x dt+ ϵDH1

xdwt +
ϵ2

2
D2

H1
x dt = DH0

x dt+ ϵDH1
x ◦ dwt

To perform a canonical change of variables x = T (y) we can use the covariance
nature of the Stratonovich formalism and we get

dy = DH0(y)y dt+ ϵDH1(y)y ◦ dwt

where the Lie derivatives have to be computed in the new variables. In this way
one performs a perturbation approach when H0 is integrable.
We apply the action-angle variables transformation (q, p) → (θ, I) so that
H0(q, p) = H(I) and we have a new Hamiltonian

H0(q, p)dt+ ϵH1(q, p) ◦ dwt = H0(I) + ϵH1(θ, I) ◦ dwt

We remark that the stochastic differential equation in the action angle-variables
(θ, I)

dθj = Ωj(I)dt+ ϵDH1θj ◦ dwt = Ωj(I)dt+ ϵ
∂H1

∂Ij
dwt +

ϵ2

2

{
∂H1

∂Ij
, H1

}
dt

dIj = ϵDH1
Ij ◦ dwt = −ϵ∂H1

∂θj
dwt −

ϵ2

2

{
∂H1

∂θj
, H1

}
dt

We remark that the canonical form of the stochastic equations has to be inter-
preted. In the limit of small noise ϵ ≪ 1 the angles are fast variables and it
is possible to average on the angle by considering them uniformly distributed.
Applying an averaging principle on the angles variables means that we con-
sider the angle variables as uncorrelated random variables independent of the
fluctuations. In such a case the action dynamics reduces

dIj = −ϵ
2

2

〈{
∂H1

∂θj
, H1

}〉
dt+ ϵ

√
∂H1

∂θj

∂H1

∂θk
dwk(t)
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where we introduce an equivalent stochastic process with covariance matrix

Cjk =
∂H1

∂θj

∂H1

∂θk

using independent Wiener process. The FP equation has the form

∂ρ̄

∂t
=
ϵ2

2

∂

∂Ij

[
−
〈{

∂H1

∂θj
, H1

}〉
ρ̄+ ρ̄

∂

∂Ik

〈
∂H1

∂θj

∂H1

∂θk

〉
+

〈
∂H1

∂θj

∂H1

∂θk

〉]
∂ρ̄

∂Ik

We observe〈[
∂2H1

∂θj∂θk

∂H1

∂Ik
+

∂2H1

∂Ik∂θk

∂H1

∂θj

]〉
=

〈
∂

∂θk

[
∂H1

∂θj

∂H1

∂Ik

]〉
= 0

and we get the self-adjoint FP equation

∂ρ̄

∂t
=
ϵ2

2

∂

∂Ij

〈
∂H1

∂θj

∂H1

∂θj

〉
∂ρ̄

∂Ik
(2.3)

where we have the approximation

ρ̄(I, t) ≃ 1

(2π)N

∫ 2π

0

ρ(θ, I, t) dθ

This is consistent if we apply the average to the FP equation

∂ρ

∂t
= −Ω(I)

∂ρ

∂θ
+
ϵ2

2

[
∂

∂θ

∂H1

∂I

∂

∂θ

∂H1

∂I
− ∂

∂θ

∂H1

∂I

∂

∂I

∂H1

∂θ

− ∂

∂I

∂H1

∂θ

∂

∂θ

∂H1

∂I
+

∂

∂I

∂H1

∂θ

∂

∂I

∂H1

∂θ

]
ρ

When we average on θ the expression in the square bracket all the derivatives
with respect to θ disappear. Moreover we have

− ∂

∂I

∂H1

∂θ

∂

∂θ

∂H1

∂I
= − ∂2

∂I∂θ

∂H1

∂θ

∂H1

∂I
+

∂

∂I

∂2H1

∂θ2
∂H1

∂I

∂

∂I

∂H1

∂θ

∂

∂I

∂H1

∂θ
=

∂

∂I

(
∂H1

∂θ

)2
∂

∂I
+

∂

∂I

∂H1

∂θ

∂2H1

∂I∂θ

and summing the contributions we get the operator

− ∂2

∂I∂θ

∂H1

∂θ

∂H1

∂I
+

∂

∂I

[
∂

∂θ

(
∂H1

∂θ

∂H1

∂I

)]
+

∂

∂I

(
∂H1

∂θ

)2
∂

∂I

Therefore assuming that the distribution ρ(θ, I, t) ≃ ρ(I, t) (i.e. the uniform
distribution in the angle is invariant for the dynamics) the FP reduces to eq.
(2.3). The uniform distribution in the angle depends on the dynamics: we
expect that this assumption is valid for the Hamiltonian dynamics since it is
related to the invariant measure, but it depends on he thermal bath and on the
resonant condition on the unperturbed frequencies Ω(I).
The Stratonovich interpretation allows to develop a stochastic perturbation the-
ory by changes of variables. The interesting case is when the unperturbed
Hamiltonian H0(q, p;λ) depends on a parameter λ = µt. The limit µ→ 0 is the
so called adiabatic limit.
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2.1 Thermodynamics point of view

In the case the stochastic Hamiltonian (1.9), the linear operator that defines the
FP equation are related to the stochastic phase flow Φt

ξ. If the perturbation ξ(t)
is regular, the phase flow is symplectic but it depends on the noise realization.
An averaging process will destroy the symplectic character of the dynamics since

J =

〈
∂Φt

ξ

∂x

T
∂Φt

ξ

∂x

〉
̸=

〈
∂Φt

ξ

∂x

T
〉
J

〈
∂Φt

ξ

∂x

〉

so that the average Jacobian matrix is not symplectic.As a consequence the
average probability distribution does not satisfy the Liouville equation. However
the Hamiltonian character implies specific properties to the diffusion equation
using the Stratonovich interpretation. Stochastic perturbation are considered
to model the fast fluctuations of the environment and we have a parametric
dependence on the noise

H(x; ζ(t)) = H0(x) +H1(x; ζ(t))

H1(x; ζ(t)) defines the fluctuating part and one assumes ⟨H1(x; ζ(t))⟩ = 0. Then
if the evolution time scales of the unperturbed part are slow with respect the
fluctuation time scales. We introduce the interaction vision x = Φt(y) where
Φt = exp(tDH0

) is the phase flow associated to the unperturbed system. The
new Hamiltonian reads

H(y, t; ζ(t)) = H1(Φ
t(y); ζ(t))

and the distribution function ρζ(y, t) satisfies the stochastic Liouville equation

∂ρζ
∂t

= −DH1(y,t;ζ)ρζ

The Lie operatorsDH1(y,t;ζ) do not commute due to the explicit time dependence
and the solution can be formally written

ρζ(y, t) = T exp

(
−
∫ t

0

DH1(y,s;ζ(s)) ds

)
ρ0(y) (2.4)

where T is the time ordering operator. We apply the white noise limit to
the stochastic process H1(x, ζ(t)): i.e. this process can be approximated by a
process Ĥ1(x)ξ(t) where ξ(t) tends to a white noise and Ĥ1(x) defines the local
variance of the fluctuations. We use the formal relation〈

T exp

(
−
∫ t

0

DH1(y,s;ζ(s)) ds

)〉
≃ T exp

(
1

2

∫ t

0

D2
Ĥ1(Φs(y)

ds

)
where we explicitly compute the average operator∫ t

0

⟨D2
H1(y,s;ζ(s))

⟩ds = ∂

∂yi

∫ t

0

Jik
∂Ĥ1

∂yk
(Φs(y))Jjh

∂Ĥ1

∂yh
(Φs(y)) ds

∂

∂yj

=
∂

∂yi
Dij(Φ

t(y))
∂

∂yj
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which define the FP equation for the evolution of the average distribution

∂ρ̄

∂t
=

1

2

∑
ij

∂

∂yi
Dij(Φ

t(y))
∂ρ̄

∂yj
(2.5)

The r.h.s is a self-adjoint operator so that the corresponding stochastic process
is reversible and all the eigenvalues are real. The stationary distribution is
constant if the diffusion takes place in a compact region. Using the statistical
properties of Ĥ1(x) the diffusion coefficient can be written in the form

Dij(Φ
t(y)) = Jik

∂Ĥ1

∂yk
(Φt(y))Jjh

∂Ĥ1

∂yh
(Φt(y))

This equation corresponds to the stochastic differential equation

ẏi =
∑
k

Jik
∂Ĥ1

∂yk
(Φt(y))ξ(t)

in the Stratonovich interpretation for the white noise. Since the equation has
a canonical form, let x = Φt(y) we perform the change of variable using the
covariance property of the Stratonovich interpretation

ẋi =
∑
k

Jik

(
∂H0

∂xk
(x) +

∂Ĥ1

∂xk
(x)ξ(t)

)
(2.6)

and the corresponding FP equation reads

∂ρ̄

∂t
= −Jik

∂H0

∂xi
(x)

∂ρ̄

∂xk
+

1

2

∑
ij

∂

∂xi
Dij(x)

∂ρ̄

∂xj
(2.7)

The self-adjoint nature of the operator implies that the stationary distribution
of eq. (2.7) is constant in general (i.e. if the unpertburbed Hamiltonian H0 and
the perturbation Hamiltonian H1 has no common integral of motion F ). Then
we have a Maximal Entropy solution without any constraint since the using the
Gibbs Entropy we get

dS

dt
= −

∫
∂ρ̄

∂t
ln ρ̄ dx = −

∫
J
∂H0

∂x

∂ρ̄

∂x
dx+

1

2

∫
∂ρ̄

∂x
D(x)

∂ρ̄

∂x
dx

and we prove dS/dt > 0 since the first term vanishes (it is a divergence of a
vector field) and the second term is positive defined if D(x) is a positive defined
symmetric matrix so that dS/dt = 0 implies ρ̄ = const..

2.2 Reversibility character of diffusion processes

The concept of stochastic reversibility can be formulated as follows: if x(t) is a
possible realization of a trajectory of a stochastic system in a stationary solution
(i.e. the statistical properties of the system are described by the stationary
distribution ρs(x)) then x(−t) is a possible trajectory with the same probability:
i.e. the transition probability P(x, t + ∆t|y, t) satisfies the detailed balance
condition

P(x,∆t|y)ρs(y) = P(y,∆t|x)ρs(x) (2.8)
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We recall that the conditional probability is the solution of the FP equation
with initial condition δ(x0 − y) and it can be formally written

P(x,∆t|y) =
〈
δ(x− Φ∆t

ξ (y)
〉

lim
∆t→0

P(x,∆t|y) = δ(x− y)

where the expectation value is over all the realizations of the noie ξ(t), and in
the white noise limit we have

lim
∆t→0

1

∆t

∫
P(x,∆t|y)ρ0(y) dy = −LFP (x)ρ0(x)

with LFP the Fokker-Planck operator in the Stratonovich interpretation. The
previous relations imply

Π∆t(x, y) =
1√
ρs(x)

P(x,∆t|y)
√
ρs(y) =

1√
ρs(y)

P(y,∆t|x)
√
ρs(x) = Π∆t(y, x)

(2.9)
which means that the matrix on the l.h.s. is symmetric;∫
f(x)·Π∆t(x, y)g(y) dy dx =

∫
[Π∆t(y, x)]T f(x)·g(y) dx dy =

∫
Π∆t(y, x)f(x)·g(y) dx dy

Then the operator

SFP =
1√
ρs

LFP

√
ρs

has to be self-adjoint since the relation between the evolution matrix and the
operator SFP is understood by

Π∆t(x, y) = exp(−SFP (x)∆t)δ(x− y)

and the symmetry condition implies∫
f(x) · exp(−SFP (x)∆t)g(x) dx =

∫
exp(−SFP (y)∆t)f(y) · g(y) dy

so that S†
FP = SFP .

Let us consider the case

LFP =
∂

∂x

∂V

∂x
+ T

∂2

∂x2

where ρs ∝ exp(−V (x)/T ), an explicit computation gives

1√
ρs

LFP

√
ρs =

1√
ρs

∂

∂x

[
∂V

∂x

√
ρs + T

∂

∂x

√
ρs
]
=

1√
ρs

∂

∂x

[
1

2

∂V

∂x

√
ρs + T

√
ρs

∂

∂x

]
=

1

2

∂2V

∂x2
− 1

T

(
1

2

∂V

∂x

)2

+ T
∂2

∂x2

and we get a self-adjoint operator. In a generic case if we know the stationary
solution, we set

−T ln ρs =
∂V

∂x
⇒ a(x) = −∂V

∂x
+ arot(x)
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The Kirkhoff condition implies div Js = 0 for the stationary density currents

Js(x) = −∂V
∂x

ρs + arotρ
s − T

∂ρs

∂x
= arotρ

s ̸= 0

so that
1

ρs
∂

∂x
arotρ

s =
∂arot
∂x

− 1

T

∂V

∂x
arot = 0

If if the gradient of the potential is orthogonal to the field arot then arot is a
free divergence field and vice versa: this is the case of Hamiltonian systems.
This means that V (x) is an integral of motion for the vector field arot and it is
possible to compute the stationary condition from the vector field. However a
term arot destroys the adjoint properties of the FP operator since the term

1√
ρs

∂

∂x
arot

√
ρs =

1

2

∂arot
∂x

+ arot
∂

∂x

is not self adjoint even in the case div arot = 0. However the free divergence
condition implies

arot
∂V

∂x
= 0

i.e. the rotor field is orthogonal to the gradient of the internal energy. In
this case the stochastic reversibility is recovered is we introduce the involution
x→ −x: i.e. the reverse fluctuation at a state x observe in stationary condition
corresponds to a direct fluctuation but at a state −x.

2.3 Correlation properties of fluctuations

The symmetry condition implies that the correlation among the fluctuations is
symmetric if computed in the future or in the past. The correlation concept
is related to definition of the expectation value for the fluctuations at differ-
ent times in the stationary state. We consider a generic stochastic differential
equation

ẋ = a(x) + ϵξ(t)

without loss of generality we assume div a(x) = 0 so that the phase flow is
volume preserving. Let x(t) a solution of the unperturbed system with x(0) = x0
we have the linearized dynamics

δẋ =
∂a

∂x
(x(t))δx+ ϵξ(t) = A(t)δx+ ϵξ(t)

and we solve the linear dynamics using the principal matrix Φt
0

δx(t) = ϵ

∫ t

0

Φt
sξ(s) ds δx(0) = 0

Then one considers the expectation value

⟨δx(t+ τ)δx(t)⟩ = C(τ ; t) (2.10)

The integral converges if the Ljapunov exponent of the system are all negative:
i.e. the matrix

lim
t→∞

∫ t

0

(
Φs

0[Φ
s
0]

T
)
ds
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exists. In the white noise limit we compute

⟨δxi(t+ τ)δxj(t)⟩ = ϵ2
∫ t+τ

0

∫ t

0

〈
[Φt+τ

s ]ikξk(s) [Φ
t
u]jhξh(u)

〉
dsdu

= ϵ2[Φt+τ
t ]il

∫ t

0

[Φt
s]lk [Φ

t
s]

T
kj ds = ϵ2[Φt+τ

t ]ilΣlj(t)

where Σ(t) is the covariance matrix. When t≫ 1 the integral converges so the
c(τ : t) ∝ Φt+τ

t and when τ increases it decreases according to the maximum
Ljapunov exponents. The linearization procedure requires ϵ≪ 1 to be applied.
The computation of (2.10) can be performed by using the solution of the FP
equation

∂ρ

∂t
= − ∂

∂x
A(t)xρ+

ϵ2

2

∂2ρ

∂x2

The fundamental solution ρ(δx, t | 0) gives the probability to be in the state δx
after a time t with initial condition limt→0 ρ(δx, t | 0) = δ(0). By definition we
have

ρ(δx, t | 0) =
〈
δ

(
δx− ϵ

∫ t

0

Φt
sξ(s) ds

)〉
The correlation can be computed by

⟨δxi(t+ τ)δxj(t)⟩ =
∫
δxiδyjρ(δx, t+ τ | δy, t)ρ(δy, t | 0) dδxdδy

and we use the equality

ρ(δx, t+ τ | δy, t) =
〈
δ

(
δx− Φt+τ

t δy − ϵ

∫ t+τ

t

Φt+τ
s ξ(s) ds

)〉
Then we compute

⟨δxi(t+ τ)δxj(t)⟩ =
∫ 〈(

[Φt+τ
t ]ilδyl − ϵ

∫ t+τ

t

[Φt+τ
s ]ilξl(s)

)〉
δyjρ(δy, t | 0) dδy

= [Φt+τ
t ]il

∫
δylδyjρ(δy, t | 0) dδy = [Φt+τ

t ]ilΣlj(t)

recovering the previous result.
Let us consider the correlation with past events (i.e. we reverse the process)

⟨δxi(t− τ)δxj(t)⟩ = ϵ2
∫ t−τ

0

∫ t

0

〈
[Φt−τ

s ]ikξk(s) [Φ
t
u]jhξh(u)

〉
dsdu

= ϵ2
∫ t−τ

0

[Φt−τ
s ]lk [Φ

t−τ
s ]Tkl ds[Φ

t
t−τ ]

T
lj = ϵ2Σil(t− τ)[Φt

t−τ ]
T
lj

Therefore we have the relation

Cij(τ ; t) = Cji(−τ ; t+ τ)

Assuming the existence of a stationary limit t → ∞ with A(t) = A the re-
versibility condition is a symmetric condition

exp(Aτ)Σ = Σexp(AT τ) ⇒ Σ−1/2 exp(Aτ)Σ1/2 = Σ1/2 exp(AT τ)Σ−1/2
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which means that Σ−1/2 exp(Aτ)Σ1/2 is a symmetric matrix. We recall that the
stationary distribution is Gaussian with a covariance matrix Σ can be explicitly
computed and the previous relation reads∫ t

0

exp(A(t−s)) exp(Aτ) exp(AT (t−s)) ds =
∫ t

0

exp(A(t−s)) exp(AT τ) exp(AT (t−s)) ds

that implies that exp(Aτ) = exp(AT τ) and A is a symmetric matrix.
This condition generalized to nonlinear case and it follows that the field a(x) =
−∂V/∂x.
The correlation among the fluctuations can be studied for any observable I(x)
by defining

I(t; I0) =

∫
I(x0)=I0

⟨I(Φt(x0))⟩ dx0

In this case the evolution depends on the adjoint operator L†
FP and for the

stationary value is constant

Is =

∫
I(x)ρs(x) dx

We compute

⟨δI(t+ τ)δI(t)⟩ = ϵ2
∫ t+τ

0

∫ t

0

〈
[Φt+τ

s ]ikξk(s) [Φ
t
u]jhξh(u)

〉
dsdu

= ϵ2[Φt+τ
t ]il

∫ t

0

[Φt
s]lk [Φ

t
s]

T
kj ds = ϵ2[Φt+τ

t ]ilΣlj(t)

*****
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Chapter 3

Thermal Baths and
Hamiltonian Systems

If the Hamiltonian (1.9) simulates the interaction dynamics between a test par-
ticle and the fluctuating nonhomogeneous environment, the missing of a dissi-
pative term implies that the energy H0 is not conserved in a average sense. The
Hamiltonian (1.9) models the effects of a fluctuating potential in the environ-
ment, but there does not exist a stationary state due to average flux of energy
between the system and the environment. If we assume that in a stationary the
system energy has to be preserved in average, the previous equation (1.33) is
not suitable to describe the evolution and a possible solution is to introduce a
dissipative term in the equation of motion

ẋ = DH0
x+

(
−{H0, H1}+

√
2Tξ(t)

)
DH1

x (3.1)

where x = (q, p) and ξ(t) is a white noise.
Remark: the previous equation is not Hamiltonian due to the presence of the
dissipation: indeed the neglecting the fluctuations we have

dH0

dt
= −{H0, H1}DH1

H0 = −{H0, H1}2 < 0

and the system collapses to the critical points ∂H0/∂x = 0. The physical mean-
ing is that of the equation (3.1) is that there should be a relation between the
energy fluctuations variance, defined by the T (DH1H0)

2 = T ({H0, H1})2 and
the local dissipation field introduced by the term {H0, H1}DH1H0 = (DH1H0)

2:
i.e. the variance of the fluctuations turns out to be proportional to the dissipa-
tion (fluctuation-dissipation relation). As an example if we set H1 = −√

mγq
and H0 = p2/2m+ V (q), the stochastic equation (3.1) reads

q̇ =
p

m

ṗ = −∂V
∂q

− γp+
√

2mTγξ(t) (3.2)

where T is the temperature and we satisfy the Einstein relation. The Fokker
Planck equation (3.3) reads

∂ρ

∂t
= −DH0ρ+ γ

∂

∂p

p

m
ρ+mTγ

∂2

∂p2
ρ

37
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and we recover the usual stochastic model for a thermal bath.
The corresponding FP equation in the limit ξ(t) → white noise is written using
the Stratonovich interpretation of the stochastic equation

∂ρ

∂t
= − (DH0

−DH1
{H0, H1}) ρ+ TD2

H1
ρ = 0 (3.3)

where we use the property

∂

∂xj
Jjk

∂H1

∂xk
f = Jjk

∂H1

∂xk

∂f

∂xj
= DH1

f

so that
∂

∂x
{x,H1}

∂

∂x
{x,H1}ρ = D2

H1
ρ

The stationary solution can be computed in the form ρs(H0) so that:

0 =
(
−DH0

+DH1
{H0, H1}+ TD2

H1

)
ρs(H0) =

DH1
({H0, H1}ρs(H0) + TDH1

ρs(H0))

Then assuming a detailed balance (DB) condition and we reduce to the equation

{H0, H1} = −T{H0, H1}
d

dH0
ln(ρs(H0))

whose solution is

ln(ρs(H0)) = −H0

T
+ const. ⇒ ρs(H0) ∝ exp

(
−H0

T

)
(3.4)

Remark: in a generic case of a FP equation

∂ρ

∂t
= − ∂

∂x
a(x)ρ+ T

∂2ρ

∂x2
= − ∂

∂x
J(x, t)

for a system in a thermal bath: if the deterministic field can be factorized

a(x) = ar(x)−
∂I

∂x

where I(x) is a first integral of motion for ar(x) and ar(x) is a zero-divergence
field

ar(x)
∂I

∂x
= 0

∂ar
∂x

= 0

Then stationary solution of the FP equation

∂ρ

∂t
= − ∂

∂x

[
ar(x)ρ−

∂I

∂x
ρ− T

∂ρ

∂x

]
can be computed in the form ρs(x) ∝ exp(−I(x)/T ) using the relations

T
∂

∂x
ρs = −∂I

∂x
ρs

∂

∂x
ar(x)ρs =

ρs
T
ar(x)

∂I

∂x

We observe that
rot a(x) = rotar(x)
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In this case the stationary currents do not vanish

Js(x) = a(x)ρs(x)− T
∂ρs
∂x

= ar(x)ρs(x)

but we have the relation

Js(x)
∂ρs
∂x

= 0 (3.5)

which means that the local entropy production vanishes (the DB condition is
usually formulated Js(x) = 0). A direct computation gives the entropy produc-
tion

dS

dt
= −

∫
J

ρ

∂ρ

∂x
dx

so that the condition (3.5) implies that the local entropy production vanishes
at any point at the equilibrium condition.
We recover the Maxwell-Boltzmann equilibrium for the distribution function
that is independent from the choice of H1 where T is the temperature and the
proportionality factor is inverse of the partition function

A(T ) =

∫
exp

(
−H0(x)

T

)
dx

that relate the statistical mechanics with the thermodynamics formalism. In
the case of a mechanical system (3.2) the stationary solution factorizes

ρs(q, p) ∝ exp

(
− p2

2mT

)
exp

(
−V (q)

T

)
so that the definition of temperature follows

T

2
=

〈
p2

2m

〉
We introduce a thermodynamics formalism assuming that potential V (q, λ) de-
pends on a parameter λ so that the change in the parameter corresponds to the
work performed on the system when λ is varying reads

d̄W

dλ
=

∫
∂V

∂λ
ρ(q, p, λ) dq dp =

∫
∂H0

∂λ
ρ(q, p, λ) dq dp (3.6)

Using the FP operator

FFP = −DH0(λ) + γ
∂

∂p
p+ Tγ

∂2

∂p2

for a given value of λ we describe the relaxation process

∂ρ

∂t
= −DH0

ρ− ∂

∂p
J(q, p)

by defining the probability currents

J(q, p) = γ

[
−pρ− T

∂ρ

∂p

]
= γ

[
−∂H0

∂p
ρ− T

∂ρ

∂p

]
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Remark: the Hamiltonian evolution is reversible and cannot influence the relax-
ation process, but it changes the definition of probability currents. The energy
change in the relaxation process is computed by the adjoint operator

d̄Q

dt
=

∫
F⋆

FPH0(q, p, λ)ρ(q, p, λ) dq dp = γ

∫ [
−p∂H0

∂p
+ T

∂2H0

∂p2

]
ρ(q, p, λ) dq dp

Then we get the relation

d̄Q

dt
=

∫
∂H0

∂p
J(q, p) dq dp = −

∫
J2(q, p)

ρ
dq dp− T

∫
J(q, p)

∂ ln ρ

∂p
dq dp

The first term is always positive and it represent the dissipated energy that
contributes to the total increases of entropy of the universe due to the non-
reversible character of the transformation. The second term is the contribution
to the internal energy. This is the heat exchanged by the system. In the case
of adiabatic transformation λ = ϵt ϵ→ 0 we approximate

ρ(q, p, λ) = A(T, λ) exp

(
−H0(q, p, λ)

T

)
In such a case d̄Q = 0 and we have

∂

∂λ
lnA(T, λ) = −T

∫
∂V

∂λ
ρs(q, p, λ) dq dp = − d̄W

dλ

Then it follows that the change of the free energy corresponds to the work
performed on the system in a adiabatic transformation the change

∂F

∂λ
=
d̄W

dλ

We consider the change of the Gibbs Entropy in the isothermal transformation
(i.e. the entropy production)

dS

dt
= −

∫
∂ρ

∂t
ln ρ dp dq = −

∫ [
−DH0ρ+ γ

∂

∂p
pρ+ Tγ

∂2ρ

∂p2

]
ln ρ dp dq

We observe that the natural boundary conditions implies∫
(DH0ρ) ln ρ dx = −

∫
DH0ρ = 0

since the Hamiltonian fields have zero divergence, and the Lie derivative does
not contribute to the entropy production. The remaining terms can be written
using the density currents

dS

dt
=

∫
∂J

∂p
ln ρ dx = −

∫
J

ρ

∂ρ

∂p
dp dq

Using

−∂ρ
∂p

=
J

Tγ
+
p

T
ρ

we get

T
dS

dt
= γ−1

∫
J2

ρ
dp dq +

∫
Jp dp dq
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The first term is always positive and can be interpreted as a change in the total
entropy due to the transformation whereas the second term is related to the
change of internal energy during the transformation or the relaxation process

dE

dt
=

∫
H0LFP ρ dp dq =

∫
H0

∂

∂p
J dp dq =

∫
∂H0

∂p
J dp dq

i.e. the work performed by the system decreases the internal energy. This
implies that if the initial distribution satisfies ⟨H0⟩ = E(T ) (i.e. the asymptotic
energy) the total work of the internal force has to vanish after the relaxation
process, but the total entropy increases in any case.
To better explain the relaxation process one defines the non-equilibrium free
energy

F = E − TS =

∫
(H0(q, p) + T ln ρ(q, p, t)) ρ(q, p, t) dp dq (3.7)

which reduce to −T lnA(T ) at equilibrium. Then it follows

dF

dt
=

∫
∂H0

∂p
J dp dq − γ−1

∫
J2

ρ
dp dq −

∫
J
∂H0

∂p
dp dq = −γ−1

∫
J2

ρ
dp dq

and in the relaxation process
∆F ≤ 0 (3.8)

which corresponds to the Second Principle of Thermodynamics. It is possi-
ble interpret the relaxation process using the relative entropy (Kullback-Leiber
divergence) of two probability distribution

DKL(ρ ∥ ρs) =
∫
ρ(q, p) ln

ρ(q, p)

ρs(q, p)
dp dq (3.9)

It is a measure of how much an approximating probability distribution ρ is
different from a reference probability distribution ρs. We have the properties

DKL(ρ ∥ ρs) ≥ 0

DKL(ρ ∥ ρs) ̸= DKL(ρ ∥ ρs)
DKL(ρ ∥ ρs) = 0 ⇔ ρs = ρ

The first inequality follows from lnx ≥ 1− 1/x when x ≥ 0. Then∫
ρs(q, p) ln

ρ(q, p)

ρ(q, p)
dp dq ≥

∫
ρs(q, p)

(
1− ρ(q, p)

ρs(q, p)

)
dp dq = 0

By definition we have∫
ρ(q, p) ln

ρ(q, p)

ρs(q, p)
dp dq = −S[ρ]− −Fs + ⟨H0⟩ρ

T
=

⟨H0⟩ρ − TS(ρ)− Fs

T

where we recognize the non-equilibrium free energy. The minimum value is for
ρ = ρs and if ⟨H0⟩ρ = Es it follows S(ρ) ≤ S(ρs) which corresponds to the
maximum entropy principle. Then we compute

d

dt
DKL(ρ(q, p, t) ∥ ρs(q, p)) =

∫
∂J

∂p
ln

ρ(q, p)

ρs(q, p)
dp dq = −

∫
∂J

∂p
[ln ρ(q, p, t)− ln ρs(q, p)] dp dq

= −γ−1

∫
J2

ρ
dp dq −

∫
J
∂H0

∂p
dp dq +

∫
J
∂H0

∂p
dp dq = −γ−1

∫
J2

ρ
dp dq < 0
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The non-equilibrium behavior can be explained using a thermodynamics formal-
ism: in the case we have a dependence H0(q, p, λ) and we simulate a thermal
bath. We define the work performed by the system along the realization of an
isotherm transformation Φtb

ta(xa; ξ, ϵ) (we set λa,b = ϵta,b) that connects two
equilibrium states by

Wba[xξ] = H0(Φ
tb
ta(xa; ξ, ϵ), λ) + T ln(ρad(Φ

tb
ta(xa; ξ, ϵ))

−H0(xa, λa)− T ln ρad(xa, λa)

where the initial state xa is distributed according to the equilibrium distribution
with λ = λa. We compute the average with respect all the realization ξ(t) and
the initial conditions xa assumed distributed in equilibrium〈
exp

(
Wba[xb]

T

)〉
=

=

〈
exp

(
−
H0(Φ

tb
ta(xa; ξ, ϵ))−H0(xa, λa)

T
− ln(ρad(Φ

tb
ta(xa; ξ, ϵ), λb) + ln ρad(xa, λa)

)〉

=
1

A(λa)

〈
exp

(
−H0(Φ

tb
ta(xa; ξ, ϵ), λb)/T

)
ρad(Φ

tb
ta(xa; ξ, ϵ))

〉
=

1

A(λa)

∫
exp (−H0(xb, λb)/T )

⟨ρad(Φtb
ta(xa; ξ, ϵ))⟩

ρ(xb, tb; ϵ) dxb

=
1

A(λa)

∫
exp

(
−H0(xb, λb)

T

)
dxb =

A(λb)

A(λa)

where we consider the distribution of xb = Φtb
ta(xa; ξ, ϵ) using the definition

⟨ρad(Φtb
ta(xa; ξ, ϵ))⟩ = ρ(xb, tb; ϵ)

where ρ(xb, tb; ϵ) is the probability to be in the volume dxb when the initial
conditions xa are distributed as ρad(xa, λa).
The relaxation process takes place at a fixed temperature T (i.e. there is a
coupling with the environment) and there is an increase of entropy during that
corresponds to a work dissipation performed by the system. This is at the base
of the Second Principle of Thermodynamics where the arrow of time (i.e. the
relaxation process) is related to the Maximum Entropy Principle for physical
systems, taking into account the preservation of energy. In other words, the
transformation is assumed to connect equilibrium states of the system in a non-
reversible way.
Therefore we get the Jarzinski’s relation

−T ln

〈
exp

(
Wba[x])

T

)〉
= ∆Fba (3.10)

that holds for a non-adiabatic transformation between equilibrium states.
The equation (3.10) means that if one measures the performed work and the
exchanged heat in many transformations a takes the average value, one gets a
measure of the free energy ∆Fba. Moreover the Jensen inequality implies

exp

(
⟨Wba[x]⟩

T

)
≤
〈
exp

(
−Wba[x]

T

)〉
= exp

(
−∆Fba

T

)
It follows

⟨Wba[x]⟩ ≤ −∆Fba (3.11)
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This is equivalent to the formulation of the Second Principle of Thermodynamics
for isotherm transformation where the work performed by the system is always
less or equal to −∆Fba

∆F ≤ T ⟨Wba(q, p)rangle (3.12)

3.0.1 Detailed balance condition and stochastic reversibil-
ity

The FP equation is a continuity equation for the probability density

∂ρ

∂t
= LFP ρ

whose solutions can be interpreted as the transition probabilities among the
microstates when the initial condition is δ(x− y)

exp (LFP (x)t) δ(x− y) = πt(x|y)

Remark we assume that the system is not explicitly time dependent. It is
possible to prove that there always exists a stationary solution∫

πt(x|y)ρs(y) dy = ρs(x)

since the matrix πt(x|y) is stochastic∫
πt(x|y) dx = 1

The other eigenvalues satisfy Reλ < 0 and define the relaxation process when
the system is out of equilibrium: the study of the spectral properties of the
operator LFP is a key issue for non-equilibrium thermodynamics.
In the limit t→ 0 one gates the transition probability rates

π̂(x|y) = lim
t→0

πt(x|y)
t

= LFP (x)δ(x− y) x ̸= y (3.13)

If we define

π̂(x|x) =
∫
π̂(y|x) dy

The matrix

L(x|y) = π̂(x|x)δ(x− y)− π̂(x|y)

is a Laplacian matrix and the FP equation can be written in the form or a
master equation

∂ρ

∂t
=

∫
LFP (x)δ(x− y)ρ(y, t) dy =

∫
[π̂(x|y)ρ(y, t)− ρ̂(y|x)ρ(x, y)] dy

= −
∫

L(x|y)ρ(y, t) dy

(3.14)
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The spectral properties of the FP operatr is a special case of the spectral prop-
erties of the Laplacian matrix. The master equation is a continuity equation
and we define the density probability currents between two states

J(x, y, t) = π̂(x|y)ρ(y, t)− π̂(y|x)ρ(x, t)

A system satisfies the detailed balance (DB) condition if J(x, y, t) = 0 if the
stationary currents vanish between any couple of states

π̂(x|y)ρs(y)− π̂(y|x)ρs(x) (3.15)

The DB condition in a symmetry condition for the transition rate matrix. Using
the FP operator we have

LFP (x)δ(x− y)ρs(y) = LFP (y)δ(y − x)ρs(x)

We observe that performing a change of variables ρ→ √
ρsρthe previous condi-

tion reads

1√
ρs(x)

LFP (x)δ(x− y)
√
ρs(y) =

1√
ρs(y)

LFP (y)δ(y − x)
√
ρs(x)

that is a symmetry condition for the operator.
We have the Lemma: if the operator L(x)δ(x − y) is symmetric then L(x) is
self-adjoint.
Proof : a direct calculation implies

L(x)f(x) =
∫

L(x)δ(x− y)f(y) dy =

∫
L(y)δ(y − x)f(y) dy

=

∫
δ(y − x)L∗(y)f(y) dy = L∗(x)f(x)

where we use the symmetry condition. It follows L(x) = L∗(x) ♯.
In a general case

LFP =
∂

∂x

[
−a(x) + T

∂

∂x

]
the DB condition implies that the equilibrium distribution satisfies to

Js
i (x) =

[
ai(x)− T

∂

∂xi

]
ρs(x) = 0

This condition is an exact condition on the field a(x)

ai(x)

T
=

∂

∂xi
ln ρs(x)

which admits a potential: i.e. the V (x) = ln ρs(x). This implies that ai(x)
defines the internal energy V (x) and the equilibrium solution is

ρs(x) ∝ exp

(
−V (x)

T

)
In the Hamiltonian case, we show that the operator

1
√
ρs

∂

∂p

[
p+ T

∂

∂p

]
√
ρs ρs(p) ∝ exp

(
− p2

2T

)
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is self-adjoint. We have

1
√
ρs

∂

∂p

[
− T

2
√
ρs

∂ρs
∂p

+ T
√
ρs

∂

∂p

]
=

1
√
ρs

∂

∂p

[
p

2

√
ρs + T

√
ρs

∂

∂p

]
=

1

2
+

p

4ρs

∂ρs
∂p

+ T
∂2

∂p2

However this is not true for the whole operator

LFP = − ∂

∂x
J
∂H0

∂x
+

∂

∂p

[
−T

2

∂ρs
∂p

+ T
∂

∂p

]
since the Lie derivative DH0

implies the existence of a non-zero stationary cur-
rents, but these currents are orthogonal to the gradient of equilprobability sur-
faces ρs(x) = const.. Then they do not contribute to the entropy production
cucu

3.1 Perturbed Stochastic Hamiltonians

The Stratonovich interpretation allows to apply a covariant formalism to the
stochastic equation (3.1) by changing the Hamiltonian function consistently.
Assume that H0 is almost-integrable we can introduce that action-angle vari-
ables and we have

H0(I, θ) = Ĥ0(I) + ϵĤ(I, θ)

Moreover the covariant properties of the Poisson bracket implies the stochastic
system in the new variables can be written by computing H1 = H1(θ, I) and we
get

θ̇ = Ω(I) + ϵ
∂Ĥ

∂I
+

(
1

2
Ω(I)

∂H1

∂θ
+

√
Tξ(t)

)
∂H1

∂I

İ = −ϵ∂Ĥ
∂θ

−
(
1

2
Ω(I)

∂H1

∂θ
+

√
Tξ(t)

)
∂H1

∂θ

where H1 = H1(θ, I) and Ω(I) = ∂Ĥ0/∂I. The action evolution depends on the
perturbation ϵ and the random fluctuations ξ(t). The KAM theory shows that
in most case the effect of the perturbation Hamiltonian is a local change of the
action since the deterministic transport is very rare. If ϵ ≪

√
T we neglect the

perturbation and without loss of generality we can set Ω(I) > 0 (in a local region
of the phase space) and the angle variables turn out to be fast variables and
an averaging procedure can be applied (the averaging problem will be discussed
later) so that the actions dynamics read

İj = −1

2
Ωk(I)

〈
∂H1

∂θj

∂H1

∂θk

〉
+

√
T

〈
∂H1

∂θj

∂H1

∂θk

〉
ξk(t)

where ⟨ ⟩ denotes the angle average and we have introduced an effective noise
for the average dynamics with variance

Cjk =

〈
∂H1

∂θj

∂H1

∂θk

〉
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According to eq. (2.3) the FP equation in the action variables read

∂ρ

∂t
=

1

2

∂

∂Ij

〈
∂H1

∂θj

∂H1

∂θk

〉[
Ωk(I)ρ+ T

∂ρ

∂Ik

]
We recover the equilibrium solution

− 1

T

∂H0

∂Ik
=

∂

∂Ik
ln ρ(I) ⇒ ρ(I) ∝ exp

(
−H0(I)

T

)
which does not depends on the choice of H1. Therefore H1(θ, I) defines the
relaxation time scale which is dependent on the system state. We consider the
simple case 〈

∂H1

∂θj

∂H1

∂θk

〉
= δjkDkIk

and Ωj(I) = ωj (linear case) and the equation. Then the action dynamics
factorizes in the different components

İj = −1

2
ωjIjDj +

√
TIjξj(t)

It is convenient to change variable Ij = r2j/2 so that the stochastic equation
reduces

ṙ = −D
4
ωr +

√
TD

2
ξ(t)

(we drop the index to simplify the notation) and we get the FP equation for the
stochastic harmonic oscillator for the distribution ρ(r, t)

∂ρ

∂t
=

∂

∂r

[
ωrρ+ T

∂ρ

∂r

]
(3.16)

where a time scaling t→ Djt/4 is applied. The stationary distribution reads

ρeq(r, t)r dr ∝ exp

(
−ωr

2

2T

)
r dr = exp

(
−ωI
T

)
dI

We look for the eigenvectors in the form Φλ = ρeqϕλ and we get the equation

λ exp

(
−ωr

2

2T

)
ϕλ = T

∂

∂r

[
exp

(
−ωr

2

2T

)
∂ϕλ
∂r

]
(3.17)

If we scale r = z
√
T/ω we get the equation for the Hermite polynomials

λ

ω
exp

(
−z

2

2

)
ϕλ =

∂

∂z

[
exp

(
−z

2

2

)
∂ϕλ
∂z

]
Then the eigenvalue are λ = −nω where n is an integer. It follows that the
relaxation time scale is independent on the temperature T and decreases with
the frequency ω at the fixed point.
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3.2 Statistical Physics point of view

The Hamiltonian systems in a thermal bath provide a mathematical tool to
study non-equilibrium statistical physics if one assumes the possibility of mod-
elling a thermal bath using the Wiener process. We consider the case of an
Hamiltonian system H0(x, λ) depending on the parameter λ which describes
the evolution of a system in a thermal bath associate to H1(x). The unper-
turbed Hamiltonian defines the internal energy

E(t;λ, T ) =

∫
H0(x, λ)ρ(x, t;λ) dx (3.18)

where ρ(x, t;λ) is the solution of the FP equation (see eq. 3.3)

∂ρ

∂t
= − (DH0

−DH1
{H0, H1}) ρ+ TD2

H1
ρ = LFP ρ

where the solution is dependent on the parameter λ. The equilibrium solution
is the MB solution

ρs(x) = A−1(λ, T ) exp

(
−H0(x, λ)

T

)
A(λ, T ) =

∫
exp

(
−H0(x, λ)

T

)
dx

If λ(t) is time dependent we have an approximate solution ρ(x, λ(t)) that tends
to the adiabatic solution when λ̇≪ 1. If x(t) is any stochastic trajectories, the
change of the system energy is defined by H0(x(t), λ), so that if ρ(x0) is the
distribution of the initial conditions we have

E(t;λ, T ) =

∫
⟨H0(x(t;x0), λ)⟩ ρ(x0) dx

The theory of stochastic systems implies

dE

dt
(λ, T ; t) =

∫
L∗
FPH0(xt, λ)ρ(xt, t) dxt

where L∗
FP is the adjoint of the FP operator and xt is the system state at time

t. Then we have

L∗
FPH0(x, λ) = (DH0 − {H0, H1}DH1)H0(x, λ) + TD2

H1
H0(x, λ)

= −{H0, H1}2 + T{{H0, H1}, H1}

If λ is fixed we define the exchanged heat with the environment during the
relaxation process

d̄Q

dt
= −

∫
{H0, H1}2ρ(x, t) dx+ T

∫
{{H0, H1}, H1}ρ(x, t) dx

If ρ(x, t) = ρs(x) ∝ exp(−H0/T ) the MB distribution, we get d̄Q = 0 (station-
ary condition). We define the relaxation current density

J = −{H0, H1}ρ− TDH1
ρ
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and we have the relation

d̄Q

dt
= −

∫
{H0, H1} [{H0, H1}ρ+ TDH1

ρ] dx

=

∫
{H0, H1}J dx = −

∫
J2

ρ
dx− T

∫
J

ρ
DH1

ρ

We understand that exchanged heat per unit time is partially dissipated in
the system and it is partially stored in the distribution. Out of equilibrium
the system exchanges heat that creates the currents that change the internal
distribution performing work and dissipate energy in the system. The energy
dissipation vanishes if J = 0, the equilibrium condition that satisfies a detailed
balance condition and it corresponds to a maximum entropy condition. In the
relaxation process the system changes the distribution to a maximum entropy
distribution but part of the energy is dissipated during the process. This ef-
fect is the basis of the second principle of thermodynamics since the adiabatic
limit implies J → 0. We observe that the FP operator cannot be written as a
divergence of a density current due to the presence of the operator DH0

.
If λ(t) is time-dependent we define the work performed on the system

d̄W

dt
=

∫
λ̇
∂H0

∂λ
(x, λ)ρ(x, t) dx

so that we get the first Principle of Thermodynamics. If we perform an adi-
abatic transformation the system distribution ρ(x, t) ∝ exp(−H0(x, λ)/T ) so
that d̄Q = 0 during the transformation. Using the partition function it follows

∂

∂λ
lnA(λ, T ) = − 1

TA(λ, T )

∫
∂H0

∂λ
exp

(
−H0(x, λ)

T

)
dx

so that in the case of adiabatic transformations we have

d̄W

dt
= −T λ̇ ∂

∂λ
lnA(λ, T ) ⇒ W = −T [lnA(λf , T )− lnA(λi, T )]

The work performed by the system in a adiabatic transformation

W = F (λf , T )− F (λi, T ) F (λ, T ) = −T lnA(λT )

where we define the Helmholtz free energy F (λ, T ). In the case λ̇ is finite we
get the second principle of thermodynamics since

Ef − Ei =

∫ tf

ti

[
−
∫
J2

ρ
dx−

∫
T
J

ρ
DH1

ρ+

∫
λ̇
∂H0

∂λ
ρ dx

]
dt

cucu The second principle of thermodynamics implies ∆F ≤W
We consider the classical system

H(q, p, λ) =
p2

2
+ V (q, λ)

where λ simulates the change of the energy due to the coupling with the en-
vironment. If one introduces a thermal bath the equations of motion have the
form

dq = p dt

dp =
∂V

∂q
(q, λ) dt− γp dt+

√
2Tγ dwt
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Any solution qw(t), pw(t) represents a possible isothermal transformation of the
system that relaxes toward a stationary stochastic process; in the relaxation
process the system change its energy exchanging heat with the environment.
We compute the exchange heat by

dH = −γp2 dt+
√
2Tγp dwt + Tγ dt

and by averaging on the fluctuations we get the internal energy change

dU = (T − ⟨p2⟩)γ dt = d̄Q

where

⟨p2⟩ =
∫
p2ρ(q, p, t) dqdp

H1 represents the environment effect using the statistical physics point of
view: i.e. H1(x) represents the local fluctuations due to the environmental
interactions that have to justified from physical laws. This also means that there
are many physical system with the same equilibrium but with different coupling
with the environment and different fluctuations. The spectral properties of the
FP equation depends on the choice of H1. The DB condition is related to the
self-adjoint nature of the Fokker-Planck operator: the unperturbed Liouville
operator −DH0 is not self-adjoint but we look for solutions in the kernel, so
that we consider the operator

SFP =
1

2
exp

(
H0

2T

)
DH1 ({H0, H1}+ TDH1) exp

(
−H0

2T

)
and we change variable ρ(x, t) → exp(−H0/2T )u(x, t) to get a self-adjoint op-
erator: a direct computation gives

({H0, H1}+ TDH1) exp

(
−H0

2T

)
=

1

2
{H0, H1} exp

(
−H0

2T

)
+T exp

(
−H0

2T
DH1

)
and we get

SFP =
1

2
D2

H1
H0 −

1

4T
{H0, H1}2 + TD2

H1

that is self-adjoint. The new FP equation reads

∂u

∂t
=

[
−DH0

+
1

2
D2

H1
H0 −

1

4T
{H0, H1}2 + TD2

H1

]
u

A possible approach to the study of the spectral properties is to consider the
interacting frame

u(x, t) = exp(tDH0)v(x, t)
∂u

∂t
= exp(tDH0)

(
∂v

∂t
+DH0

)
v

and we look for a solution

∂v

∂t
= exp(−tDH0

)

[
1

2
D2

H1
H0 −

1

4T
{H0, H1}2 + TD2

H1

]
exp(tDH0

)v
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We analyze a statistical mechanics approach to a stochastic Hamiltonian sys-
tem under the assumption that the distribution function that solves that F.P.
equation (17). Let us introduce the Gibbs Entropy

S(ρ) = −
∫

ln(ρ)ρ dx (3.19)

for a given distribution ρ(x, t). By using the Jensen’s inequality one can prove
that the Entropy is positive:

exp

(∫
ln(ρ)ρdx

)
≥
∫

exp (ln ρ) ρdx =

∫
ρ2dx

Let us compute the time derivative of the Gibbs Entropy in the case 1.33

dS

dt
= −

∫
ln ρ

(
−DH0

+
1

2
D2

H1

)
ρdx = −

∫
DH0

ρdx+
1

2

∫
(DH1ρ)

2

ρ
dx

and using the usual boundary condition on ρ, we get the Entropy Growth Prin-
ciple

dS

dt
=

1

2

∫
(DH1

ρ)2

ρ
dx > 0

Remarks:the zero Entropy production would imply DH1
ρ = 0 (i.e. ρ is a first

integral of motion for H1), but this condition does not satisfy the eq. (1.33)
so that one has a continuous Entropy production in the stationary state that is
not an equilibrium state. On the contrary if one introduces the dissipative term
(3.1) it is straightforward to check that the Maxwell-Boltzmann distribution is
stationary distribution that maximize the Gibbs Entropy.

3.3 Coarse grained description

In a generic situation we have an Hamiltonian system H(x) where x are the
microstates that are assume equiprobable since the preserved measure is the
usual Lebesgue measure. We have proved the following relations

F = −β−1
∑
x

exp(−βH(x)) E = β
∂

∂β
βF S = β2 ∂F

∂β
= β(E − F )

and in an equilibrium state we introduce the First Principle of Thermodynamics
for an isotherm transformation with H(x, λ)

d̄W =
∑
x

∂H

∂λ
(x, λ)ρ(x, t) λ̇ dt

d̄Q = dE − dW =
∑
x

H(x, λ)
∂ρ

∂t
(x, t) dt

These definitions highlight as the change in the energy is due to the change of
the Hamiltonian with a fixed state x (work performed) and the change of the
distribution for a fixed λ (heat exchange). Using the dynamics Gibbs entropy
definition

S = −
∑
x

ρ(x, t) ln ρ(x, t) ⇒ dS = −
∑
x

∂ρ

∂t
ln ρ(x, t) dt
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in the adiabatic case

ρeq(x, λ) = exp

(
−H(x, λ)− F (T, λ)

T

)
when λ = ϵt with ϵ≪ 1 we recover the form

d̄Q = TdS =
∑
x

∂ρ

∂t
(H(x, λ)− F (T, λ)) dt =

∑
x

∂ρ

∂t
H(x, λ) dt

The Statistical Mechanics is interested in the average value over all the mi-
crostates, but the previous approach allow In one introduces the mesostates I
and we consider the equilibrium distribution for each mesostate

ρeq(I) =
∑
x∈I

exp (−β(H(x)− F )) = exp (−β(FI − F ))

where we introduce the free energy of the state I. The definition is consistent
with the conditional probability

ρ(x|I) = 1

ρeq(I)
exp

(
−H(x)− F

T

)
= exp

(
−H(x)− FI

T

)
with

FI = −T ln sumx∈I exp

(
−H(x)

T

)
This implies

EI =
∑
x∈I

ρ(x|I)H(x) = β
∂

∂β
βFI

By definition

SI = β2 ∂Fi

∂β
= β(EI − FI) = −

∑
x∈I

ρ(x|I) ln ρ(x|I) = S[ρ(x|I)]

We recover the average potential according to

E =
∑
I

EIρeq(I) S =
∑
I

ρeq(I)SI + S[ρeq(I)]

*****

3.3.1 Master equation and Statistical Physics

The evolution of the master equation is written in the form

ρ̇(x, t) =
∑
y

[πxy(λ)ρ(y, t)− πyx(λ)ρ(x, t)] = −
∑
y

Lxyρ(y, t) (3.20)

where πxy is the transition rate between the state y → x and Lxy the associated
Laplacian matrix. In complex systems physics the structure of the Laplacian
matrix defines the interaction among the mesostates of the system.The formal
solution is written

ρ(x, t) =
∑
y

exp (−tLxy) ρ0(y)
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so that the transition probability reads

π∆t
xy = exp (−∆tLxy) y ̸= x

This equation is related to a Markov stochastic process x(t) whose realizations
satisfy the condition

P[x(t)] = lim
∆t→0

n∏
k=1

exp
(
−∆tLxkxk−1

)
xk = x(k∆t) t = n∆t (3.21)

where x(0) = x0 is the initial condition which is given. For finite n we have the
normalizing condition ∑

{xk}n
k=0

P[{x}nk=0] = 1

where x0 is fixed. The continuous limit defines the path integral approach to
Markov system. Let ρs(x) the stationary solution, the DB condition can be
formulated by

exp (−∆tLxy) ρs(y) = exp (−∆tLyx) ρs(x) ∀∆t

It follows

Lxyρs(y) = Lyxρs(x) (3.22)

We remark the relation between the DB condition and the reverse evolution
since

Lxy =
1

ρs(y)
Lyxρs(x)

so that the forward and the backward Laplacian matrices are similar. The DB
condition (3.22) has two consequences: the Laplacian matrix defines the internal
energy of the system by

ln(Lxy)− ln(Lyx) = β(E(y)− E(x))

(β is a scaling factor to define the measure unit). Then ρs(x) has the form of a
MB distribution, but there are many ways to define Lxy using the energy. We
observe that the definition

Lxy = exp(βE(y)) x ̸= y

means that the escape rate from the node y is exponentially small in the energy
associated to the state E(y) according to the Kramer transition rate theory, and
it clearly satisfies the DB condition. This definition is consistent with a random
walk dynamics on a landscape potential with many local minimum and each
‘link’ has the same weight. A different choice is

Lxy = exp

(
β

2
(E(y)− E(x))

)
x ̸= y

where the link between two state ahs a weight proportional to the energy dif-
ference (i.e. one chooses the nodes with lower energy in the dynamics). The



3.3. COARSE GRAINED DESCRIPTION 53

second consequence is the stochastic reversibility of the dynamics: we define the
reverse evolution by yk = xn − k and we consider the probability

Py(t)] = lim
∆t→0

n∏
k=1

exp
(
−∆tLykyk−1

)
ρs(y0)

where one assumes that the ‘initial’ condition is distributed according to the
stationary distribution. Remark: we impose the same transition probabilities
for the revrese process, so that we interpret the reverse process as a possible
physical realization. Using the DB condition

exp
(
−∆tLykyk−1

)
ρs(yk−1) = exp

(
−∆tLyk−1yk

)
ρs(yk) = exp

(
−∆tLxn−k+1xn−k

)
ρs(xn−k)

we recover the probability of the forward sequence. We say that the system
is stochastically time reversible since the statistical properties cannot distin-
guish the time arrow: any measure on the observables cannot distinguish if the
evolution is time reversed at the stationary state.
The DB balance condition is strictly related to the maximum entropy principle
but it implies consequence of the relaxation process. For a given initial distribu-
tion ρ(x, 0) the relaxation process is an irreversible isothermal transformation
according to the equation

∂ρ

∂t
=
∑
y

[πxyρ(y, t)− πyxρ(x, t)]

Part of the exchanged heat is dissipated in the system or accumulated in the
internal energy. We consider the entropy change during the relaxation process

dS

dt
= −

∑
xy

[πxyρ(y, t)− πyxρ(x, t)] ln ρ(x, t)

= −1

2

∑
xy

[πxyρ(y, t)− πyxρ(x, t)] [lnπxyρ(y, t)− lnπyxρ(x, t)]

− 1

2

∑
xy

[πxyρ(y, t)− πyxρ(x, t)] [lnπxy − lnπyx]

where we recognize the total entropy production

dStot

dt
=

1

2

∑
xy

[πxyρ(y, t)− πyxρ(x, t)] [lnπxyρ(y, t)− lnπyxρ(x, t)] ≥ 0

which vanishes when the current density πxyρ(y, t) − πyxρ(x, t) vanish. The
second term is the work performed by the currents with respect the vector field
lnπxy − lnπyx associated to the internal interactions. The performed work can
be written in the form

Ẇ = −
∑
xy

πxyρ(y, t) lnπxy −
∑
yx

πyxρ(x, t) lnπyx

which can be interpreted as the difference between the forward entropy pro-
duction and the backward entropy production when the trajectory is reverse.
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This different must be positive: i.e. the system tends to minimize the entropy
production choosing the relaxation path.
If one diagonalizes the master equation using the Laplacian eigenvector

ρ(x, t) =
∑
λ

cλv
λ
x

∑
x

∥vλx∥2 = 1
∑
x

vλx = 0

where v0 (the null eiegenvector) is the equilibrium solution and c0 = 1. We have
the dynamics for each eigenvector

ċλ = −λcλ ⇒ cλ = cλ(0)e−λt

****** We observe that the DB condition implies

1√
ρs(x)

Lxy

√
ρs(y) =

1√
ρs(y)

Lyx

√
ρs(x)

i.e. the matrix similar to Lxy a symmetric so that the eigenvalue od the Lapla-
cian are real and positive whereas the corresponding eigenvectors are orthogonal
with respect the measure ρ−1

s . The spectral properties are related to the corre-
lation function of the observable. Let Ii(x) any set of observables we define the
evolution of the average values

İi(x, t) = −
∑
y

L†
xyIi(y, t)

using the adjoint operator which has a constant stationary eigenvalue. The
correlation function between two observables is defined

Kij(τ) = ⟨Ii(xs(tau|y))Ij(y)⟩ =
∑
y

Ii(y, τ)Ij(y)ρs(y) =
∑
xy

Ii(x)ρ(x, τ |y)Ij(y)ρs(y)

=
∑
xy

Ii(x) exp (−Lxyτ) Ij(y)ρs(y) (3.23)

where the suffix s means that the trajectories are computed at the stationary
condition. By definition we have

Kij(−τ) = ⟨Ii(xs(t− τ))Ij(xs(t)⟩ = Kji(τ) =
∑
xy

Ij(x) exp (−Lxyτ) Ii(y)ρs(y)

=
∑
xy

Ii(y)ρs(y) exp
(
−L†

yxτ
)
Ij(x) = Kji(τ)

The stochastic reversibility assumes that Kij(τ) = Kij(−τ) = Kji(τ) which
implies

exp (−Lxyτ) ρs(y) = ρs(y) exp
(
−L†

yxτ
)
= [exp (−Lxyτ) ρs(y)]

†

and we recover the DB condition. The symmetry of the correlation Kij(τ) can
be related to the Onsager symmetry relations.
The DB balance condition implies constraint to the relaxation properties to-
wards equilibrium since they are relate to the spectrum of the Laplacian oper-
ator. We assume that the Laplacian operator depend on a parameter λ = ϵt
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Lxy(λ) such that the DB condition is satisfied for all the λ values ∈ [λ0, λ1].The
evolution of the system is described by two phases: if we introduce the energy
E(x, λ) through the DB condition for each value λ for each evolution of the
system x(t) we introduce the First Principle of Thermodynamics

dE

dt
(x(t), λ) =

∂E

∂x
(x(t), λ)ẋ+

∂E

∂λ
(x(t), λ)λ̇

The second term represents the work per unit time performs on the system when
its state is x(t) whereas the first term is the exchange heat with the environment
and the transformation is isothermal. The First Principle follows by taking the
average on all the possible states x(t). If we define the function

χ(x, t) = ρ(x, t) exp (E(x, λ))

the evolution equation reads

∂χ

∂t
= − exp (E(x, λ))Lxyρ(y, t) +

∂E

∂λ
λ̇χ(x, t)

= − exp (E(x, λ))Lxy exp (−E(y, λ))χ(y, t) +
∂E

∂λ
λ̇χ(x, t)

We remark that the DB condition implies

exp (E(x, λ))Lxy exp (−E(y, λ)) = Lyx

and we have that χ(x, t) evolves according to the adjoint operator.
For each possible evolution x(t) of the system we define

π̂xk−1xk
(k + 1) =

exp(−βEn−k(xk−1))

exp(−βEn−k(xk))
πxkxk−1

(n− k)

where we discretize the time evolution t = k∆t with k = 0, .., n (β is a parame-
ter). We observe that the difference

∆Wn−k = En−k(xk−1)− En−k(xk)

is the work performed on the system when the state changes xk → xk−1. The
previous definition has the property∑

y

π̂yx(k + 1) =
∑
y

exp(−βEn−k(y))

exp(−βEn−k(x))
πxy(n− k) =

∑
y

πyx(n− k) = 1

using the DB condition: i.e. it is a stochastic matrix. By definition we have

⟨exp(βW [x(t)])⟩ =
∑

{xk}n
0

n∏
k=1

πxkxk−1
(k)

exp(−βEk(xk−1)

exp(−βEk−1(xk−1)
ρ(x0; 0)

that can be written in the form

⟨exp(βW [x(t)])⟩ =
∑

{xk}n
0

n−1∏
k=0

πxn−kxn−k−1
(n− k)

exp(−βEn−k(xn−k−1)

exp(−βEn−k−1(xn−k−1)
ρ(x0; 0)

=
∑

{xk}n
0

n−1∏
k=0

π̂xn−k−1xn−k
(k + 1)

exp(−βEn−k(xn−k))

exp(−βEn−k−1(xn−k−1)
ρ(x0; 0)
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using the relation

πxn−kxn−k−1
(n− k) = π̂xn−k−1xn−k

(k + 1)
exp(−βEn−k(xn−k))

exp(−βEn−k(xn−k−1))

Then we get

⟨exp(W [x(t)])⟩ =
∑

{xk}n
0

exp(−βEn(xn))

exp(−βE0(x0)

n−1∏
k=0

ρ(x0; 0)π̂xn−k−1xn−k
(k + 1)

=
Zn

Z0

∑
{xk}n−1

0

n−1∏
k=0

π̂xn−k−1xn−k
(k + 1)ρ(xn; 0) =

Zn

Z0

and we recover the Jazinski equality

⟨exp(βW [x(t)])⟩ = exp (β∆F )

for the Markov systems.

3.4 On numerical integration of stochastic equa-
tions

We consider the problem of introducing a numerical scheme for the eq. (3.1)

ẋ = DH0
x+

(
−γ
2
{H0, H1}+

√
Tγξ(t)

)
DH1

x

We divide the Hamiltonian distinguishing the deterministic and the stochastic
part. The idea of a stochastic integrator is to substitute the process x(t) with
a new process x̂(t; ∆t) such that

M2(x(t)− x̂(t; ∆t)) =
〈
∥x(t)− x̂(t; ∆t)∥2

〉
= O(∆tk) (3.24)

for any finite t = n∆t. k/2 > 0 is the integration order of the numerical scheme;
the average is computed over all the noise realizations. We observe that if we
define ∆x = x− ⟨x⟩

∥x− x̂∥2 = ∥∆x−∆x̂+ (⟨x⟩ − ⟨x̂⟩)∥2 ≤ ∥∆x−∆x̂∥2 + (⟨x⟩ − ⟨x̂⟩)2

and if we prove that the average value and the mean square value of the processes
x(t) and x̂(t; ∆t) differ by a quantity O(∆tk/2) we get the estimate (3.24).
We remark that there is not any requirement on the convergence of the single
trajectories of the processes if we consider the same noise realization (strong
convergence) since we are interested in the statistical properties of the process.
We build a leap-frog numerical scheme: we approximates the deterministic dy-
namics by

x(t+∆t) = exp (∆tDH0
)x(t)) exp

(
−∆t

γ

2
{H0, H1}DH1

)
x(t)

=M∆tx(t) ≃
(
I +∆tDH0

−∆t
γ

2
{H0, H1}DH1

+O(∆t2)
)
x(t)
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and we use a stochastic symplectic kick for the stochastic dynamics

x(t+∆t) = exp
(√

Tγ∆wtDH1

)
x(t)

with ∆wt the increment of a Wiener process.
Remark: The scheme assumes the possibility of explicitly integrating the sym-
plectic flow associated to H0(x) but it is enough an approximation with an
error O(∆t2). The same is applied to the phase flow of the dissipation term
γ/2{H0, H1}DH1

: in this case we have not to satisfy a symplectic condition and
the Euler approximation can be used

exp
(
−∆t

γ

2
{H0, H1}DH1

)
x = x−∆t

γ

2
{H0, H1}{x,H1}+O(∆t2)

with ∆t γ ≪ 1. Then we define the stochastic process

x(t+∆t) =M∆t/2 ◦ exp
(√

Tγ∆wDH1

)
◦M∆t/2x(t)

whose global error is expected O(∆t3/2) in a statistical sense.
If H1 = q and H0 = p2/2 + V (q) (the usual thermal bath) we have

exp
(
−∆t

γ

2
{H0, H1}DH1

)
x = exp (−∆tγ/2 pDq)x =

{
q

exp
(
−∆tγ2

)
p

exp
(√

Tγ∆wDH1

)
x =

{
q

p+
√
Tγ∆w

As previously discussed the numerical scheme is order O(∆t) when we integrate
the stochastic equation for a finite timet.

3.5 The over-damped limit

If the unperturbed Hamiltonian can be written in the form H0(p, q) = p2/2 +
V (q) and H1 = −q. We have the stochastic equation

dp = −∂V
∂q

dt+
(
−γp dt+

√
2Tγ dwt

)
dq = p dt

where the parameter γ allows to modulates the dissipation. We compute a limit
γ ≫ 1

dp

γ
= −∂V

∂q

dt

γ
+

(
−pdt+

√
2T

γ
dwt

)
dq = p dt

Then we get the approximated dynamics in the slow time τ = t/γ by the reduced
dynamics

dq = −∂V
∂q

dτ +
√
2Tdwτ (3.25)
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The equilibrium distribution is the marginal distribution of the whole system
on the q coordinates. Remark: to apply the over damped approximation the
form of the Hamiltonian H0(p, q) and of the thermal bath H1(p, q) = −q cannot
be modified. The over damped limit is coordinates dependent but the spectral
properties of the FP operator associated to the stochastic equation(??) are
related to the spectral properties of the whole FP equation.
We consider the relation with the averaging theorem: let the initial Hamiltonian
being integrable such that using the action-angle variables (θ, I) we have H0 =
H0(I) and H1 = H1(θ, I). The thermal bath equations read

θ̇ = Ω(I) + γΩ(I)
∂H1

∂θ

∂H1

∂I
+
√
2Tγξ(t)

∂H1

∂I

İ = −γΩ(I)
(
∂H1

∂θ

)2

−
√
2Tγξ(t)

∂H1

∂θ

We consider the limit γ → 0 (i.e. the small noise limit) where the angles θ are
fast variables. The averaging principle considers a slow time τ = tγ and the
white noise limit

√
T/γξ(t)dτ → dwτ to derive the stochastic equations

dθ =
Ω(I)

γ
dτ +Ω(I)

∂H1

∂θ

∂H1

∂I
dτ +

√
2T

∂H1

∂I
dwτ

dI = −Ω(I)

(
∂H1

∂θ

)2

dτ −
√
2T

∂H1

∂θ
dwτ

so that in the limit γ → 0 the phase advance Ω(I)/γ distributes the angles
randomly on a torus surface: i.e. one can apply the random phase approximation
to the action dynamics, where the angle can be considered independent random
variables uniformly distributed. This claim is not correct when the frequencies
satisfies a resonance relation ∑

i

niΩ(I) = 0 (3.26)

In such a case even in the limit γ → 0 the phases are not uniformly distributed
in a N -dimensional torus but only on a subset whose dimension depends on
the resonance order. However the angle dynamics is fast and in the case of an
ensemble of particles with initial condition uniformly distributed on the torus,
this condition is preserved by the evolution. The FP equation have the MB
stationary solution (cfr.eq. (3.4)) which is uniform in the angle. Then we expect
that there is a fast relaxation to the uniform distribution in the angle variables
whereas the relaxation process in the action variables is a slow process. Then
one can apply an averaging principle where the action stochastic dynamics

dĪ = −Ω(Ī)D(Ī) dτ −
√
2TD(Ī) dwτ (3.27)

where we define the quasi-linear diffusion coefficient

D(I) =

〈(
∂H1

∂θ

)2
〉

The corresponding FP equation reads

∂ρ

∂τ
=

∂

∂Ī
Ω(Ī)D(Ī)ρ(Ī , τ) + T

∂

∂Ī
D(Ī)

∂

∂Ī
ρ(Ī , τ)
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and we recover the stationary distribution

Ω(Ī)D(Ī)ρs(Ī) + TD(Ī)
∂

∂Ī
ρs(Ī) = 0 ⇒ ρs(Ī) ∝ exp

(
−H0(Ī)

T

)
The diffusion coefficient D(I) is related to the relaxation process to the sta-
tionary distribution. The averaging principle cannot be applied in presence
of separatrix surfaces in the phase space where the action-angle variables are
singular and the particle distribution tends to concentrate near the hyperbolic
fixed point in 2D Hamiltonian systems.

3.6 Susceptibility and Diffusion

The stochastic dynamics (1.9) can be interpreted as the perturbation effect of
fast chaotic degrees of freedom on the dynamics of the Hamiltonian H0(x).
The chaotic character is related to the correlation time γ−1 of the random
perturbation ξ(t) and γ is the maximum positive Ljapunov exponent. Let x0(t) a
trajectory of the unperturbed system H0(x) we consider the problem to describe
the effect of the noisy perturbation ξ(t)H1(x) in the limit of small white noise

⟨ξ(t+ τ)ξ(t) = ϵ2
γ

2
exp(−γτ)

The limit γ → ∞ can be performed by keeping ϵ2γ finite or one can introduce
a slow time s = t/γ and study the evolution in the slow time. We linearize the
dynamics around the reference orbit

ẋ =
∂H0

∂x
J + ξ(t)

∂H1

∂x
J → → δẋ =

∂2H0

∂x2

T

(x0(t))δxJ + ξ(t)
∂H1

∂x

T

(x0(t))J

where δx = x(t)− x0(t). This is a linear stochastic Hamiltonian

H(δx, t; ξ(t))) =
1

2
δx
∂2H0

∂x2
(x0(t))δx+ ξ(t)

∂H1

∂x

T

(x0(t))δx

that is valid only if ∥δx∥ ≪ 1. We recall that the fundamental matrix Φt
0 of

the system with ϵ = 0 gives the information on the Ljapunov exponents of the
system H0(x) from the spectral properties of the matrix

Λ(t) =
1

2t
ln([Φt

0]
TΦt

0)

and the limit limt→∞ Λ(t) defines the Ljapunov exponents of the orbit. When t
is small we have the local Ljapunov exponent that may have large fluctuations.
The susceptibility of the system considers the solution

δx(t) =

∫ t

0

ξ(s)Φt
s

∂H1

∂x
(x0(s))J ds

A direct calculation provides

〈
∥δx(t)∥2

〉
=

∫ t

0

∫ t

0

⟨ξ(s1)ξ(s2)⟩
[
∂H1

∂x
(x0(s1))J

]T [
Φt

s1

]T
Φt

s2

[
∂H1

∂x
(x0(s2))J

]
ds1ds2
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and performing the white noise limit one gets

〈
∥δx(t)∥2

〉
≃ ϵ2

∫ t

0

[
∂H1

∂x
(x0(s))J

]T [
Φt

s

]T
Φt

s

[
∂H1

∂x
(x0(s))J

]
ds

The possibility of applying the white noise limit gives the possibility of choosing
t ≪ 1 and the behavior of the norm is defined by the average local Ljapunov
exponent computed along the vectors (∂H1/∂x)J(x0(t). The relation between
the Ljapunov exponents and the average local Ljapunov exponent depends on
how the orbit x0(t) explores the phase space: the problem is that the orbit can
spend a long time trapped in regions with a very small local Ljapunov exponent
(in principle it can be almost zero) where the time spent in a region with a
great Ljapunov exponent is ∝ exp(λt). Assuming an averaging principle on an
ergodic component Σ of the unperturbed dynamics a possible estimate could be

〈
∥δx(t)∥2

〉
≃ ϵ2

∫
Σ

σ(dx)

[
∂H1

∂x
J

]
exp(2Λ(x, t)t)

∂H1

∂x
J (3.28)

where x0(t) has to explore the invariant set Σ (σ(dx) is the dynamical measure
that describes how the orbit explores the phase space at time t: when t → ∞
the invariant measure of Hamiltonian systems is the Lebesgue measure, but this
is not true for finite t). Then we expect that the positive Ljapunov directions
dominates and we have an exponential linear increase of ∥δx(t)∥ in the limit ϵ2 →
0 which justifies the linearization procedure. The noise modulates the effect of
the positive Ljapunov exponent and it can destroys local spatial correlation in
the unperturbed dynamics. This is the susceptibility for a long term evolution.
If we can perform the average for t≪ 1 we approximate

Φt
s ≃ I +

∂2H0

∂x2
(x0)J(t− s) +O(t2)

and we get

〈
∥δx(t)∥2

〉
≃ ϵ2

[
∂H1

∂x
(x0)J

]T
∂H1

∂x
(x0)Jt+O(t2)

so that

lim
t→0

⟨∥δx(t)∥2⟩
t

= ϵ2
[
∂H1

∂x
(x0)J

]T
∂H1

∂x
(x0)J = b(x0) (3.29)

(cfr. eq. 1.31). ϵ has to be sufficiently small to justify the linear approach
and the white noise limit has to hold (i.e. the evolution time has to be much
slower than the noise correlation time scale to keep the effect of noise finite for
small ϵ). In such a case we get information on the perturbation Hamiltonian
H1(x0) whereas the unperturbed dynamics is irrelevant, but we have the drift
coefficient. This is the susceptibility of the short term evolution when the initial
condition is known.



Chapter 4

Averaging principle for
Stochastic Hamiltonians

The chaotic dynamics in non-integrable Hamiltonian system can be related to
the existence of positive Ljapunov exponents in the evolution. The perturbation
theory considers Hamiltonian system of the form

H(θ, I) = H0(I) +H1(θ, I) ∥H1∥ ≪ 1

but the perturbation term H1 cannot be reduced to zero in generic cases but
there are optimal estimate for the norm ∥H1∥. A rough estimate associates
the maximum local Ljapunov exponent to the optimal estimate of H1 (i.e. the
Ljapunov exponent related to the hyperbolic points of non linear resonances
that are ubiquitous in the phase space). The main assumption is that the effect
of local Ljapunov exponents is to introduce fast fluctuations in the dynamics
whose amplitude depend on the phase space point. This means that the fluctu-
ations are everywhere and there is a uniform chaos in the space. The Ljapunov
exponent is related to the decorrelation time of the fluctuation and this also
may depend on the phase space point. However in the white noise limit we
need to separate the evolution time scales of the variables and the fluctuations
time scale. This will be possible in a slow time if the considered region has a
positive Ljapunov exponent. In other word the diffusion approximation applies
on an invariant subset of the phase space where we have a lower bound on the
maximum Ljapunov exponent.
We consider a perturbed Hamiltonian system in the action-angle variables in
presence of a weak chaotic dynamics in the phase space and it is possible to
get a phenomenological description of the dynamics by mean of stochastically
perturbed Hamiltonian system

H0(I) + ξ(t)H1(θ, I) (4.1)

where (θ, I) are action-angle variables and the noise realizations have an expo-
nential decaying correlation. The justification of such models is the possibility
to describe the effect of a coupling of an integrable Hamiltonian with an Hamil-
tonian chaotic environment that introduces fluctuations in the phase space. But
one can also simulate the effect of weak chaotic layers in the phase space that
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introduce pseudo random kicks in the evolution of the action variables. To main-
tain the symplectic character of the dynamics we consider the regular (colored)
stationary noise so that

ξ(t) =

∫
ω

ξ̂(ω)eiωtdω

where ξ̂(ω) are random variables such that

E(ξ̂(ω)) = 0 E(ξ̂(ω)
¯̂
ξ(ω′)) = F (ω)δ(ω − ω′)

where F (ω) is the power spectrum of the noise. We recall that

E(ξ(t+ τ)ξ(t)) =

∫
ω

∫
ω′

E(ξ̂(ω)
¯̂
ξ(ω′))ei(ω−ω′)t+iωτdωdω′ =

∫
ω

F (ω)eiωτdω

so that the correlation function is the Fourier transforms of the power spectrum
F (ω). For Markov process one gets

Φ(τ) = E(ξ(t+ τ)ξ(t)) ≃ σ2e−γτ

where one can set σ2 = γ/2 to get the white noise limit. Then

F (ω) = σ2

∫ ∞

0

e−γ|τ |−iωτdτ =
σ2γ

π(γ2 + ω2)

A Fourier analysis of the orbits where we distinguish between a discrete spec-
trum related to the phantom of a regular orbit and a continuous like spectrum
that is related to the chaotic behavior.The perturbation H1(θ, I) describes the
amplitude of the fluctuations whereas the ”noise” ξ(t) takes into account the
correlation properties of the fluctuations: the noise realizations ξ(t) depend on
a probability space (this space can represent hidden degrees of freedom and
the correlation of the related stochastic process can be related to the chaotic
character of the dynamics). In the case of a weak chaotic region the realization
depend on the initial condition and the system (4.1) is an effective description
of the dynamics. Of course the measure of the chaotic region should be large to
avoid the dynamical traps of Hamiltonian systems which are due to the stick-
iness of trajectories to some specific domains in phase space. In the case of
a weak chaos the white noise approximation cannot be directly applied to the
process ξ(t), but one expects that ∥H1∥ ≪ 1 so that it is possible to introduce a
slow diffusion time τ ∝ ∥H1∥2t for the action variable at which the white noise
approximation is justified. Indeed the ”noise” depends on the angles variables
that can be considered as a fast variable, which are independent in a time much
shorter than the diffusion time scale. We introduce the slow variables

ϕ = θ − Ω(I)t

and we have a new Hamiltonian

H(ϕ, I) = ξ(t)H1(ϕ+Ω(I)t, I)) (4.2)

and we have the Fourier expansion

H1(ϕ+Ω(I)t, I) =
∑
k

hk(I) exp(ik(ϕ+Ω(I)t))
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in the action angle variables of the unperturbed system H0(I).
Remark: the change of variables requires a covariance property for the equations
so that we need to keep the Stratonovich interpretation in the white noise limit.
To find an approximate solution of the stochastic dynamics (4.1) we consider
the evolution of angle-action variables (ϕ, I) for a time T and we get the map

∆ϕj =

∫ T

0

∂H1

∂Ij
(ϕ+Ω(I)t, I))ξ(t)dt−

∫ T

0

t
∂H1

∂θk
(ϕ+Ω(I)t, I))

∂Ωk

∂Ij
ξ(t)dt

∆Ij = −
∫ T

0

∂H1

∂θj
(ϕ+Ω(I)t, I))ξ(s)ds

where ∆ϕ = ϕ(T ) − ϕ(0) and ∆I = I(T ) − I(0). The norm ∥H1∥ ≪ 1 is the
perturbation parameter and the time interval T should be sufficiently long to
consider independent the noises ξ(t) and ξ(t + T ) but it has to be short with
respect the evolution time of the action and the slow phase. We observe that
the fluctuations in the angle ϕ contains the effect of the secular term ∝ t∂Ω/∂I
so that the sensitivity to the fluctuations of the process ξ(t) increases during the
time interval T . In a perturbation approach where ∥H1∥ = ϵ ≪ 1 the changes
of the action is or order |∆I| ∝ ϵT

√
⟨ξ2(t)⟩ whereas the secular terms provide

the estimate

|∆ϕ| ∝ ϵ

∥∥∥∥∂Ω∂I
∥∥∥∥T 2

√
⟨ξ2(t)⟩+O(T )

which means that if it is possible to choose T ≫ 1 the angle fluctuations are
dominated by the secular term assuming the non degeneracy condition∥∥∥∥∂Ω∂I

∥∥∥∥ = O(1)

The stationary solution for a diffusion process in the angle is the uniform distri-
bution, but if ∆ϕ is small during a time interval T the existence of resonances
kΩ(I) = 0 does not allow to average the angles in the action dynamics. Let
us estimate the variance the angle variables using the dominating term for an
evolution time Tϕ assuming that the action variables can be considered constant
during such time interval (i.e. Tϕϵ≪ 1). One gets

Var[∆ϕ]ij ∝
∫ Tϕ

0

∫ Tϕ

0

ts
∂H1

∂θk
(ϕ+Ωt, I))

∂H1

∂θm
(ϕ+Ωs, I))

∂Ωm

∂Ii

∂Ωk

∂Ij
Φ(t−s) dtds

and in the white noise limit (i.e. the maximum Ljapunov exponent defines a
time scale λ−1

max ≪ Tϕ we get the following estimate

∥Var[∆ϕ]∥ (Tϕ) ∝ ϵ2
∥∥∥∥∂Ω∂I

∥∥∥∥2 T 3
ϕ

3
(4.3)

The angles are defined in a n-dimensional torus Tn and the relaxation toward
a uniform distribution has a characteristic time scale Tϕ if√

∥Var[∆ϕ]∥ (Tϕ) ≃ (2π)n

Then Tϕ has to satisfy

T
3/2
ϕ ≃ (2π)n

ϵ ∥∂Ω/∂I∥
(4.4)
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i.e. Tϕ ∝ ϵ−2/3 and the requirement Tϕϵ ≃ O(ϵ1/3) ≪ 1 can be satisfied. At
this time the angles can be considered uniformly distributed and an averaging
principle can be applied. We recall also the condition λmax ≫ ϵ2/3 on the local
Ljapunov exponent to avoid long time trapping in small regions. On an ergodic
component all the orbits have the same Ljapunov exponents and the previous
requirement can be satisfied if the Ljapunov time scale (i.e. the convergence
scale of the maximum Ljapunov exponent has to be much faster than ϵ2/3).
We remark that if we have an almost isochronous system∥∥∥∥∂Ω∂I

∥∥∥∥ = O(ϵ)

the previous estimate gives a relaxation time scale Tϕ ≃ ϵ−4/3. Let us consider
a time interval T for the evolution of the actions

∆Ij = −
∫ T

0

∂H1

∂θj
ξ(s)ds+

∫ T

0

∫ t

0

∂2H1

∂Ik∂θj

∂H1

∂θk
ξ(t)ξ(s)ds dt

−
∫ T

0

∫ t

0

∂2H1

∂θk∂θj

[
∂H1

∂Ik
− ∂Ω

∂Ik

∂H1

∂θk
t

]
ξ(t)ξ(s)ds dt

where it is understood H1(ϕ + Ω(I)t, I) and we neglect terms of order o(ϵ2).
We observe that an explicitly computation of the fluctuations contribution (i.e.
the first term in the expansion) if the slow phases ϕ can be considered constant
during T is performed by using the Fourier expansion∫ T

0

∂H1

∂θj
ξ(s)ds =

∑
k

∫
ω

∫ T

0

ikjhk(I) exp(ik(ϕ+Ω(I))s+ ωs)ξ̂(ω)ds dω

=
∑
k

ikjhk(I) exp(ikϕ)

∫
ω

exp(i(kΩ(I) + ω)T )− 1

i(kΩ(I) + ω)
ξ̂(ω)dω

where we observe the appearance of small denominators that provides a con-
tribution to the fluctuations is of order O(T ) when kΩ(I) + ω = 0 (i.e. the
non-linear resonance conditions). The variance per unit time of the fluctuating
terms reads

Djl(I, ϕ) =
1

T

∑
k,n

kjnlhk(I)h̄n(I)e
i(k−n)ϕ

∫
ω

(ei(kΩ(I)+ω)T − 1)(e−i(nΩ(I)+ω)T − 1)

(kΩ(I) + ω)(nΩ(I) + ω)
F (ω)dω

The integral can be written in the form

Djl(I, ϕ) =
4

T

∑
k,n

kjnlhk(I)h̄n(I)e
i(k−n)(ϕ+Ω(I)T )

∫
ω

sin((kΩ+ ω)T/2) sin((nΩ+ ω)T/2)

(kΩ(I) + ω)(nΩ(I) + ω)
F (ω)dω

However if T ≃ Tϕ the phase can be considered relax and only the terms k = n
contribute. It is possible to prove that the limit

Djl(I) = lim
T→∞

4

T

∑
k

kjklhk(I)h̄k(I)

∫
ω

sin2((kΩ(I) + ω)T/2)

(kΩ(I) + ω)2
F (ω)dω (4.5)
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If the power spectrum is peaked at ω = ω∗ the variance of the action fluctuations
is maximal at I = I∗ when kΩ(I∗)−ω∗ ≃ 0. If F (ω) = const. (white noise limit),
using the integral ∫ ∞

−∞

sin2(ax)

x2
dx = πa

one can prove that

Djl(I) = ϵ2

〈
∂Ĥ1

∂θj

∂Ĥ1

∂θl

〉
θ

(4.6)

that corresponds to the random phase limit.
Remark: the Fourier components of the fluctuations F (ω) depends on how the
orbits explore the ergodic component; the condition F (ω) = const. is the white
noise that implies large fluctuations (i.e. large Ljapunov exponent) but for a
weak chaotic region F (ω) has a non trivial structure.
The result (4.6) holds only if we have separated relaxation scales for the slow
phases and the actions. This condition means that we have not resonance struc-
tures in the phase space in the considered region. The local character of the
action-angle variables opens the problem of performing a gluing procedure of
the different charts in the phase space.
Ifthe relaxation time of the angles ϕ is much faster than the diffusion time of the
action variables ϵ2Tϕ ≪ 1, the angles themselves can be treated as fast random
variables that characterize the different noise realizations independent from the
random perturbation ξ(t), then we consider the action average dynamics with
respect both the random perturbation and the angles ϕ

⟨∆Ij⟩(T ) =
1

2

∂

∂Ik

∫ T

0

∫ T

0

∂H1

∂θj
(ϕ+Ωt)

∂H1

∂θk
(ϕ+Ωs)Φ(t− s)ds dt

=
1

2

∂

∂Ik

∑
k

kjkl|hk(I)|2
∫ T

0

∫ T

0

exp(ikΩ(t− s))Φ(t− s)ds dt

where we have neglected the contribution of the terms with zero mean value with
respect to the angle variables. We remark that if Φ(τ) is decaying sufficiently
fast for τ → ∞ then it exists the limit

⟨∆Ij⟩ = lim
T→∞

1

2T

∂

∂Ik

∑
k

kjkl|hk(I)|2
∫ T

0

∫ T

0

exp(ikΩ(I)(t− s))Φ(t− s)ds dt

and in the white noise limit the expression reads

⟨∆Ij⟩ =
1

2T

∂

∂Ik

∑
k

kjkl|hk(I)|2

The corresponding variance for the fluctuating terms reads

⟨∆Ij∆Il⟩ =
∂

∂Ik

∑
k

kjkl|hk(I)|2
∫ T

0

∫ T

0

exp(ikΩ(t− s))Φ(t− s)ds dt+O(ϵ4)

and it coincides with (4.5) if divided by T . We introduce the diffusion time τ =
ϵ2T ≪ 1 to apply a diffusion limit ϵ→ 0 Tϕ → ∞. Then in the limit ϵ→ 0, we
choose a time step T ≫ γ−1 (i.e. the Ljapunov time scale of the fluctuations) so
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that the fluctuations of ∆ϕ and ∆I can be considered independent at successive
time intervals. If we consider an evolution time scale Tϕ ≃ ϵ−2/3 so that τ =
O(ϵ4/3) ≪ 1, the slow phases relax at each time step and the action evolution
can be described by a diffusion process whose diffusion and drift coefficients are
computed averaging on the slow angle variables

∆Ij = −
√
Tϕϵ2

√
Djl(I)ξ̂l +

Tϕϵ
2

2

∂

∂Il
Djl(I) (4.7)

that is approximated by the stochastic differential equation

dIj =
1

2

∑
l

(
∂Djl

∂Il
(I)dτ +

√
Djl(I)dwl(τ)

)
(4.8)

where Dij(I) is defined by the equation (4.5)and dwl(τ) are independent Wiener
process in the slow time. The evolution of the distribution function ρ(I, τ) at the
diffusion time scale is well approximated by the solution of the Fokker-Planck
equation

∂ρ

∂τ
= −1

2

∂

∂Ij

[
∂

∂Ik
Djk(I)

]
ρ(I, τ) +

1

2

∂2

∂Ij∂Ik
Djk(I)ρ(I, τ)

After some algebraic calculations one gets

∂ρ

∂τ
=

1

2

∂

∂Ij
Djk(I)

∂

∂Ik
ρ(I, τ) = DIρ (4.9)

In a generic case Djk(I) is strictly positive defined symmetric matrix and the
stationary solution is trivial ρs = const.. It is easy to prove that the FP oper-
ator (4.9) is a self-adjoint operator with all non positive real eigenvalues. The
operator (??) is defined on the space of probability distribution ρ(I) which is
an invariant space with the scalar product

(ρ1, ρ2) =

∫
ρ1(I)ρ2(I) dI

and it is easy to check
(ρ1,DIρ2) = (DIρ1, ρ2)

with natural boundary conditions (i.e. ρ and its derivatives vanish at the bound-
aries). Moreover we have

d

dt
∥ρ∥2 =

∫
dI ρ(I)

∂

∂Ij
Djk(I)

∂ρ

∂Ik
= −

∫
dI

∂ρ

∂Ij
Djk(I)

∂ρ

∂Ik
≤ 0

so that ∥ρ∥2(t) is a Ljapunov function for eq. (??) which is strictly decreasing
except when ∂ρ/∂I = 0. From the previous inequality it follows that all the
eigenvalues are negative except λ = 0 and |λ|−1 defines the relaxation time scale
of the corresponding eigenvector. The eigenvectors define an orthonormal basis
and we have the characteristic equation

λρλ =
1

2

∑
jk

∂

∂Ij
Djk(I)

∂

∂Ik
ρλ
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The eigenvectors are orthogonal and if λ ̸= 0 we have the condition∫
ρλ(I) dI = 0

i.e. the orthogonality with respect to the stationary condition. An interesting
case is when D(I) is an homogeneous polynomial of order 2 (quadrupolar noise):
i.e. according to the definition H1 is linear in the action and we have a linear
multiplicative noise. A formal approach looks for solution ρλ in the form of ho-
mogeneous polynomials. The space of homogeneous polynomial is invariant for
the FP operator so that we get a linear system in the coefficients. The eigenvalue
λ has to be chosen in order that the solution is not trivial. The polynomials are
not summabale so that the previous condition has to be interpreted.

4.1 Example of Physical Systems

We consider some physical examples: assume the unperturbed Hamiltonian is
linear with a dipole noise

H(q, p) = ω
p2 + q2

2
+ ϵξ(t)q

The stochastic equations read

q̇ = ωp

ṗ = −ωq − ϵξ(t)

The solution of the system is a Gaussian random process in the white noise limit

(
q(t) p(t)

)
=

(
cos(ωt) sin(ωt)
− sin(ωt) cos(ωt)

)(
q0 p0

)
+ϵ

∫ t

0

(
cos(ωs) sin(ωs)
− sin(ωs) cos(ωs)

)(
0
ξ(s)

)
ds

The covariance of the process is increasing with t as

ϵ2

2

(
t+ sin(2ωt)/2ω (1− cos(2ωt)/ω
(1− cos(2ωt)/ω t− sin(2ωt)/2ω

)
By averaging on the fast angle variable we have the FP equation

∂ρ

∂t
= ϵ2

∂

∂I
I
∂ρ

∂I

in the action

I =
p2 + q2

2

A direct calculation gives

⟨I⟩ = ⟨p2⟩+ ⟨q2⟩
2

= ϵ2t

Using the average FP equation we get

d⟨I⟩
dt

=

∫
I
∂ρ

∂t
dI = ϵ2

∫
I
∂

∂I
I
∂ρ

∂I
dI = ϵ2

∫
ρ I = ϵ2
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where we integrate by part two times. Then we recover the correct result and
we have a diffusion process. The second moment can be computed in the same
way

d⟨I2⟩
dt

= ϵ2
∫
I2

∂

∂I
I
∂ρ

∂I
dI = 4ϵ2

∫
Iρ I = 4ϵ2⟨I⟩

Then we get
Var(I) = 2ϵ4t2 − ϵ4t2 = ϵ4t2

This result is consistent with a exponential distribution

ρ(I, t) ∝ ϵ2t exp

(
− I

ϵ2t

)
where the average value and the rms coincide.
We consider the more general system (this system simulates a quadrupolar noise
in a circular accelerator)

H(q, p; ξ) =
∑
i

ωi
p2 + q2

2
+ ϵ

ξ(t)

2

∑
ij

qiΩijqj

so that we have the motion equations

q̇i = ωipi

ṗi = −ωiqi − ϵξ(t)
∑
j

Ωijqj

where the Stratonovich interpretation is necessary to keep the physical inter-
pretation. We observe that all the degrees of freedom feels the same noise ξ(t)
since the physical origin of the noise is a fluctuation in an external linear field
that introduces a random coupling among the components. The solution of this
problem is strictly related to the random matrix theory since the evolution can
be approximated by a product of non-commuting random matrices, by discretiz-
ing the noise at a time scale ∆t so that we get a stepwise linear system. As
previously remarked in the stochastic case the time step ∆t has a physical mean-
ing since it is the correlation time scale of the noise if we assume independent
fluctuations each time step. Let ξ(t) a stochastic noise, its statistical properties
are mainly characterized by the average value and the correlation (indeed these
properties are related to the CL Theorem). The average is usually set ⟨ξ(t)⟩ = 0
and the correlation reads (we assume a stationary condition)

⟨ξ(t+ τ)ξ(t)⟩ = c(τ) c(∆t) ≃ 0

This implies that the continuous limit (i.e. the possibility of modeling the
fluctuation using a Wiener noise) implies that the covariance has to change to
maintain the fluctuation effect. The effective scaling law is that one has to
increase the fluctuation variance proportionally to ∆t−1 so that c(τ) → δ(τ).
An alternative is to consider the small noise limit ϵ→ 0 and to introduce a slow
diffusion time so that the slow time step ϵ2∆t→ 0 even if ∆t is finite.
Let us consider the problem to understand the stability time scale of the orbit:
i.e. the estimate the positive Ljapunov exponent for the system. Using the
linear action-angle variables

qi =
√
2Ii sin θi pi =

√
2Ii cos(θi)
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one computes the diffusion coefficient from the definition of the average action
dynamics

Dij =

〈
∂H1

∂θi

∂H1

∂θj

〉
H1(I, θ) =

∑
ij

√
IiIj sin θiΩij sin θj

assuming the possibility of averaging on the fast angle variables (i.e. the dis-
tribution can be always considered relaxed in the angle variables). An explicit
calculation gives

Dij(I) = 2ϵ2
∑
kh

√
IiIjIkIhΩikΩjh ⟨cos θi cos θj sin θk sin θh⟩

=
ϵ2

2
δij

[
Ii
∑
k

IkΩikΩ
T
ki −

1

2
I2i Ω

2
ii

]

since the non-vanishing contributions require i = j and k = h. The average FP
equation (cfr eq. (2.3)) reads

∂ρ

∂t
=
ϵ2

2

∂

∂Ii

[
Ii
∑
k

IkΩikΩ
T
ki −

1

2
I2i Ω

2
ii

]
∂ρ

∂Ii

where ρ(I, t) is the distribution in the action variables. We compute the evolu-
tion of the average value ⟨Ih⟩ according to the relation

d

dt
⟨Ih⟩ =

∫
Ih

∂

∂Ii
Dij(I)

∂ρ

∂Ij
dI =

∫
ρ
∂

∂Ij
Dhj(I) dI =

〈
∂

∂Ij
Dhj(I)

〉
and we get

d

dt
⟨Ih⟩ =

ϵ2

2

∂

∂Ih

[
Ih
∑
k

IkΩhkΩ
T
kh − 1

2
I2hΩ

2
hh

]
=
ϵ2

2

∑
k

ΩhkΩ
T
kh⟨Ik⟩

The eigenvalue of the matrix ΩΩT are positive so that the solution ⟨Ih⟩(t)
increases exponentially. However we justified this approach in a nonlinear case
where the relaxation process of the angle variables is related to the change of
the frequencies with the actions. In a different approach it is convenient to use
the moving variables (Q,P )(

q
p

)
=

(
cos(ωt) sin(ωt)
− sin(ωt) cos(ωt)

)(
Q
P

)
and we get

Q̇i = ϵξ(t) sin(ωit)
∑
j

Ωij(Qj cos(ωjt) + Pj sin(ωjt))

Ṗi = −ϵξ(t) cos(ωit)
∑
j

Ωij(Qj cos(ωjt) + Pj sin(ωjt))

The diffusion time scale depends on the spectrum and it scales as ϵ−2. This
result is justified in the white noise limit for the fluctuation ξ(t) so that it is
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possible to average on the noise at a fixed value of the angles and then we
use the fast angle dynamics assuming that the frequencies ω are non-resonant.
The variables (Q,P ) are both slow variables and using the diffusion time scale
τ = ϵ2t the system can be written in the form

dQi

dτ
= ξ̂(τ) sin(ωi/ϵ

2τ)
∑
j

Ωij(Qj cos(ωjϵ
2τ) + Pj sin(ωj/ϵ

2τ))

dPi

dτ
= −ξ̂(τ) cos(ωi/ϵ

2τ)
∑
j

Ωij(Qj cos(ωj/ϵ
2τ) + Pj sin(ωj/ϵ

2τ))

where ξ̂(τ) tends to white noise in the slow time. We observe that any small
change in τ corresponds to a large change in the phases θi = ωi/ϵ

2τ that can
be considered random variables. The previous system can be approximated by
a stochastic dynamics of the form

dZ = A(θ)Z dwτ

where A(θ)dwτ are random matrices defining the increments of a Wiener process
with A(θ) independent of wτ . The evolution is described by a FP equation (2.3)
with diffusion coefficient

D(Z) = ⟨A(θ)ZA(θ)Z⟩θ

Remark: the previous approach assume ωi ≃ O(1); in a general situation (non
linear coupling) the averaging procedure fails if the frequencies ωi are almost
resonant ∑

i

kiωi ≃ ϵ2

Since the average values vanish the stability study is related to the covariance
matrix A direct calculation is possible using the evolution equation for the
observables

d

dt
⟨QiQj⟩ =

******
Given an initial condition I0 the solution of the FP equation can be interpreted
as the probability to realize a path that move from I0 to a value I is a time t.
By introducing the probability density

πt(I |I0) = ρ(I, t|I0)

so that we get the Kolmogorov equation

ρ(I, t; ρ0) =

∫
πt(I | I0)ρ0(I0) dI0 (4.10)

Moreover the transition probabilities satisfy the condition

πt(I | I0) =
∫
πt−s(I | J)πs(J |I0) dJ (4.11)

******
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The particular form of the FP operator is strictly related to the action variables
of the unperturbed Hamiltonian. The interpretation of the FP equation as a
continuity equation introduces the concept of probability currents

Jj [ρ] = −
∑
k

Djk(I)
∂ρ

∂Ik

and the stationary condition is written in the form divJ⃗ = 0. The DB condition
would imply Jj [ρ

s] = 0 that is consistent with the condition ρs = const. if
Djk does not have a null eigenvalue. The self-adjoint character of the operator
implies that if H(I) is any observable its evolution H(I0, t) satisfies the same
equation

∂H

∂τ
(I0, τ) =

1

2

∂

∂Ij
Djk(I)

∂

∂Ik
H(I0, τ) (4.12)

This is related to the Ito formula

dH =
1

2

∑
jl

(
∂Djl

∂Il
(I)dτ +

√
Djl(I)dwl(τ)

)
∂H

∂Ij
+

1

4

∑
jl

∂2H

∂Ij∂Il
Djl(I)dτ

Assuming we know a set of independent firat integral Hk(I) of first integrals of
motion for the unperturbed system H0, we compute the fluctuations variance

⟨dHkdHh⟩ =
1

4

∑
jl

∂Hk

∂Ij
Djl(I)(τ)

∂Hh

∂Il
dτ +O(dτ2)

and we get the relation

DH
kh =

⟨dHkdHh⟩
dτ

=
1

4

∑
jl

∂Hk

∂Ij
Djl(I)

∂Hh

∂Il

The relation between DH and D is defined by the Jacobian matrix ∂Hk/∂Ij
that changes the metric matrix if it is not orthogonal. The spectrum problem
is characterized by the condition

max
∥∆I∥=1

∑
jl

∆IjDjl∆Il = max
∥∆I∥=1

∑
kh

∆IkD
H
kh∆Ih

where the condition ∥∆I∥ = 1 has to be rewritten from the relation

∆Ij =
∑
k

∂Ij
∂Hk

∆Hk ⇒ ∥∆I∥2 =
∑
jkh

∂Ij
∂Hk

∂Ij
∂Hh

∆Hk∆Hh

The metric matrix

GH
kh =

∂Ij
∂Hk

∂Ij
∂Hh

defines a deformation of the unit sphere and it has to be estimated in the
inequality

∥D∥ ≤ ∥DH∥∥GH∥

that is related to the perturbation estimate H1 whereas ∥DH∥ is affected by the
definition of the integrals H.
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4.2 Numerical computations of Diffusion Coef-
ficient

The numerical computation of the diffusion coefficient has to cope with the
problem that one does not known the unperturbed action I that reduce the
Hamiltonian in the perturbation form

H(I, θ) = H0(I) +H1(θ, I)

where ∥H1(θ, I)∥ is an optimal remainder of a perturbation theory in a weak
chaotic region (possible homogeneous). The action-angle variables are the result
of a perturbation approach but we have not an explicit definition; for any initial
condition in a Poincaré section we assume that there exist a action value and that
the angle variables have a fast dynamics due to the frequencies Ω(I) = ∂H0/∂I.
If one introduces the slow angle variable θ = ϕ + Ω(I)t the new Hamiltonian
reads

H(I, ϕ) = H1(ϕ+Ω(I)t, I)

but we have secular terms in the angle dynamics

ϕ̇ = −∂H1

∂I
− ∂H1

∂θ

∂Ω

∂I
t

We remark that if one integrates the dynamics (θ(t), I(t)) to recover the dy-
namics ϕ(t) one can perform the reverse dynamics

ϕ(t) = θ(t)− Ω(I(t))t

The chaotic region can be characterized by the presence of fast fluctuations in
the dynamics of the slow variables (ϕ, I) due to local positive Ljapunov expo-
nents. The local Ljapunov exponent is mainly related to the local structure of
the phase (i.e. the presence of hyperbolic structures) whereas the Ljapunov ex-
ponent depends on how the orbit explores the phase space structure. The local
fluctuations accumulate to induce an exponential decorrelation among the or-
bits but the stickiness phenomenon in Hamiltonian systems may introduce long
term correlation in the orbit evolution. The existence of a positive Ljapunov
exponent allows to consider different orbits as independent noise realizations in
a numerical approach using a coarse grained description of the dynamics. For
a given tessellation of the phase space {Ek} we associate the matrix

Φt
hk =

µ(Φ−t(En) ∪ Ek)

µ(Ek)

where µ(E) is the invariant measure (i.e. the Lebesgue measure for Hamiltonian
system in the phase space) and Φt the phase flow. The matrix Φt

hk can be
interpreted as a transition probability matrix that gives the probability to be in
the ‘state’ En at time t conditioned to the information that the initial condition
belongs to Ek. The partition {Ek} covers an invariant set of the phase space
(but one can introduce an absorbing barrier to study the stability properties)
so that the condition ∑

h

Φt
hk = 1
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is satisfied. One can associate a Ljapunov exponent for any set Ek by considering
the expectation values of the Ljapunov exponent for all the orbits with initial
condition ∈ Ek (possibly neglecting low probability outliers that do not affect
the average evolution). We remark that the spatial scales play a fundamental
role since they define what is local and global in the coarse grained dynamics:
the Hamiltonian character introduces infinite time and spatial scales in the
system (consider the stickiness phenomenon or the Arnold’s diffusion) but the
tessellation associates to the Ek the same dynamical features. This procedure
requires a tolerance to define what is true in probability or with high probability)
and what is exceptional in the evolution.

the existence of an average positive Ljapunov exponent λ for any set Ek allows
to define a decorrelation time scale Tl ≃ λ−1 and to approximate the evolution
of a distribution function ρ(h, t) = P (Eh, t) by a Markov process

ρ(h, t+∆t) =
∑
k

Φ∆t
hkρ(hk, t)

using ∆t ≃ λ−1. The coarse grained distribution describes the system evolution
when each iteration the physical orbit that performs a transition Ek → Eh is
substituted by another orbit chosen in the subset Eh for the next step. The
chaotic behavior in each partition element allows to consider independent each
iteration to justify the Markov character.

From the definition of transition matrix π∆t
xy of diffusion process, we have the

relations with the drift and diffusion coefficient

a(y) =
1

∆t

∑
x

(x− y)π∆t
xy + o(1)

D(y) =
1

∆t

∑
x

(x− y)2π∆t
xy + o(1)

whereas no other contribution comes from the higher momenta (this is a conse-
quence of the Central Limit Theorem). The problem is that one cannot perform
a limit ∆t → 0 and the previous formula holds only if the evolution time scale
of the variable y is much less than the Ljapunov time scale ∆t. This is not the
case for the angle variables θ.

The Markov property requires that most of the orbits starting from a set Eh

has a local positive Ljapunov exponent, so that each time we shuffle the initial
condition we have an exponential increasing from the initial orbit with high
probability. Therefore using a coarse grained description we introduce a noise
each time step ∆t whose amplitude depends on the partition radius R(Eh) (a
continuum limit would requires R(Eh) ≪ 1. The time interval ∆t is dependent
on the local Ljapunov exponent. If the Markov properties is justified a possible
approach is to substitute the initial Hamiltonian with an effective Hamiltonian
of the form

H(I, θ) = H0(I) + ξ(t)Ĥ1(ϕ+Ω(I)t, I)

where ξ(t) is a stochastic noise with a correlation time ∆t. The action dynamics
gives

İ = −ξ(t)∂Ĥ1

∂θ
(θ, I)
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Let (θ(t), I(t)) a given orbit, we linearize the dynamics

δİ = −ξ(t)∂
2Ĥ1

∂θ∂I
(ϕ(t) + Ω(I)t, I(t))δI = −HθI(t)δI

To estimate a local Ljapunov exponent for the actions we assume the ansatz
(ϕ(t), I(t)) almost constant in the time interval ∆t and we write the solution as

δI(∆t) ≃ T exp

(
−
∫ ∆t

0

ξ(s)HθI ds

)
δI0

Using the estimate in the white noise limit〈∫ ∆t

0

ds

∫ s

0

duHθI(s)HθI(u)ξ(s)ξ(u)

〉

Using an evolution time scale ∆t we compute the drift and the diffusion coeffi-
cient for the action variable associating a single value for the coordinate in each
set

a(Ik, θk) =
1

∆t

∑
h

(Ih − Ik)π
∆t
hk

D(Ik, θk) =
1

∆t

∑
h

(Ih − Ik)
2π∆t

hk

******



Chapter 5

Perturbation Theory and
Stochastic Hamiltonians

The Stratonovich interpretation of the stochastic differential equation allows to
develop a perturbation theory to the stochastic Hamiltonian dynamics using a
covariant description of the motion equation

dx = DHx dt+
√
2TγDH1

x ◦ dwt − γ{H,H1}DH1
x dt x(q, p)

in the limit of a white noise fluctuations ξ(t). If H(q, p) is a perturbed Hamil-
tonian one can perform the action-angle variable transformation to reduce the
system in the form

H(q, p) = H0(I) + ϵĤ(I, θ)

Let x = Φ(X) a canonical change of variables we have that the canonical equa-
tions ẋ = DHx are invariant in form if we use the new Hamiltonian H(Φ(X))

DH(x)x = DH(X)X

The same is true for the term DH1
x assuming the Stratonovich interpretation

for the stochastic differential. The Poisson bracket {H,H1} is a scalar and it
can be computed using the invariance relation

{H,H1}(Φ(X) = {H(Φ(X), H1(Φ(X)}

We get the differential equation

dX = DHX dt+
√

2TγDH1X ◦ dwt − γ{H,H1}(X)DH1X dt

and we can apply a perturbation theory to study the solutions. If the initial
Hamiltonian is integrable we can introduce the action angle variable and the
previous equation takes the form

dθk = Ωk(I) dt+
√

2Tγ dt

dIk =
1

2
πr2

(5.1)

ciccio

75



76CHAPTER 5. PERTURBATION THEORYAND STOCHASTIC HAMILTONIANS

In the physical applications we consider both the limit γ, ϵ ≪ 1 and we
neglect the terms O(γϵ). In the action-angle variables assuming H1(I, θ) =√
2If(θ) we have

dθ =
∂H0

∂I
dt+ ϵ

∂Ĥ

∂I
+

√
Tγ

2I
f(θ) ◦ dwt −

γ

2
f(θ)

∂f

∂θ

∂H0

∂I
dt

dI = −ϵ∂Ĥ
∂θ

−
√
2TγI

∂f

∂θ
◦ dwt + γI

(
∂f

∂θ

)2
∂H0

∂I
dt

5.1 Adiabatic Transformation in a Thermal bath

We consider a stochastic 1D Hamiltonian with a slowly modulated parameter
λ = ϵt

H(x, t) = H0(x, λ) (5.2)

where x = (q, p). In the case of physical system

H0 =
p2

2m
+ V (q, λ)

the choice H1 = −
√
mq defines the usual thermal bath for a Boltzmann gas

dp = −∂V
∂q

dt+
√
2Tγmdwt − γp dt

The arbitrariness in the choice of H1 understands that the same MB equilibrium
highlights to the universality of the MB distribution that allows to describe
the equilibrium stochastic properties of a physical system whose elementary
compo0nets perform different type of non-linear interactions simulated by the
H1 Hamiltonian. The FP equation for the density function ρ(x, t) associated to
the stochastic dynamics is computed using the Stratonovich interpretation

∂ρ

∂t
= −DH0ρ+ γDH1{H0, H1}ρ+ TγD2

H1
ρ = LFP ρ(x, λ) (5.3)

The stationary solution can be computed by setting ρeq(x) = ρeq(H0(x)) and
we get the condition

{H0, H1}ρeq(H0) + TDH1
ρeq(H0) = {H0, H1}

[
ρeq(H0) + T

dρeq
dH0

]
= 0

and we recover the MB distribution. Using the adjoint operator

L†
FP = DH0 − γ{H0, H1}DH1 + TγD2

H1

(we use the property D†
H = −DH) one computes the evolution of any average

observable ⟨K(x(t;w))⟩ where x = x(0;w(0))

∂K

∂t
= L†

FPK = DH0K − γ{H0, H1}DH1K + TγD2
H1
K
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The unperturbed energy evolves according to

dH0 =
√

2TγDH1H0dwt − γ{H0, H1}DH1H0 dt

and we get the fluctuation-dissipation relation

⟨dH2
0 ⟩ = 2Tγ (DH1H0)

2
= 2Tγ({H0, H1})2 = −2T ⟨dH0⟩

If we define the current density

J = −{H0, H1}ρ− T{ρ,H1} (5.4)

the FP has the continuity form

∂ρ

∂t
= −DH0

ρ− γDH1
J

In the adiabatic limit ϵ→ 0 and the frozen system solves the stochastic equation
(1.5) for a given realization ξ(t) by xξ(x0, t;λ) using λ as a parameter. The
stochastic process xw(x0, t;λ) relaxes to a stationary process for

lim
t→∞

xw(x0, t;λ) = x∞w (λ) ∀ x0

with an exponential convergence in a weak sense. Then we call the adiabatic
approximation of eq. (1.5) the solution xadξ (x0, t) = x∞ξ (x0, t; ϵt). We consider
the evolution for a long time scale T such that ϵT → λ1 − λ0 and the problem
of adiabatic theory is to estimate the error of the adiabatic approximation with
respect to the true solution limϵ→0 xw(x0, t) when t ∈ [0, T ]. The initial distri-
bution of x0 is assumed as the stationary distribution at the initial value of the
parameter λ0

5.1.1 Thermodynamics interpretation

The stochastic dynamics (1.5) describes the evolution of a statistical system
where the particle interactions is described by the stochastic dynamics during
a isothermal transformation. We consider the physical system

H0(q, p, λ) =
p2

2
+ V (q, λ)

where the stochastic terms are associated to the Hamiltonian H1 = −
√
2q. The

frozen equilibrium distribution reads

ρeq(x, λ) = A(T, λ) exp

(
−H0(x, λ)

T

)
A(T, λ) =

∫
exp

(
−H0(x, λ)

T

)
dx

and we the temperature is defined as the expectation value of the kinetic energy

T =

〈
p2

2

〉
=

√
1

2πT

∫
exp

(
− p2

2T

)
dp

Then T does not depends on λ, whereas the average internal energy E(T, λ) =
⟨H0(x, λ)⟩ follows from the definition of the Helmholtz Free Energy

F (T, λ) = −T lnA(T, λ)
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and using β = T−1 we have

⟨H0(x, λ)⟩ = − ∂

∂β
lnA(β, λ) =

1

A(λ, β)

∫
H0(x, λ) exp (−βH0(x, λ)) dx

Analogously we compute

∂

∂λ
lnA(β, λ) =

β

A(λ, β)

∫
∂V

∂λ
(x, λ) exp (−βH0(x, λ)) dx = βX(β, λ)

where we define the generalized force X acting on the system to recover the
equilibrium state when the parameter λ varies. We recover the relation

d lnA = E(β, λ) dβ − β−1X(β, λ) dλ = d(E(β, λ)β) + β dE(β, λ) + βX(β, λ) dλ

so that
dE = T d(ln(A(β, λ)− E(β, λ)β)−X(βλ) dλ

Recalling the first principle of thermodynamics

dE = T dS −X dλ

we get

S = ln(A(β, λ)− 1

T
E(β, λ) ⇒ −T ln(A(β, λ) = E − TS = F

using the definition of Free Energy and it follows

F (λ1)−F (λ0) = −
∫ λ1

λ0

X(β, λ)dλ = −
∫ λ1

λ0

〈
∂V

∂λ
(x, λ)

〉
dλ = ⟨V (x, λ1)⟩−⟨V (x, λ0)⟩

that is the works performed by the system. We remark that the previous cal-
culations require that the adiabatic distribution describes the system evolution:
i.e. the system crosses maximum entropy equilibrium states and the adiabatic
distribution is an approximate solution of the FP equation.
In the adiabatic approximation the stationary distribution satisfies the DB con-
dition J (x, λ) = 0 we define the adiabatic distribution

ρad(x, ϵt) = A−1(λ, T ) exp

(
−H0(x, ϵt)

T

)
(5.5)

Remark: the condition J (x, λ) = 0 is different from the usual DB condition for
stochastic systems since the current density is a scalar and the condition means
that

−{H0, H1} − T{ln ρ,H1} = 0

and it defines ln ρ uniquely if {H0, H1} ≠ 0 since ρ is a first integral for H0.
If we compute the entropy production using the solution of the FP equation
(5.3)

dS

dt
=

∫ [
DH0ρ+

γ

2
DH1J

]
ln ρ dx = −γ

2

∫
J
ρ
DH1ρ dx

=
γ

2T

∫
J
ρ
(J + {H0, H1}ρ) dx =

γ

2T

∫
J 2

ρ
dx+

γ

2T

∫
J {H0, H1} dx
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The parameter γ/2T is a scaling factor in the entropy production and we dis-
tinguish the total entropy production and the dissipated work per unit time

dStot

dt
=

γ

2T

∫
J 2

ρ
dx W dis = − γ

2T

∫
J {H0, H1} dx

Since dStot/dt ≥ 0 when the density current is ̸= 0 (i.e. the transformation
is not adiabatic), the dissipated work is always non negative and corresponds
to the work performed by the current density which is dissipated and it does
not contribute to the Free Energy change. The adiabatic condition J = 0
during the transformation λ1 → λ2 means that no work performed on (or by)
the system is dissipated and it contributes to the change of the Free Energy.
Due to the definition of thermal bath, J = 0 in the equilibrium state and the
total entropy production vanishes since it corresponds to a maximum entropy
state. The condition can be also related to the Minimum Entropy Production
Principle to characterize the equilibrium state.
In a general framework we consider the distribution function evolves according
to a FP equation

∂ρ

∂t
(x, t) = −LFP (x, λ)ρ(x, t)

where λ is considered a parameter in the frozen system. We evaluate the error
of the adiabatic solution, by a perturbative approach

ρ(x, t) = ρad(x, λ) + ϵρ̂(x, t;λ) +O(ϵ2) λ = ϵt

One has to prove that ρ̂ is bounded on a time interval ∝ ϵ−1 so that the error of
the adiabatic approximation remains O(ϵ). A direct substitution in the Fokker-
Planck equation provides

∂ρ̂

∂t
+ LFP (x, λ)ρ̂ = −A−1(λ)

(
1

A(λ)

∂A

∂λ
+

1

T

∂H

∂λ

)
exp

(
−H(x, λ)

T

)
with

∂A

∂λ
= − 1

T

∫
∂H

∂λ
exp

(
−H(x, λ)

T

)
dx = −A

T

〈
∂H

∂λ

〉
The average with respect to all the possible realizations of ∂H/∂λ in the adia-
batic approximation, is the work performed on the system so that the term

∂H

∂λ
−
〈
∂H

∂λ

〉
represents the difference between the adiabatic average work and the actual
work due to the finite modulation velocity ϵ weighting each state as if it is at
the equilibrium. Then the previous equation can be written in the form

∂ρ̂

∂t
− LFP (x, λ)ρ̂ =

1

T

(
∂H

∂λ
−
〈
∂H

∂λ

〉)
ρad(x, λ) +O(ϵ) (5.6)

The solution satisfies ∫
ρ̂(x, λ)dx = 0
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since ∫ (
∂H

∂λ
−
〈
∂H

∂λ

〉)
dx = 0

and the equation (5.6) is well defined since the r.h.s. has no component in
the kernel of the operator LFP . All the eigenvalues of the operator LFP has
negative real part and one assumes that the fluctuations ∂H/∂λ−⟨∂H/∂λ⟩ are
bounded for λ ∈ [λa, λb]. The adiabatic solution of the equation reads (we set
ρ̂ = 0 for t = 0)

ρ̂ad(x, t) =
1

T

∫ t

0

exp(LFP (t− s))

(
∂H

∂λ
(x, λ)−

〈
∂H

∂λ

〉
(λ)

)
ρad(x, λ)ds

= (I − exp(LFP t))L−1
FP

[
1

T

(
∂H

∂λ
(x, λ)−

〈
∂H

∂λ

〉
(λ)

)
ρad(x, λ)

]
λ = ϵt t =

λb − λa
ϵ

A direct calculation provides

∂ρ̂ad
∂t

= − exp(LFP t))

[
1

T

(
∂H

∂λ
(x, λ)−

〈
∂H

∂λ

〉
(λ)

)
ρad(x, λ)

]
+O(ϵ)

= LFP ρ̂+
1

T

(
∂H

∂λ
(x, λ)−

〈
∂H

∂λ

〉
(λ)

)
ρad(x, λ) +O(ϵ)

Remark: the error estimate requires to control the spectral properties of the
operator

(I − exp(LFP t))L−1
FP

if the quantity in the square bracket is bounded (we denote by L−1
FP the pseudo-

inverse of the operator). The eigenvalues of the operator L−1
FP have a negative

real part define the relaxation time scales of the unperturbed system and the
previous estimates holds under the assumptions that the relaxation time scales
are short with respect the modulation time scale ϵ−1 (also considering the λ
dependence). In this case one has the limit

lim
t→ϵ−1

exp(LFP t) = 0

and the error depends on the inverse of the Fiedler eigenvalue λF of the oper-
ator (the eigenvalue of LFP with the least negatove real part). If ϵ−1 ≫ λ−1

F ,
the norm ∥ρ̂ad∥ is bounded and the adiabatic approximation approximates the
solution ρ(x, t) with an error O(ϵ2t): we can estimate

∥ρ(x, t)− ρad(x, t)∥ ≃ O(ϵ) t ∈ [0, ϵ−1] (5.7)

We observe that ρad(x, t) changes by a quantity O(1) during the evolution.
The current density (5.4) depends on ρ̂

J = −ϵ [{H0, H1}ρ̂+ T{ρ̂, H1}]

We observe that the current density depends on the thermal bath realization
H1.
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Given the realization xξ(t) (i.e. a solution of the stochastic equation (1.5) for a
given realization of the noise ξ(t))

xξ(t) = Φt
ta(xa; ξ, λ) λ = ϵt ϵta,b = λa,b

where Φt
ta(xa; ξ, ϵ) is the stochastic phase flow for eq. (1.5) for the evolution

from xa at ta to a state x at t. Considering an isotherm transformation between
two states xa → xb in the equilibrium distribution, the change of the energy
does not depends on the transformation

∆Eba =

∫
H0(x, λb)ρad(x, λb) dx−

∫
H0(x, λa)ρad(x, λa) dx = Ē(λb)− Ē(λa)

If µ≪ 1 is an adiabatic parameter, the system can be considered in an (almost)
equilibrium states during all the transformations and we formally have

dĒ

dλ
=

d

dλ

∫
H0(x, λ)ρad(x, λ) dx

=

∫ [
∂H0

∂λ
(x, λ)ρad(x, λ) +H0(x, λ)

∂ρad
∂λ

(x, λ)

]
dx (5.8)

The derivative represents the adiabatic evolution of the energy. Then ∆Eba = 0
if we perform an adiabatic isotherm distribution with λ constant. Using the
partition function A(λ, T ) we define the Helmholtz Free Energy potential

F (λ) = −T lnA(T, λ) = −T ln

∫
exp

(
−H0(x, λ)

T

)
dx

which satisfies the relation

dF = dE − TdS

By definition we have

dF

dλ
=

∫
∂H0

∂λ
(x, λ)ρad(x, λ)dx = −δW

dλ
(5.9)

that can be defined as the performed work δW by an infinitesimal change dλ in
an adiabatic transformation. Then we have

∆Fba =

∫ λb

λa

∫
∂H0

∂λ
(x, λ)ρad(x, λ) dx dλ = −∆W

In the adiabatic approximation the change of internal energy dE = dF + TdS
and we have

T
dS

dλ
=

∫
H0(x, λ)

∂ρad
∂λ

(x, λ) dx

that can be identified to the heat exchanged varying λ for an adiabatic trans-
formation. This is consistent we the definition of Gibbs entropy

S = −
∫
ρad(x, λ) ln ρad(x, λ) dx
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since we compute

T
dS

dλ
= −T

∫
∂ρad
∂λ

ln ρad(x, λ) dx =

∫
∂ρad
∂λ

(H0(x, λ) + T lnA(λ, T )) dx =

=

∫
H0(x, λ)

∂ρad
∂λ

dx =

∫
H0(x, λ)

∂ ln ρad
∂λ

ρad(x, λ) dx

using the equality ∫
∂ρad
∂λ

dx = 0

We get
dE

dλ
=
dF

dλ
+ T

dS

dλ
(5.10)

This is equivalent to the first principle of thermodynamics where the exchanged
heat is performed at constant temperature and it is identified by δQ = T dS in
the adiabatic limit ϵ→ 0. We observe that the exchanged heat depends on the
entropy change which is due to the change of the distribution ρad(x, λ) when
λ varies. Then if one computes the change of energy for the initial equilibrium
distribution ρad(xa, λa) we get the average performed work.
When ϵ is finite and we perform a isotherm transformation, we generalize pre-
vious definition by computing the work and the exchanged heat for a single
realization xξ(t; ϵ)

Wba[x] = −ϵ
∫ tb

ta

∂H0

∂λ
(Φt

ta(xa; ξ, ϵ), ϵt) dt

Qba[x] = ϵ

∫ tb

ta

H0(Φ
t
ta(xa; ξ, ϵ), ϵt)

∂ ln ρad
∂λ

(Φt
ta(xa; ξ, ϵ), λ) dt (5.11)

where Wba is positive if the system performs work on the environment. The
map Φt

ta(xa; ξ, ϵ) is the stochastic evolution of the initial state xa (xa can be a
random variable) and we fixed the noise realization ξ(t): the map is a stochastic
phase flow since we assume that ξ(t) is a stationary process, but we loose the
symplectic character due to the thermal bath. For each volume element dx
centered at x0 the continuity relation reads

ρ0(x0) dx0 =
〈
ρ0(Φ

ta
t (x; ξ, ϵ))

〉
dx

where the average value is on the possible realizations. We observe that one has

to consider the limit of the stochastic phase flow Φ
λ/µ
ta (xa; ξ, λ) in the slow time

λ = ϵt when ϵ → 0 and t → ∞, to prove that the adiabatic evolution of the
system is described by the distribution ρad(x, λ).
The second principle of thermodynamics means that if ϵ is finite can be formu-
lated

⟨Wba[x]⟩ = −
∫ tb

ta

〈
∂H0

∂λ
(Φt

ta(xa; ξ, ϵ), ϵt)

〉
dt ≤ −∆Fba (5.12)

In the adiabatic limit ϵ → 0, then xξ(t, ϵ) is a realization in the equilibrium
distribution of the stochastic process at a fixed value of the parameter λ and
the exchanged work is

⟨Wba⟩ = −
∫ λb

λa

∫
∂H0

∂λ
(x, λ)ρad(x, λ) dx dλ = T

∫ λb

λa

∂

∂λ
lnA(λ, T ) dλ = −∆baF
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according to the thermodynamics formalism. We recall the relation〈
∂H0

∂λ
(Φt

ta(xa; ξ), λ)

〉
=

∫
∂H0

∂λ
(x, λ)ρ(x, t;µ, xa) dx

is the evolution of the observable ∂H0/∂λ(x, λ) where ρ(x, t;µ, xa) is the evo-
lution of the distribution function at time t when λ = µt with initial condition
xa. In the adiabatic approximation ρ(x, t;λ) = ρad(x, ϵt).
Remark: in the adiabatic approximation ϵ → 0 the change of λ is so slow
that the system can be considered in the equilibrium condition ρad(x, λ) where
the current probability vanishes and there is no entropy production. When ϵ
is finite, the system crosses non-equilibrium states which contribute to total
entropy production through the dissipation process and the performed work is
reduced.
Performing the white noise limit, we compute the change of the energy during
an infinitesimal transformation at the state x we have

dH0(x, λ) =
√
2TγDH1

H0(x, λ) ◦ dwt − γ(DH1
H0)

2(x, λ) dt+ µ
∂H0

∂λ
(x, λ) dt

=
√

2TγDH1
H0(x, λ)dwt + TγD2

H1
H0(x, λ)

− γ(DH1
H0)

2(x, λ) dt+ µ
∂H0

∂λ
(x, λ) dt

that implies the backward equation if the average on the noise realizations

∂H̄0

∂t
= γD2

H1
H̄0(x, λ)− γ(DH1

H̄0)
2(x, λ) + µ

∂H̄0

∂λ
(x, λ) (5.13)

where H̄0 = ⟨H0⟩ where x is the initial state. For a fixed value λ the backward
equation (5.13) shows that the energy H̄0 evolves towards a constant value (the
null eigenvector of the operator), which correspond to the equilibrium energy,
but the relaxation depends on the spectrum of the operator. When λ is modu-
lated the change of the energy can be O(1), but it does not depend on the type
of transformation we consider but only on the initial and final state. By varying
the realization ξ(t) we are considering all the possible final states at λ for an
isotherm transformation, and in the adiabatic limit x are distributed according
to a MB distribution. If we consider an instantaneous change of λ then the
transformation happens without heat exchange but we have a relaxation in the
final state which a increase of the total entropy and a dissipation of part of the
performed work.

5.1.2 Perturbation approach for the 1 DoF case

Assuming that E = H0(x, λ) defines closed curves, one can introduce action-
angle variables for any value of the parameter

I(E, λ) =

∮
H0=E

p(q, E, λ)dq

(5.14)

θ =
∂

∂I

∣∣∣∣
q

∫ q

H0=E

p(q, E, λ)dq
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Let F (q, I, λ) the generating function

F (q, I, λ) =

∫ q

H0=E

p(q, E(I, λ), λ)dq

We perform the change of variables (5.14) on the Hamiltonian system (??) and
the new Hamiltonian reads

H0(I, λ) + µ
∂F

∂λ

∣∣∣∣
(q,I)

(θ, I, λ) (5.15)

In the 1DoF cases the adiabatic theory uses the relation

∂F

∂λ

∣∣∣∣
q,I

= − 1

Ω(E, λ)

∫ θ
(
∂H0

∂λ

∣∣∣∣
q,p

−

〈
∂H0

∂λ

∣∣∣∣
q,p

〉)
dθ (5.16)

where Ω(E λ) ≃ O(1) is the frequency of the frozen dynamics µ = 0. The
relation points out as the θ-mean value of ∂F/∂λ vanishes. This remark is
at the basis of the adiabatic invariance of the action variable I since the only
resonance condition is at the separatrix where Ω → 0. A direct calculation
shows that

I(t+ T )− I(t) =
µ

Ω

∫ t+T

t

(
∂H0

∂λ

∣∣∣∣
q,p

−

〈
∂H0

∂λ

∣∣∣∣
q,p

〉)
ds

=
µ

Ω2

∫ 2π

0

(
∂H0

∂λ

∣∣∣∣
q,p

−

〈
∂H0

∂λ

∣∣∣∣
q,p

〉)
dθ ≃ O

(
µ2

Ω2

)
where we explicitly use the estimate ∆I ≃ O(µ) inside the integral. Given a
time of order µ−1 one can apply the previous estimate fn times with n = (Tµ)−1

and we get the adiabatic invariance estimate for the action variables

I(t+ µ−1)− I(t) ≃ O
( µ
Ω2

)
We observe that the ratio µ/Ω defines the adiabatic parameter since it compares
the evolution time scale with the modulation time scale. The use of a perturba-
tion approach allows to introduce improved adiabatic invariant by performing
a change of variables (θ, I) → (ϕ, J) in the Hamiltonian (5.15). This can be
performed by a generating function

G(θ, J) = θJ + µG1(θ, J, λ)

where the first perturbation order G1 satisfies the homological equation

Ω(J, λ)
∂G1

∂θ
+ µ

∂F

∂λ
= 0

The solution G1(θ, J) exists thanks to the relation (5.16) and G1(J, θ) describes
the oscillation of the action variable I. The average value of G1(θ, J) is not
determined. The new Hamiltonian reads

H(J, ϕ, λ) = H0(J, λ) +O

(
µ2

Ω2

)
It is possible to prove that the new action J(q, p, λ) varies by a quantity O(µ2)
in a time O(µ−1) and it is an improved adiabatic invariant.
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5.2 Application to physical systems

We consider the effect of a thermal bath assuming an initial Hamiltonian of a
physical system

H0(q, p, λ) =
p2

2m
+ V (q, λ) (5.17)

and the stochastic dynamics (3.1)

ẋ = DH0x− γ{H0, H1}DH1x+
√

2Tγξ(t)DH1x

where we choose H1 = −
√
mq (remark: H1 has not the dimension of an Hamil-

tonian) to get the usual form of the thermal bath

q̇ = p

ṗ = −∂V
∂q

(q, λ)− γp+
√
2Tγmξ(t) (5.18)

where we set m = 1 that is always possible scaling the potential and the tem-
perature. The physical system is an ensemble of particles under the effect of a
potential V (q, λ) that interact by physical collisions satisfying the assumption of
molecular chaos so that the Central Limit Theorem can be applied. The collision
effect is described by the white noise and the Einstein fluctuation-dissipation
relation. In general the fluctuation ξ(t) is a vector of i.i.d. iMarkov processes.
This allows a statistical interpretation of an adiabatic transformation λa → λb
with λ = µt µ≪ 1. For a fixed λ the system relaxes to an equilibrium state

ρad(q, p, λ) = A−1(T, λ) exp

(
− 1

T

(
p2

2m
+ V (q, λ)

))
(5.19)

where A(T, λ) is the partition function

A(T, λ) =

∫
exp

(
−H0(x, λ)

T

)
dx =

∫
exp

(
− p2

2Tm

)
dp exp

(
−V (q, λ

T

)
dq

= (
√
2πT )dAq(T, λ)

where d is the number of DoF. Aq(T, λ) is well define if the potential confines
the particles V (q, λ) → ∞ for |q| → ∞ but to compute the explicit dependence
on the parameters can be difficult.
Remark: the relaxation process follows from the Markov property of the fluctu-
ations that in the white noise limit describes the evolution of the distribution
function using the FP equation

∂ρ

∂t
= −

[
p

m

∂ρ

∂q
− ∂V

∂q

∂ρ

∂p

]
+ γ

∂

∂p
pρ+ γTm

∂2ρ

∂p2
(5.20)

and the relaxation process depends on the spectral property of the FP operator.
The operator cannot be separated so that the solution ρ(q, p, t) cannot be writ-
ten as a product of two distributions in the momentum and in the configuration.
This means that during the relaxation process the momentum and the coordi-
nate evolution are connected through the eigenvectors of the operator. The
factorization of the stationary distribution (i.e. the null eigenvector) suggests
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that there can be a limit for which the evolution time scales of the coordinates
and momentum are separated and one can an averaging principle to reduce the
dynamics dimensionality. This is the case when γ ≫ 1 where the relaxation time
of the momentum tends → 0 and spectrum of the operator can be separated
in two clusters: one cluster tends to ∞ related to the momentum relaxation
whereas the other remains finite and describe the coordinates relaxation.
We remark that in the considered case we factorize the entropy into the sum of
the kinetic entropy plus the configurational entropy

−
∫
ρad(x, λ) ln ρad(x, λ) dx =

d

2
lnT+⟨V (q, λ⟩+dT

2
+Aq(T, λ) = Sp(T )+Sq(T, λ)

where we define 〈
p2

2

〉
=

∫
p2

2
ρad(q, p, λ) dp dq =

T

2

in the equilibrium state (this is the ‘thermal energy’ that remain constant during
an isotherm transformation). This is the thermodynamics definition of temper-
ature as the average value of the kinetic energy. The adiabatic distribution is
factorized into the momentum Gaussian distribution and the coordinate distri-
bution

ρad(q, λ) = A−1
q (T, λ) exp

(
−V (q, λ)

T

)
Aq(T, λ) =

∫
exp

(
−V (q, λ)

T

)
dq

where Aq(λ) is the partition function that allows to study phase transition in
multidimensional system. We recall that the introduction of a thermal bath
describe the particle interaction under the assumption of molecular chaos so
that the dynamics of each particle can be considered independent, whereas the
potential V (q) is an external potential for each particle depending only on its
coordinates. The average field approach assumes the possibility of describing
the particle interaction not included in the instantaneous collisions using a self-
consistent external field, but this is not justified in many cases. The temperature
T enters in the definition of ρad(q) but it is not the average value of the potential
energy

⟨V (q)⟩ = A−1
q (T )

∫
V (q) exp (−βV (q)) dq = − ∂

∂β
lnA(T, λ) β = T−1

The exception is the quadratic potential V (q) = ω2/2 q2 whenAq(T ) =
√
2πT/ω:

in case of linear force the average of kinetic energy equals the average of potential
energy.
The dependence on λ introduces the possibility of performing isotherm transfor-
mations for the system for which a thermodynamics description can be applied
however this requires the assumption that a quasi static description of the sys-
tem is possible. The spectral properties of FP equation associated to the system
(5.18) are not easily derived in the nonlinear cases. These properties would al-
low to study the non equilibrium and transient states of the system (this is one
of the main goal of the stochastic thermodynamics that aims to characterize
the thermodynamics properties of transient states). One possible approach is
to distinguish between fast and slow relaxing variables and takes only the dy-
namics of the slow variables. The over damped limit γ → ∞ (see section 3.5)
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means that the momentum p are fast variables and the dynamics reduces to the
Smoluchowski stochastic equation

dq = −∂V
∂q

(q, λ) +
√
2Tdwτ

which describes the relaxation in the configuration space, where τ = t/γ is
a slow time. This limit implies that the spectrum of the FP operator (??)
divides into two parts one of which tends to ∞ (∝ γ) and corresponds to the
relaxation process in the p variables, the other part tend to the real axis and
remain finite. The corresponding eigenvectors can be factorized in the Gaussian
distribution for the momentum and coordinate eigenvectors that describe the
relaxation process in the coordinate. ****

The Fokker-Planck equation reads

∂ρ

∂t
=

∂

∂q

∂V

∂q
(q, λ)ρ+ T

∂2ρ

∂q2

The stationary solution is ρad(q, λ) and the FP equation can be written in a
self-adjont form: we look for solution in the form

ρ = exp

(
−V
T

)
ϕ̂

and we get

∂ϕ̂

∂t
= T exp

(
V

T

)
∂

∂q
exp

(
−V
T

)
∂ϕ̂

∂q

The operator can be put is a self adjoint form by a change of variable

ϕ̂ = exp

(
V

2T

)
ϕ ⇒ ρ = exp

(
− V

2T

)
ϕ

and we get the FP operator

T exp

(
V

2T

)
∂

∂q
exp

(
−V
T

)
∂

∂q
exp

(
V

2T

)
The characteristic equation

η ϕ = T exp

(
V

2T

)
∂

∂q
exp

(
−V
T

)
∂

∂q
exp

(
V

2T

)
ϕ

defines orthogonal wave functions with negative real eigenvalues. We have a
Schrödinger like operator

T

[
∂

∂q
− 1

2T

∂V

∂q

] [
∂

∂q
+

1

2T

∂V

∂q

]
ϕ = η ϕ

We observe that assuming natural boundary condition

η

∫
ϕ2(q) dq = T

∫
ϕ

[
∂

∂q
− 1

2T

∂V

∂q

] [
∂

∂q
+

1

2T

∂V

∂q

]
ϕ dq

= −T
∫ ([

∂

∂q
+

1

2T

∂V

∂q

]
ϕ

)2

dq
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so that η < 0 and we recover η = 0 when[
∂

∂q
+

1

2T

∂V

∂q

]
ϕ = 0 ⇒ ϕ(q) ∝ exp

(
− V

2T

)
Remark: ϕ(q) can be normalized in the L2-norm and the general solution of the
FP equation can be written in the form

ρ(q, t) = ρad(q) +
∑
η ̸=0

cηe
ηt exp

(
−V (q)

2T

)
ϕη(q)

We have also the properties∫
exp

(
−V (q)

2T

)
ϕη(q) dq = 0

∫
ϕη(q)ϕν(q) dq = δην

and the coefficients cη follow from the relation

cη =

∫
ϕη(q)ρ(q, 0) exp

(
V (q)

2T

)
dq

We observe that the FP operator has the form

L = −TA†A

where

A =

[
∂

∂q
+

1

2T

∂V

∂q

]
can be interpreted as annihilation operator when the potential is linear V (q) =
ω2q2/2. We have the commutator relations

[A,A†] =

[
∂

∂q
+

1

2T

∂V

∂q

] [
− ∂

∂q
+

1

2T

∂V

∂q

]
−
[
− ∂

∂q
+

1

2T

∂V

∂q

] [
∂

∂q
+

1

2T

∂V

∂q

]
=
ω2

T

The eigenvectors of the FP operator can be computed recursively starting from
the stationary state Ap0(q) = 0. If p(q) is an eigenvector with eigenvalue η, we
use the relation

LA†p(q) = −TA†AA†p(q) = −TA†
[
L+

ω2

T

]
p(q) = −

[
νT + ω2

]
A†p(q)

Then we have the spectrum

L
(
A†)n p0(q) = −nω

2

T

We have a discrete real spectrum with negative eigenvalues that decreases as the
linear force increases: i.e. if ω(λ) → 0 we have a singular behavior that has to be
studied also considering if the separation between fast-slow variables is still valid.
In a generic situation the possibility to introduce fast-slow variable depends
on the dynamics. Using the Stratonovich interpretation, the MB distribution
ρ(x) ∝ exp(−H(x)/T ) is a covariant object and we can use any set of canonical
variables. In the case of integrable systems we have ρ(I) ∝ exp(−H(I)/T ) as a
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function of the action variables so that the angle distribution is uniform. The
problem is if in the relaxation process the angle variable can be considered fast
variables with respect to the action variables. In the case of linear systems we
have the stochastic equations (Stratonovich form)

θ̇ = ω + γ sin(2θ)−
√
Tγ

Iω
sin(θ)ξ(t)

İ = −2γI cos2 θ +

√
4ITγ

ω
cos θξ(t)

If γ ≪ ω the angle is a fast variable but the deterministic dynamics is not
related to the relaxation process. However it is possible to consider the average
dynamics if ω does not satisfies a resonance condition: if we compute the average
on the angle variable of the stochastic equation using the slow angle θ = ϕ+ωt
and introducing the slow time τ = γt we get

dϕ

dτ
= sin(2ϕ+ 2ω/γτ)1−

√
T

Iω
sin(ϕ+ ω/γτ)ξ(τ)

dI

dτ
= −2I cos2(ϕ+ ω/γτ) +

√
4IT

ω
cos(ϕ+ ω/γτ)ξ(τ)

We remark that we have a singularity in the angle dynamics for I → 0 due to
the polar variables not to the dynamics. The averaging principle assumes that if
ω/γ is big, the phases in the coefficient of the action dynamics can be considered
random variables extracted form the uniform distribution (i.e. the stationary
distribution of the phase dynamics). This assumption is satisfies when the slow
time scale evolution ∆τ can be chosen such that ω/γ ∆τ ≫ 1. In this case the
action dynamics tends to a stochastic dynamics but one has to take into account
the correlation between the fluctuations in the action and angle variables since
they are generated by the same ξ(τ). In particular the angle fluctuating term
gives a contribution to the action dynamics

−T
ω

〈
sin(ϕ+ ω/γτ)

∂

∂ϕ
cos(ϕ+ ω/γτ)

〉
=
T

ω

〈
sin2(ϕ+ ω/γτ)

〉
whereas the variance of the fluctuating term reads

4IT

ω
⟨cos2 ϕ⟩ϕ =

2IT

ω

We have the reduced average dynamics

dI

dτ
=

(
−I + T

2ω

)
+

√
2IT

ω
ξ(τ)

Remark: for a linear systems the averaging process cannot be justified by the
relaxation of the slow angle ϕ (except for low values of the actionI) but it follows
form the unperturbed dynamics ϕ + ω/γτ when γ → 0. The phase dynamics
could be used to check that the uniform distribution of the angle variables does
not depend on the action evolution, so that it is possible to perform the phase
average on the FP equation.
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The average FP equation for the action distribution ρ(I, t) reads

∂ρ

∂τ
=

∂

∂I

(
I − T

2ω
+
T

ω

√
I
∂

∂I

√
I

)
ρ =

∂

∂I

(
I +

T

ω
I
∂

∂I

)
ρ

We see that the evolution of ρ(I, t) is singular when ω → 0 and in the case of
an adiabatic modulation ω(λ).
By varying the parameter λ we perform an isotherm on the system and the
change of the potential energy ⟨V (q, λ)⟩ represents the amount of work per-
formed on the system by the environment

⟨V (q, λ)⟩ =
∫
p2

2
ρad(q, p, λ) dp dq

****************

∂H0

∂t
= −γp∂H0

∂p
+ Tγ

∂2H0

∂p2
= −γ(p2 − T )

dS

dt
=

∫
∂ρ

∂t
ln ρ dx = DH0

ρ

The idea is to prove that in the adiabatic limit the system can be considered
in equilibrium state (frozen system)

E(T, λ) = ⟨H0⟩(T, λ) = − lnA(T, λ)

∂β

that connect the partition function with the Helmholtz free energy

F = E − TS =

∫
Hρad dp dq + T

∫
ρad ln ρad dq dp = −T lnA

We recall that for an adiabatic isotherm transformation

FB − FA = F (T, λb)− F (T, λa) = −W

where W is the performed work by the system. By varying λ, the change of the
energy is defined by two contributions

∂

∂λ

∫
H(q, p, λ)ρad(q, p, λ) dp dq =∫

∂H

∂λ
(q, p, λ)ρad(q, p, λ) dp dq +

∫
H(q, p, λ)

∂ρad
∂λ

(q, p, λ) dp dq

A direct computation gives

− T
∂

∂λ

∫
ρad ln ρad dq dp = −T

∫
∂ρad
∂λ

ln ρad dq dp

=

∫
H
∂ρad
∂λ

dq dp+ T lnA(T, λ)

∫
∂ρad
∂λ

dq dp

=

∫
H
∂ρad
∂λ

dq dp
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and we get
∂E

∂λ
=

∫
∂H

∂λ
ρad dp dq + T

∂S

∂λ
(5.21)

We indentify

W (T, λ) = −
∫ λb

λa

dλ

∫
∂H

∂λ
(q, p, λ)ρad(q, p, λ) dp dq

and we extend this definition to non-adiabatic isotherm transformation when
λ = µt. More precisely we consider a solution of the stochastic equation (3.1)
xξ(t |x0) for a given realization of the noise ξ(t), λ = µt and a given initial state
x0 (x0 can be a random variable distributed according to an equilibrium state)
we define

Wξ(λ) = −
∫ t

0

dt

∫
∂H

∂λ
(xξ(t |x0), λa + µt)ρad(x0, λa) dx0 λ = λa + µt

and ⟨Wξ(λ)⟩ denotes the expectation value with respect all the realizations ξ(t).
The second principle implies for an irreversible transformation (i.e. µ is finite)

⟨Wξ(λ)⟩ ≤ −∆F

The idea is to prove that in the non-adiabatic transformation when µ finite this
relation should be the consequence of the difference between the real distribu-
tion ρ(q, p, t) and the adiabatic quasi-static distribution ρad(q, p, t). If we solve
the stochastic equation to compute a single trajectory xξ(t |x0) the previous
condition could be not verified.

5.3 Action-angle variables

Assuming H1 = −
√
mq, we perform the action-angle variables using the co-

variance properties of the Stratonovich interpretation of eq. (1.5). We have to
compute

{H0, H1} = −Ω(I, λ)
∂H1

∂θ
(θ, I, λ) =

√
m
∂H0

∂p

∣∣∣∣
q,λ

(θ, I, λ)

and

DH1
I = −∂H1

∂θ
=

√
m
∂I

∂p

∣∣∣∣
q,λ

=

√
m

Ω

∂H0

∂p

DH1
θ =

∂H1

∂I

Remark: performing the change of variables in eq. (1.5) λ can be considered
a parameter even if λ = µt, but in the computation of the differentials of the
new variables one has to compute the variation with respect to λ. This can
be performed maintaining the canonical form by changing the Hamiltonian H0

according to

Ĥ0(θ, I, λ) = H0(I, λ) + µ
∂F

∂λ

∣∣∣∣
q,I

(θ, I, λ)
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where F (q, I, λ) is the generating function for the action-angle change of vari-
ables.

The stochastic dynamics for the action-angle variables read

θ̇ = Ω(I, λ) + µ
∂

∂I

∂F

∂λ

∣∣∣∣
q,I

− γΩ
∂H1

∂θ

∂H1

∂I
+
√
2Tγ

∂H1

∂I
ξ(t)

İ = −µ ∂
∂θ

∂F

∂λ

∣∣∣∣
q,I

− γΩ

(
∂H1

∂θ

)2

−
√
2Tγ

∂H1

∂θ
ξ(t) (5.22)

where we perform a white noise limit for ξ(t). The existence of a stochastic
adiabatic invariance for the action variable is related to the possibility of aver-
aging eq. (5.22) with respect the noise realizations and with respect to the angle
variable. In the limit of white noise (Stratonovich interpretation) the average
action evolution reads

⟨∆I⟩ =

[
−µ ∂

∂θ

∂F

∂λ

∣∣∣∣
q,I

− γΩ

(
∂H1

∂θ

)2
]
∆t

− γT

[
∂2H1

∂θ2
∂H1

∂I
− ∂2H1

∂θ∂I

∂H1

∂θ

]
∆t+O(∆t2, µ2∆t)

The last term in obtained by the stochastic fluctuations and it can be written
in the form

∂2H1

∂θ2
∂H1

∂I
− ∂2H1

∂θ∂I

∂H1

∂θ
=

∂

∂θ

[
∂H1

∂θ

∂H1

∂I

]
− ∂

∂I

(
∂H1

∂θ

)2

The average dynamics for the action can be written in the form

⟨∆I⟩ =

[
−µ ∂

∂θ

∂F

∂λ

∣∣∣∣
q,I

− γΩ

(
∂H1

∂θ

)2
]
∆t

− γT

[
∂

∂θ

(
∂H1

∂θ

∂H1

∂I

)
− ∂

∂I

(
∂H1

∂θ

)2
]
∆t+O(∆t2, µ2∆t)

Then it is possible to consider the limit of the stochastic process Ī where we
also consider the average on the angle variable since the angle is a fast variable
and the uniform stationary distribution on the angle can be considered invariant
during the evolution. The average stochastic process Ī satisfies the stochastic
differential equation

dĪ = −γ

[
Ω

〈(
∂H1

∂θ

)2
〉

θ

− T
∂

∂I

〈(
∂H1

∂θ

)2
〉

θ

]
dt+

√
2Tγ

√√√√〈(∂H1

∂θ

)2
〉

θ

dwt

(5.23)
This equation holds if the uniform distribution of the angle is preserved in the
evolution since the angle variable has a relaxation time faster than the action
variable (this can be proven in the limit of small noise). The FP equation for
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ρ̄(I, t)

∂ρ̄

∂t
= γ

∂

∂I

[
Ω

〈(
∂H1

∂θ

)2
〉

θ

− T
∂

∂I

〈(
∂H1

∂θ

)2
〉

θ

]
ρ̄+ γT

∂2

∂I2

〈(
∂H1

∂θ

)2
〉

θ

ρ̄

= γ
∂

∂I

〈(
∂H1

∂θ

)2
〉

θ

[
Ω+ T

∂

∂I

]
ρ̄ (5.24)

The equation (5.24) can describe the evolution of the action distribution far
from the separatrix curves where Ω → 0. In the case of physical systems (cfr.
eq. (5.17) and H1 =

√
2mq), the diffusion coefficient can be written in the form〈(

∂H1

∂θ

)2
〉

θ

=
1

Ω2

〈(
∂H0

∂p

)2
〉

θ

=
1

Ω2

〈
p2

m

〉
that highlights as we have a singularity when Ω → 0 at the separatrix. Far
from the separatrix the ρ̄(I, t) is regular and for a fixed λ (frozen system) the
equilibrium condition reads[

Ω+ T
∂

∂I

]
ρ̄eq(I, λ) = 0 ⇒ ρeq(I) ∝ exp

(
−H0

T

)
but one should introduce the boundary condition when I increases. Moreover
the angle dynamics is not fast near the separatrix and the averaging procedure
is not justified.

5.4 Adiabatic character of the action distribu-
tion

If one considers the evolution of the distribution function ρ(I, t) average on the
angle variables we get the conjugated operator of eq. (5.23): i.e the average FP
equation (see. eq. (2.3))

∂ρ̄

∂t
= γ

∂

∂I

〈(
∂H1

∂θ

)2
〉

θ

[
Ω(I)ρ̄+ T

∂ρ̄

∂I

]
+O(µ2) (5.25)

with an error O(µ2) that we neglect if µ≪ γ.
Remark: the dissipation γ−1 is a relaxation time scale so that we have to con-
sider the relation between the adiabatic time scale µ−1 and the relaxation time
scale. The adiabatic assumption µ−1 ≫ γ−1 means that we have the adiabatic
approximation for the evolution of the distribution function

Ωρ̄+ T
∂ρ̄

∂I
≃ 0 ⇒ ρad(I, t) = A−1(µt) exp

(
−H0(I, µt)

T

)
and the partition function reads

A(µt) =

∫
exp

(
−H0(I, µt)

T

)
dI
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In this case the distribution is independent from the initial condition and the
system is in a thermal equilibrium. The adiabatic approximation assumes the
quasi-stationary condition for the slowly modulated FP equation: the expected
error can be computed in a perturbation way, let

ρ(I, t) = ρad(I, µt) + µ∆ρ(I, t) +O(µ2)

A direct calculation provides

∂ρ

∂t
= γ

∂

∂I
D(I)

[
Ω(I, λ)∆ρ+ T

∂∆ρ

∂I

]
− µ

∂ρad
∂λ

where we set

D(I) =

〈(
∂H1

∂θ

)2
〉

θ

We observe that by scaling the time we define the adiabatic parameter by the
ratio µ/γ and we require the condition µ/γ ≪ 1, Using the relation

∂

∂λ
A−1(λ) exp

(
−H0(I, λ)

T

)
=

1

T

[
∂H0

∂λ

∣∣∣∣
I

−
∫

∂H0

∂λ

∣∣∣∣
I

ρad(I, λ) dI

]
ρad(I, λ)

=
1

T

[
∂H0

∂λ

∣∣∣∣
I

−
〈
∂H0

∂λ

∣∣∣∣
I

〉]
ρad(I, λ)

we see that ∂ρa/∂λ has no component on the kernel of the FP operator. We
recall the thermodynamics interpretation of the isotherm transform and we rec-
ognize in the previous formula the difference between the Helmholtz free energy
(5.9) and the average work performed during a non adiabatic transformation of
the action I(t; ξ) (but we average on the angle variables assuming that this is
the stationary condition). If we introduce the evolution operator

Φt
0 = exp

(
tγ

∂

∂I
D(I)

[
Ω(I, λ) + T

∂

∂I

])
= exp (tγLFP (I))

which solve the FP equation (5.25) for fixed λ, we formally have

∆ρ(I, t) = −µ
∫ t

0

Φt
s ds

[
∂ρad
∂λ

(I, λ)

]
+O(µ2)

restricted on the invariant space where the operator is invertible. A direct
calculation provides

exp

(
H0

2T

)
LFP (I) exp

(
−H0

2T

)
= T

∂

∂I
D
∂

∂I
+

1

2

[
∂

∂I
DΩ− ΩD

∂

∂I

]
− Ω2

4T
D

that is self-adjoint operator and eigenvalues of the FP operator LFP are all
real and negative except the null one. Then the evolution operator Φt

s is a
contraction and we have the estimate

lim
t→∞

∥∆ρ(I, t)∥ ≤ λ−1
min

∥∥∥∥∂ρad∂λ

∥∥∥∥+O(µt)

where λmin is the Fiedler eigenvalue of the FP operator. If λmin = O(1) the
previous results implies that ∆ρ is bounded O(1) for a time t ∝ µ−1 and the
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adiabatic stationary distribution approximates the real distribution with an
error O(µ): i.e. it is an adiabatic invariant for the stochastic dynamics. This
result does not hold near a sepatatrix curve and during the phenomenon of
separatrix crossing the distribution changes.
When the phase space is divided into different region by the separatrix curves,
the previous results apply to each region separately if the transition rate among
the region is much smaller than the modulation time scale. This can be esti-
mated by using the Kramer’s Theory of transition rate.
To study the FP spectrum for fixed λ we consider solutions of the FP equation
in the form (only for 1DoF case)

eηtρa(I)ϕη(I)

which satisfy

ηρa(I)ϕη(I) = γ
∂

∂I

1

Ω2(I)

〈(
∂H0

∂p

)2
〉
ρa(I)T

∂ϕη
∂I

= γT
∂

∂I
D(I)ρa(I)

∂ϕη
∂I

where

D(I) =

〈(
∂I

∂p

)2
〉

=

〈(
∂H0

∂p

∂I

∂H0

)2
〉

=
1

Ω(I)2

〈(
∂H0

∂p

)2
〉

The eigenvalues scale as η → η/γ (i.e. increasing γ the relaxation time increases)
and the operator

ρ−1
a (I)

∂

∂I
D(I)ρa(I)

∂

∂I
is self-adjoint with respect the scalar product

ϕ · ψ =

∫
ϕ(I)ρa(I)ψ(I) dI

The eigenvectors ϕη(I) are orthogonal with respect to the scalar product and
all the eigenvalues η are real negative.
Near a separatrix curve the adiabatic invariance is lost and we can observe the
resonance trapping phenomenon in analogy with the deterministic dynamics.
The action-angle variables are singular at the separatrix and we have different
action-angle variables so that the FP equation (5.25) is a local equation in
each region of the phase space. In the stochastic case the resonance trapping
is rule by three different time scales: the angle relaxation time scale that is
a consequence of the fast character of the angle variable due to the frequency
dependence on the action dΩ/dI ̸= 0, the adiabatic modulation time scale ϵ−1

and the Kramer’s time scale due to the transition of the particles between two
resonance region. These time scales have to be separated in a increasing order to
describe the adiabatic resonance trapping into different resonance region using
the equilibrium solution of the FP equation (5.25). ********
The study of the spectral properties as a function of λ is a key issue to apply
an adiabatic approximation. We recall that linearizing the dynamics near an
elliptic point (linear noise approximation) the corresponding dynamics is driven
by a quadratic Hamiltonian system

H0(q, p;λ) =
∑
k

p2k
2

+
1

2

∑
hk

qhVhk(λ)qk =
∑
k

ωk(λ)Ik(λ)
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plus a dissipative force and a stochastic term. Averaging on the angle variable
we get the equation

∂ρ

∂t
= γ

∑
k

∂

∂Ik
ω−2
k

〈(
∂H0

∂pk

)2
〉[

ωkρ+ T
∂ρ

∂Ik

]
where ωK is the linear frequency at the elliptic point and by definition we have〈(

∂H0

∂pk

)2
〉

= ⟨p2k⟩ = ωkIk

The averaging principle can be applied if ω⃗ does not satisfy a resonance condi-
tion. The FP equation reads

∂ρ

∂t
= γ

∑
k

∂

∂Ik
Ik

[
ρ+

T

ωk

∂ρ

∂Ik

]
We observe that γ is a time scale and that the stationary solution is

ρs(I) =
T

ω
exp

(
− 1

T

∑
k

ωkIk

)

We look for the eigenvectors in the form

exp

(
− 1

T

∑
h

ωhIh

)
pη(I)

where pη(I) is a polynomial. A direct substitution gives

η

γ
pη(I) = T exp

(
1

T

∑
h

ωhIh

)∑
k

∂

∂Ik
Ik exp

(
− 1

T

∑
h

ωhIh

)
∂pη
∂Ik

If pλ(I) is a polynomial of order n in the action we have the condition

η = −γ
∑
k

nkωk

∑
k

nk = n

that shows as the eigenvalues are related to the linear combination of the fre-
quencies ωk and scale with γ. The polynomials pλ(I) are orthogonal with respect
the scalar product associated to the invariant distribution and all the eigenvalues
are real negative. The linear combination of the frequencies can be arbitrarily
small for n ≫ 1 so that λ are arbitrarily small but as the polynomial degree
increase the coefficients of the expansion on the eigenvector base decrease so
that the contribution of higher order polynomial can be smallw er than µ.
In the 1DoF case, the equation (5.25) is singular at a separatrix curve since
Ω(I) → 0 and both the averaging procedure is not justified and the relaxation
time scale diverges. This is the case when we have a non linear resonance in the
phase space of H0(q, p;λ). However it is possible to derive an adiabatic theory
assuming that ρ(I;µt) is preserved with a small error is we are not near the
separatrix and it has an absorbing boundary condition at the I∗ the singular
action value at the separatrix.
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5.5 Stochastic adiabatic theory

The generalization of the stochastic adiabatic theory in presence of non-linear
resonances in the phase space is based on the following picture (to be analytically
justified). The phase space is divided into different areas where local action-
angle variables can be introduced and we have a global diffusion dynamics due
to a thermal bath. In the 1DoF case we have the FP equation

∂ρ

∂t
= −DH0ρ+ γ

∂

∂p
ρ+ Tγ

∂2ρ

∂p2
H0 =

p2

2
+ V (q, λ) (5.26)

If H0(q, p;µt) is slowly modulated µ≪ 1 the adiabatic distribution corresponds
to the MB solution

ρ(q, p, µt) = A(λ)−1 exp

(
H0(q, p;µt

T

)
Remark: the adiabatic distribution is Gaussian in the momentum p so that
⟨p2⟩ = 2T for each degree of freedom (this is the definition of temperature).
However it is not possible to separate the relaxation time scale of the coordinate
dynamics except in the over damped limit γ ≫ 1.
We have seen that if the Hamiltonian is integrable and the frequencies Ω(I)
do not satisfies resonance condition (in particular in the 1Dof case we have no
separatrix in the phase space). Then if the phase space has a bifurcation phe-
nomenon during modulation the adiabatic invariance of the distribution is nor
guaranteed. In the case the phase space has a sepatatrix a possible extension of
the adiabatic theory would be to use the action variable in each region of the
space so that we expect that the adiabatic distribution in the action variable
ρ ∝ exp(−H0(I, λ)/T ) is almost constant for long time and to introduce the sep-
atarix as an absorbing boundary condition (in the action space) for the average
FP equation. In the case it is possible to use the Kramer’s Theory to estimate
the probability to cross the sepatarix in the different region. The slow modula-
tion effect is to move the separatrix in the phaase space so that the transition
rates change. The theoretical problem is to show that if the modulation is slow
the real distribution is well described by the adiabatic distribution rho(I;µt) is
each region since the relaxation time scale is faster than the Kramer’s transition
scale and the contribution of the action dynamics near the separatrix (where
the angle are slow variables) is negligible. ***** One can introduce an improved
action variable

I = J + ϵ
∂G

∂θ
(θ, J, λ) (5.27)

where the generating function G(θ, J, λ) satisfies the homological equation

∂G

∂θ
=

1

Ω2(J, λ)

∫ θ
(
∂H0

∂λ

∣∣∣∣
q,p

−

〈
∂H0

∂λ

∣∣∣∣
q,p

〉)
dθ

The solution is formally written as

G(θ, J, λ) =
1

Ω2(J, λ)

∫ θ ∫ θ′ (
∂H0

∂λ

∣∣∣∣
q,p

−

〈
∂H0

∂λ

∣∣∣∣
q,p

〉)
dθ′dθ
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where the integration defines a primitive function (we could require a further
condition like that G(θ, J) vanishes at a given section in the phase space). Using
the improved action variable the Hamiltonian (5.15) reads

H0(J, λ) + ϵH1(ϕ, J, λ)ξ(t) +O(ϵ3)ξ(t) +O(ϵ4)

where the new angle ϕ is implicitly defined by

ϕ = θ + ϵ
∂G

∂J
(θ, J, λ)

We remark as all the transformation are singular as Ω(I, λ) → 0 that corre-
sponds to crossing a nonlinear resonance.
The stochastic equations of motion are

ϕ̇ = Ω0(J, λ) + ϵ
∂H1

∂J
ξ(t)

J̇ = −ϵ∂H1

∂ϕ
ξ(t)

where we neglect the error terms. In the diffusion time scale τ = ϵ2t we can
describe the evolution of the improved action as a diffusion process according
to the diffusion equation

∂ρ

∂τ
=

1

2

∂

∂J
D(J, τ)

∂ρ

∂J
(5.28)

where the diffusion coefficient is computed from the expectation value

D(J, λ) =

〈(
∂H1

∂θ

)2
〉

θ

∫ T

0

∫ T

0

⟨ξ(s)ξ(t)⟩dtds

assuming that the angle are relaxed to the uniform distribution which is invari-
ant at the diffusion time scale. In the limit of a fast decorrelation of the noise
at the diffusion time scale

D(J, τ) =

〈(
∂H1

∂θ
(θ, J, λ)

)2
〉

θ

(5.29)

The distribution function ρ(J, τ) form the equation (??) differs from the distri-
bution ρ(I, τ) by terms of order O(ϵ2). Therefore the evolution of the action
distribution at the diffusion time scale is not affected by the presence of a slow
modulation λ = ϵ2t in the Hamiltonian up to an error of order O(ϵ).

5.6 Remarks on perturbation theory

The perturbation theory for Hamiltonian systems is strictly connected with the
definition of Arnold-Liouville integrability

In the case of a Nekhoroshev like estimate for the diffusion coefficient



Appendix A

The two degrees of freedom

Remark: in a two dimensional case one expects perturbation expansions in
action variables

Ĥ(I, θ) =
∑

hkh

(
I1
I∗1

)|k|(
I2
I∗2

)|h|

eikθ1+ihθ2

so that a scaling of the variables I ′i = Ii/I
∗
i (the transformation is not canonical)

changes the equations of motion according to

İ ′i = − 1

I∗i

∂Ĥ

∂θi
(I ′, θ)

We consider a diffusion coefficient of the form

hjk(I) = δjkσ
2
jD (I1 + I2)

that corresponds to a Laplacian operator

1

2

∑
j

∂

∂Ij
σ2
jD(I1 + I2)

∂

∂Ij

We introduce the new actions

J1 = I1 + I2

J2 = I1 − I2

and we use the Ito calculus to change variables

dJ1 = dI1 + dI2) =
1

2
(σ2

1 + σ2
2)
∂D

∂J1
dt+

√
D(σ1dw1 + σ2dw2)

dJ2 = (dI1 − dI2) =
1

2
(σ2

1 − σ2
2)
∂D

∂J1
dt+

√
D(σ1dw1 − σ2dw2)

The new Laplacian operator reads

σ2
1 + σ2

2

2

∂

∂J1

∂D

∂J1
+
σ2
1 − σ2

2

2

∂D

∂J1

∂

∂J2
+

σ2
1 + σ2

2

2

(
∂2

∂J2
1

D(J1) +D(J1)
∂2

∂J2
2

)
+ (σ2

1 − σ2
2)

∂

∂J1

∂

∂J2
D(J1)
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We remark that there always exists a solution of the FP equation of the form
ρ(J, τ) = ρ(J1, τ) such that

∂ρ

∂τ
=
σ2
1 + σ2

2

2

∂

∂J1

∂D

∂J1
ρ+

σ2
1 + σ2

2

2

∂2

∂J2
1

D(J1)ρ =
σ2
1 + σ2

2

2

∂

∂J1
D(J1)

∂

∂J1
ρ

and that the Laplacian operator corresponds to a skew system if σ1 = σ2 (see
appendix). We have also to take into account the boundary conditions that can
be not invariaant with respect to the change of variables.
From a perturbative point of view, the assumption that

D(I) = D (σ1I1 + σ2I2) I1, I2 ≥ 0

means that the phase space is foliated into surfaces

σ1I1 + σ2I2 = const.

where the diffusion dynamics is the same.

A.1 Stochastic symplectic maps

An analogous approach can be performed to study the perturbed symplectic
maps of the form(

θn+1

In+1

)
=

(
θn + ϵξnMθ(θn, In; ϵ)
In + ϵξnMI(θn, In; ϵ)

)
◦
(
θn +Ω(In)

In

)
where the stochastic perturbation is a symplectic maps tangent to the identity
and ξn are independent identical distributed random variables with zero mean
value.
Remark: the random variables change any unit time so that we have a cor-
relation inside each time interval. This means that the random perturbation
cannot be described by a white δ−correlated noise e one has to consider the
perturbation effect.
Remark: without loss of generality we assume that the perturbation map can
be represented by a Lie transformation with Hamiltonian H1(θ, I)(

θn + ϵξnMθ(θn, In; ϵ)
In + ϵξnMI(θn, In; ϵ)

)
= exp(ϵξnDH1

(θ, I))

(
θn
In

)
Let R the integrable map andMn the stochastic map, the evolution is the result
of the composition of the maps

xn+1 =Mn ◦R ◦Mn−1 ◦R..... ◦M0 ◦R(x0)

from a given initial condition and a realization of the ξi variables. It is convenient
to perform a time dependent change of variables using the slow angle

ϕn = θn − nΩ(I)

Jn = In

(A.1)
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Then yn = R−nxn and we have

yn+1 = R−n−1 ◦Mn ◦R ◦Mn−1 ◦R..... ◦M0 ◦R(y0)
= R−n−1 ◦Mn ◦Rn+1 ◦R−n ◦Mn−1 ◦Rn.....R−1 ◦M0 ◦R(y0)

We use the property of the Lie transformation (Rk is a canonical change of
variables)

R−k ◦ exp(ϵξkDH1
) ◦Rk = exp(ϵξnDH1◦Rk)

where
H1 ◦Rk = H1(ϕ+ kΩ(J), J)

The main idea to apply a diffusive approach to the stochastic dynamics is to
show that an averaging principle holds on the angle variable for ϵ ≪ 1. In the
diffusion time scale τ = ϵ2k one can perform a continuous limit ϵ =

√
∆τ and

one interprets the maps
exp(ϵξnDH1◦Rk)

as a stochastic discrete dynamics according to

θk+1 = θk + ϵξk
∂H1

∂I
(θk + kΩ(Ik), Ik) + ϵξkk

∂H1

∂θ
(θk + kΩ(Ik), Ik)

∂Ω

∂I
(Ik) +O(ϵ2)

Ik+1 = Ik − ϵξk
∂H1

∂I
(θk + kΩ(Ik), Ik) +O(ϵ2)

Remark: the average value of the term O(ϵ2) should be explicitly computed, but
we know apriori that the diffusion limit will provide a Fokker-Planck equation
in the conservative form. Then the drift coefficient is related to the diffusion
coefficient determined by the fluctuating terms O(ϵ).
Let ϵ−1 ≫ N ≫ 1 we consider an average approach over N steps

θN = θ0 + ϵ
√
N

1√
N

N−1∑
k=0

ξk
∂H1

∂I
(θk + kΩ(Ik), Ik)

+ ϵN3/2 1

N3/2

N−1∑
k=0

ξkk
∂H1

∂θ
(θk + kΩ(Ik), Ik)

∂Ω

∂I
(Ik) +O(Nϵ2)

Ik+1 = Ik − ϵ
√
N

1√
N

N−1∑
k=0

ξk
∂H1

∂θ
(θk + kΩ(Ik), Ik) +O(Nϵ2)

The limit N → ∞ with ϵN3/2 ∝
√
∆τ (τ slow time) implies that the actions

can be considered constant whereas the angles tends to a diffusion process with
diffusion coefficient

Dθ(θ, I) =
1

N3

N−1∑
n,k=0

kn
∂H1

∂θ
(θ + kΩ(I), I)

∂Ω

∂I

∂H1

∂θ
(θ + nΩ(I), I)

∂Ω

∂I
(I)E(ξkξn)

Remark: Dθ(I) depends on the derivate ∂Ω/∂I that is assumed of order O(1)
and it vanishes for linear systems.
Remark: we have a dependence on θ if resonance conditions hold h⃗ · Ω = 2πn.
The relaxation time scale in the angle variables is of order (ϵ2N3)−1 so that
when the iteration N ≃ ϵ−2/3 the angle relaxes but the actions change of order
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O(ϵ2/3) and can be considered constant. On the contrary in the diffusion time
scale ϵ

√
N ∝ ∆τ (τ is the diffusion time) the angles can be considered relaxed

and the action diffusion coefficient reads

DI(I) =

〈
1

N

N−1∑
k,n=0

∂H1

∂θ
(θ + kΩ(I), I)

∂H1

∂θ
(θ + nΩ(I), I)E(ξkξn)

〉
θ

where the average <>θ is justified since we have the relaxation of the angle
variable at a time scale N ∝ ϵ−2. In the case of a δ-correlated noise E(ξkξn),
the diffusion coefficient reduces to the random pahse approximation

DI(I) = ⟨
(
∂H1

∂θ
(θ, I)

)2

⟩θ (A.2)

This equation requires N sufficiently big so ϵ has to be small. (cfr. Averaging
Principle section).
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1D Stochastic Hamiltonian

In the 1D case the diffusion equation for a stochastically perturbed Hamiltonian
system has the form

∂ρ

∂τ
=

1

2

∂

∂I
h2(I)

∂ρ

∂I
where

h2(I) = D(I) =
1

∥H1∥2

〈(
∂H1

∂θ

)2
〉

θ

and τ = ∥H1∥2t is the diffusion time. Then the scaling parameter in the defini-
tion of the diffusion time allows to normalize the diffusion coefficient∫ Iabs

0

h2(I)dI = 1

Moreover if the diffusion coefficient can be written in the form

D(I) = D

(
I

I0

)
the dependence of the parameter I0 can be absorbed by a scaling on the action
variable I/I0 → I ′ that corresponds to a scaling in the time scale τ/I20 → τ ′.
Of course one has to consider the change in the boundary conditions. To study
the 1D case, we consider a FP (??) of the form

∂ρ

∂τ
= −1

2

∂

∂J

dh

dI
ρ+

1

2

∂2ρ

∂J2

We can define an effective potential V (J)

V (J) = −
∫
dh

dI
dJ = −

∫
1

h

dh

dI
dI = − lnh (I(J))

that introduces a drift term towards the boundary condition at J = 0 if we set

J(I) = −
∫ Ia

I

dI

h(I)

so that limI→0 J(I) = −∞. The FP equation assumes the standard form

∂ρ̂

∂τ
=

1

2

∂

∂J

dV

dJ
ρ̂+

1

2

∂2ρ̂

∂J2
(B.1)
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V (J) is a decreasing potential as J → 0− so that it introduces a drift force
towards the absorbing boundary condition. We use the eq. (B.1) to study the
diffusion of weakly chaotic Hamiltonian system in presence of small stochastic
perturbations. According to a Nekhoroshev-like estimate for the perturbation
term in the Hamiltonian (??) we assume

h(I) = ϵ exp

[
−
(
I∗
I

)α]
where I∗ depends on the nonlinear terms and the exponent α is usually related to
the dimension of the system. Then we remark that the diffusion coefficient h2(I)
tends to zero exponentially fast as I∗/I → 0 so that the relaxation time scale
depends strongly on the initial condition. We are interested in the evolution
of an initial distribution with an absorbing boundary condition at Ia ≪ I∗.
The main problem is to estimate the current at the boundary condition and its
dependence from the parameters of the diffusion coefficient. The parameter ϵ2

has the dimension of a diffusion coefficient [I2/t] but can be scaled introducing
a slow time τ = ϵ2t. The FP equation (B.1) can be associated to a stochastic
differential equation in the slow time τ = ϵ2t

dI =
α

I

(
I∗
I

)α

exp

[
−2

(
I∗
I

)α]
dτ + exp

[
−
(
I∗
I

)α]
dwτ

Introducing the adimensional action x = I/I∗ we have

dx =
α

I2∗x
α−1

exp

[
−2

(
1

x

)α]
dτ + exp

[
−
(
1

x

)α]
dwτ

The change of variable

y = −
∫ xa

x

exp

[(
1

x

)α]
dx xa = Ia/I∗

reduces the evolution to the form

dy =
α

I2∗
a(y)dτ + dwτ

with an absorbing boundary condition at y = 0 and

a(y) =
1

xα−1(y)
exp

[
−
(

1

x(y)

)α]
Remark: a(y) > 0 represents a external forcing towards the boundary that
vanishes when x→ 0 (i.e. y → −∞).
If one neglects the effect drift field a(y), y(t) is a Wiener process with an ab-
sorbing boundary condition and the fundamental solution is

ρ(y, t) =
1√
2πt

[
exp

(
− (y + y0)

2

2t

)
− exp

(
− (y − y0)

2

2t

)]
y ≤ 0

with ρ(0, y) = δ(y + y0). Then we compute the probability current J(t) at the
absorbing barrier is

J(t) =
1

2

∂ρ

∂y

∣∣∣∣
y=0

=
y0√
2πt3/2

exp

(
−y

2
0

2t

)
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J(t) has to be an underestimate of the real current since a(x) > 0. In the initial
variable we have

J(t) =
y0

2
√
2πt3/2

exp

(
−y

2
0

2t

)
y0 = − 1

I∗

∫ Ia

I0

exp

[(
I∗
I

)α]
dI (B.2)

Given a generic initial condition ρ(I0) in the new variable we have

ρ(I0)
dI0
dy

= I∗ρ(I0) exp

[(
−I∗
I0

)α]
where I0 = I(y0) an the total current is

J(t) =
1

2
√
2πt3/2

∫ 0

−∞
y(I0) exp

(
−y

2(I0)

2t

)
ρ(I0)dI0 (B.3)

We observe that the current vanishes at t = 0 and increases up to a characteristic
time of order t ≃ y20 : around t ≃ y20 the current is stationary since the function

f(y) = ye−y2/2

has a critical value at y = 1 and the current is stationary at a local maximum at
y20/t ≃ 1. Due to the sensible dependence in the exponential one can estimate
the integral by using the biggest term∫ Ia

I0

exp

[(
I∗
I

)α]
dI ≃ C exp

[(
I∗
I0

)α]
where C is a suitable constant. Then after a transient time, one expects a
constant negative current at the barrier due to the particles distributed near
the position I0

J(I0) ≃ C exp

[
−2

(
I∗
I0

)α]
We propose two different approaches assuming that after a transient time the
system relaxes in a condition where the evolution of an ensemble of particle at a
position I = I0 mainly depends from the value I0. This assumption is satisfied
when the derivative dh/dI > 0. One can estimate the average current measured
at the absorbing barrier during time under the assumption that, during the
evolution, the particle distribution is divided by a small region into two parts
with different relaxation times. This means the time τ(I) is strongly dependent
from the point I (it is true when dτ/dI ≫ 1). In a quasi stationary condition the
escape rate of a particle at the position I in the interval [τ, τ + dτ ] is estimated
by 1/τ(I) since the main contribution to the average first passage time is the
time spent near the position x = I, then we have

∂ρ

∂τ
(I, τ) = −ρ(I, τ)

τ(I)

since one neglects both the incoming probability at the position I in the time
dτ and the surviving probability once the particle has left that position. The
evolution of the distribution function is approximated by

ρ(I,∆t) = ρ(I, τ) exp

(
− ∆t

τ(I)

)
(B.4)
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In the case of a Nekhoroshev like diffusion coefficient

h2(I) = ϵ2 exp

[
−2

(
I∗
I

)α]
the average first passage times reads (see Appendix A)

τ(I) = 2ϵ2
∫ Ia

I

x exp

[
2

(
I∗
x

)α]
dx = 2ϵ2I2∗

∫ u

Ia/I∗

e2u
α

u3
du

where u = I∗/x and we set u∗ = I∗/Ia ≃ 1. A crude estimate for the integral
when u≫ 1 is ∫ u

u∗

e2u
α

u3
du =

1

2α

e2u
α

u4−α

∣∣∣∣u
u∗

− 4− α

2α

∫ u

u∗

e2u
α

u5−α
du

The first term gives the main contribution to the integral when u≫ 1∫ u

1

e2u
α

u3
du ≃ e2u

α

u4−α

so that

τ(I) ≃ 2ϵ2
I4−α

I2−α
∗

exp

[
2

(
I∗
I

)α]
In the previous case τ(I) has a weak dependence from the position of the ab-
sorbing barrier. In an analogous way one can compute the stationary solution
ρs(I) when a source is set at I = Is and an absorbing boundary condition at
I = Ia

∂

∂I
h2(I)

∂

∂I
ρs(I) = −2Jδ(I − Is) (B.5)

We have

ρs(I) = 2J

∫ Ia

I

Θ(y − Is)
dy

h2(y)

where J is the incoming particles flow at the source. The escape rate k(Is) can
be estimated by the integral

N(Is) = 2J

∫ Ia

Is

∫ Ia

y

Θ(z−Is)
dz

h2(z)
dy = 2J (I − Is)

∫ Ia

I

dz

h2(z)

∣∣∣∣∣
Ia

Is

+2J

∫ Ia

Is

(I−Is)
dI

h2(I)

and we have

k−1(Is) =
N(Is)

J
= 2

∫ Ia

Is

(I − Is)
dI

h2(I)
∝ (Ia − Is)

2

ϵ2
exp

[
2

(
I∗
Is

)α]
(B.6)

and we recover an the evolution equation similar to (B.4). All the previous
approaches suggest the current the absorbing barrier is proportional to

J ∝ exp

[
−2

(
I∗
Is

)α]
for a Nekhoroshev’s like diffusion coefficient with a strong dependence from the
initial condition.



Appendix C

Evaluation of the first
non-zero eigenvalue

Let us consider the 1d-Smoluchowski equation

∂ρ

∂t
=

∂

∂x

dV

dx
ρ+D

∂2ρ

∂x2
(C.1)

It is possible to change the diffusion operator to a self-adjoint form by introduc-
ing

ρ(x, t) = exp

(
−V (x)

2D

)
p(x, t)

Remark: the operator

LFP
∂

∂x

dV

dx
+D

∂2

∂x2

satisfies the detailed balance condition for the stationary state and it is self-
adjoint for the scalar product

(f, g) =

∫
f(x) exp

(
V (x)

D

)
g(x)dx

Indeed a direct check shows that

(f,LFP g) =

∫
f(x) exp

(
V (x)

D

)
LFP g(x)dx =

∫
(LFP f(x)) exp

(
V (x)

D

)
g(x)dx

Then the transformation reduces the scalar product to the usual form: this is
possible only if the detailed balance condition is satisfied.
A direct calculation provides

exp

(
−V (x)

2D

)
∂p

∂t
=

1

2

∂

∂x

dV

dx
exp

(
−V (x)

D

)
p+D

∂

∂x
exp

(
−V (x)

2D

)
∂p

∂x

and finally

∂p

∂t
=

1

2

[
d2V

dx2
− 1

2D

(
dV

dx

)2
]
p+D

∂2p

∂x2
(C.2)
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The eigenfunctions ϕλ(x) of the equation (C.2) satisfy

1

D
[a(x)− λ]ϕλ(x) =

d2ϕλ
dx2

where

a(x) =
1

2

[
1

2D

(
dV

dx

)2

− d2V

dx2

]
The solution is expanded in the form

p(x, t) =
∑
λ

cλ(t)ϕλ(x)

where
cλ(t) = cλ(0)e

−λt

and we have the orthogonality and completeness condition∫
dxϕλ(x)ϕλ′(x) = δ(λ− λ′)

∑
λ

ϕλ(x)ϕλ(x
′) = δ(x− x′)

Using the initial condition

ρ(x, 0) = exp

(
−V (x)

2D

)
p(x, 0) = exp

(
−V (x)

2D

)∑
λ

cλ(0)ϕλ(x)

we get

cλ′(0) =

∫
dx exp

(
V (x)

2D

)
ρ(x, 0)ϕλ′(x)

In the case ρ(x, 0) = δ(x− x0) the final solution reads

ρ(x, t) = exp

(
− (V (x)− V (x0)

2D

)∑
λ

e−λtϕλ(x0)ϕλ(x)

If we set an absorbing boundary condition at x = 0 (ρ(0, t) = 0), then we require
ϕλ(0) = 0 for the eigenfunctions and the current at the barrier reads

J(t) = D
∂ρ

∂x
(0, t) = D exp

(
− (V (0)− V (x0)

2D

)∑
λ

e−λtϕλ(x0)
∂ϕλ
∂x

(0) (C.3)

We see the existence of different decaying scales related to λ−1 and to the initial
condition.
Let us consider the case V (x) = −νx (i.e. we have a constant drift toward the
barrier) with an absorbing boundary condition at x = 0, then a(x) = ν2/4D
and the self-adjoint operator reads

− ν2

4D
+D

∂2

∂x2

and it is negative defined, so that all the eigenvalues are ≤ 0; indeed D∂2/∂x2 is
also a negative defined symmetric operator and we have an upper bound to the
spectrum (except the zero eigenvalue) ≤ −ν2/4D. The eigenvector equation

− 1

D

[
λ− ν2

4D

]
ϕλ(x) =

d2ϕλ
dx2
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with the boundary condition ϕλ(0) = 0. If we set

kλ =

√
λ− ν2

4D

we have non-trivial solutions with

ϕλ(x) =

√
1

π
sin

(
kλ√
D
x

)
(the factor is a normalizing condition). The zero-eigenvalue corresponds to a
trivial solution and we have an upper limit for the negative eigenvalues from
the condition

ν2

4D
− λ > 0 ⇒ λmin =

ν2

4D

λ−1
min defines the decaying characteristic time for Fiedler’s eigenvector. Therefore

the existence of a constant drift field implies an upper bound to the Fiedler’s
eigenvalue. As an example we compute the current at the absorbing barrier for
ν = 0 so that ϕλ(x) ∝ sin

√
(λ/D)x, then from eq. (C.3) we have

J(t) =
D

π

∫ ∞

0

e−λt sin

(√
λ

D
x0

)√
λ

D
d

(√
λ

D

)
=
D

π

∫ ∞

0

e−u2Dt sin (ux0)udu

where λ = u2D. The integral reduces to a Gaussian integral since

exp
(
−u2Dtα± iux0

)
= exp

[
−Dtα

(
u± i

x0
2Dtα

)2]
exp

(
− x20
4Dtα

)
and

1

2i

∫ ∞

0

exp

[
−Dt

(
u− i

x0
2Dt

)2]
udu−

∫ ∞

0

exp

[
−Dt

(
u+ i

x0
2Dt

)2]
udu

=

∫ ∞

−∞
exp

[
−Dt

(
u− i

x0
2Dt

)2]
udu =

x0
4

√
π

(Dt)3/2

Then we get

J(t) =
D

2πi
exp

(
− x20
4Dt

)∫ ∞

−∞
exp

[
−2Dt

2

(
u− i

x0
2Dt

)2]
udu = exp

(
− x20
4Dt

)
x0√

2πD(2t)3/2

that coincides with the results (B.2). The presence of a drift field modifies the
previous calculation and we define λ − ν2/(4D) = k2λ = u2D and we have the
relation

λt± i
kλ√
D
x0 =

(
u2D +

ν2

4D

)
t± iux0 =

ν2

4D
t+

2Dt

2

(
u± i

x0
2Dt

)2
+

x20
4Dt

we get the Gaussian

exp

[
− ν2

4D
t− x20

4Dt

]
exp

[
−2Dt

2

(
u± i

x0
2Dt

)2)
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Let V (x) = −νx, the current reads

J(t) = exp

(
−νx0

2D
− ν2

4D
t− x20

4Dt

)
x0√

2πD(2t)3/2
= exp

(
− (x0 + νt)2

2Dt

)
x0√

2πD(2t)3/2

and we have a current describes by a moving Gaussian towards the barrier
which is diffusing. In an adiabatic approximation it is possible to approximate
the current for a slowly varying drift in the form

J(t|x0) ≃ exp

(
− (Φt(x0))

2

2Dt

)
x0√

2πD(2t)3/2

where Φt(x0) is the phase flow of the drift force

dx

dt
= −dV

dx

This approximation holds if the drift dynamics of the distribution is well approx-
imated by the dynamics of the initial condition x0 (average field approximation).
J(t) = dP/dt has a physical dimension [t]−1 so that it is a scalar with respect
a change of variables. For a generic initial distribution ρ0(x0) we have

J(t) ≃ 1√
2πD(2t)3/2

∫ ∞

0

x0 exp

(
− (Φt(x0))

2

2Dt

)
ρ0(x0)dx0

We consider an explicit example with h(I) = η(I/I∗)
n, we have the FP

equation

∂ρ

∂t
=
η2

2

∂

∂I

(
I

I∗

)2n
∂ρ

∂I

To simplify the formulas we introduce the scaled time τ = tη2/(2I2∗ ) and the
scaled action u = I/I∗ and the FP equation reads

∂ρ

∂τ
=

∂

∂u
u2n

∂ρ

∂u

and the change of variable (??) reads

J = −
∫ ua

u

du

un
=

1

un−1
a (n− 1)

[
1−

(ua
u

)n−1
]

In the new variable the FP reduces

∂ρ̂

∂τ
= − ∂

∂J
nun−1(J)− ∂2ρ̂

∂2J

where
u(J) =

ua(
1− (n− 1)un−1

a J
)1/(n−1)

The fundamental solution depends from the initial condition J0(u0), u0 ∈
[0, Ia/I∗] and we integrate the drift field

dJ

dτ
=
du

dτ

dJ

du
= nun−1
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so that
du

dτ
= nu2n−1 ⇒ 1

u
2(n−1)
0

− 1

u2(n−1)
= 2n(n− 1)τ

and

J(τ) =
1

(n− 1)

[
1

un−1
a

− 1

u
(n−1)
0

√
1− 2n(n− 1)u

2(n−1)
0 τ

]
J ≤ 0

Remark: the previous expression is singular in τ , but our approximation holds

only when 2n(n− 1)u
2(n−1)
0 τ ≪ 1 so that

1

un−1
0

√
1− 2n(n− 1)u

2(n−1)
0 τ ≃ 1

u
(n−1)
0

− un−1
0 n(n− 1)τ

and

J(τ) ≃ 1

(n− 1)

[
1

un−1
a

− 1

u
(n−1)
0

+ u
(n−1)
0 n(n− 1)τ

]
= J0 + nu

(n−1)
0 τ

This condition defines a time scale in the initial variables

ts ≪
I2∗
η2n

(
I∗
I0

)2(n−1)

as a function of the initial condition I0: the r.h.s. defines the dynamic aperture
time scale at the initial condition I0.

An approximation for the current at the absorbing barrier for ρ0(I) = δ(I −
I0) is given by

Jc(τ) ≃
J0√

2π(2τ)3/2
exp

−

(
J0 + nu

(n−1)
0 τ

)2
2τ


Finally in the initial time τ = tη2/(2I2∗ ) and using the initial action I = uI∗ we
have

Jc(t) ≃
2J0I

3
∗√

πη3t3/2
exp

(
−
(
2I2∗J0 + (I0/I∗)

(n−1)nη2t
)2

4I2∗η
2t

)
(C.4)

where

J0 =
1

(n− 1)

[
In−1
∗

In−1
a

− In−1
∗

In−1
0

]
The same procedure can be applied in the case of a Nekhoroshev’s like diffusion
coefficient

h

(
I

I∗

)
= η exp

(
−I∗
I

)α

We perform the change of variable

J = −
∫ ua

u

exp
(
u−α

)
du ≃ (u− ua) exp

(
u−α

)



112APPENDIX C. EVALUATIONOF THE FIRST NON-ZERO EIGENVALUE

where u = I/I∗ and we use the scaled time τ = tη2/(2I2∗ ). The drift field for
the new FP equation is

dJ

dτ
= αu−α−1 exp (−u)−α ≃ αu−α−1

0 exp (−u0)−α

assuming an average field approximation. Then we get the expression for the
out-going current in the initial time τ = tη2/(2I2∗ )

Jc(t) ≃
2J0I

3
∗√

πη3t3/2
exp

−

(
2J0I

2
∗ + α

(
I0
I∗

)−α−1

exp−
(

I0
I∗

)−α

η2t

)2

4I2∗η
2t

 (C.5)

Remark: the different between the expressions (C.4) and (C.5) is the drift field
we consider constant, therefore the quantification of the out-going current de-
pends on the value J0. Indeed if one introduces x = J0/

√
τ and we neglect the

effect of the drift, the both expressions are

Jc(x) ≃ J−2
0

x3

4
√
π
exp

(
−x

2

2

)
Therefore J−2

0 is the scaling factor for the current and its evolution time scale
is

tc ≃
2I2∗
η2

J2
0

A crude estimate gives

J2
0 ≃ 1

(n− 1)2

(
I∗
I0

)2(n−1)

for the power law, whereas we have

J2
0 ≃

(
Ia
I∗

)2

exp

(
2
I∗
I0

α)
in the Nekhoroshev-like diffusion. Then we expect a different scaling of the
current as we move the initial condition I0: in the first case the current decreases
as a power law and the diffusion time scale increases by the same factor; in the
second case the current decreases exponentially

∝
(
I∗
Ia

)2

exp

(
−2

I∗
I0

α)
Taking into account that the diffusion time is also scaled, the time to loose a
fixed ∆P fraction for a delta(I−I0) initial condition is computed by integrating
the current

∆P =

∫
Jc(t)dt ≃ J−2

0

∫ xP

0

x3

4
√
π
exp

(
−x

2

2

)
dt

dx
dx = − I2∗

2
√
πη2

∫ xP

0

x exp

(
−x

2

2

)
dx

where we use

t =
2J2

0 I
2
∗

η2x
⇒ dt

dx
= −2J2

0 I
2
∗

η2x2
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Then we get a relation between ∆P and xp

∆P = − I2∗
2
√
πη2

(
1− exp

(
−x

2
P

2

))
(C.6)

and we estimate the dynamics aperture time scale

tap =
2J2

0 I
2
∗

η2xP
(C.7)

that is consistent with tc.
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Appendix D

First passage time and
transition rate escaping
from a barrier

We first consider the generic diffusion problem

∂ρ

∂t
(x, t) = LFP ρ(x, t)

where LFP is a generic Fokker-Planck operator and we assume that x ∈ Ω and
∂Ω is an absorbing boundary condition ρ(x, t) = 0 at x ∈ ∂Ω ∀t. By definition
the probability to be in Ω at time t for an initial condition δ(x− a) is

PΩ(t|a) =
∫
Ω

ρ(x, t|a)dx

Let ta the first passage time at ∂Ω for a realization starting from a at t = 0 and
let p(t|a) its probability distribution, we have by definition∫ ∞

t

p(s|a)ds = PΩ(t|a)

since ∂Ω is an absorbing boundary condition. Then

p(t|a) =
∫
Ω

∂

∂t
ρ(x, t|a)dx =

∫
Ω

LFP ρ(x, t|a)dx (D.1)

To get an equation for the average first passage time τ(a)

τ(a) =

∫ ∞

0

tp(t|a) dt =
∫
Ω

∫ ∞

0

t
∂

∂t
ρ(x, t|a) dt dx = −

∫ ∞

0

∫
Ω

ρ(x, t|a) dx dt

we use the adjoint operator L†
FP and taking into account the boundary condi-

tions

L†
FP τ(a) = −

∫ ∞

0

∫
Ω

L†
FP ρ(x, t|a)dx dt
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Remark: L†
FP acts on the initial state a. From the Kolmogorov relation for

Markov processes we get

∂

∂s

∫
Ω

dtρ(x, t|x0, s)ρ(x0, s|a, 0)dx0 = 0

so that ∫
Ω

dx0ρ(x0, s|a, 0)
∂

∂s
ρ(x, t|x0, s) + ρ(x, t|x0, s)

∂

∂τ
ρ(x0, s|a, 0)

=

∫
Ω

dx0ρ(x0, s|a, 0)
∂

∂s
ρ(x, t|x0, s) + ρ(x, t|x0, s)LFP ρ(x0, s|a, 0)

Then ∫
Ω

dx0

[
∂

∂s
ρ(x, t|x0, s) + L†

FP ρ(x, t|x0, s)
]
ρ(x0, s|a, 0)

and since we consider a stationary process

∂

∂s
ρ(x, t|x0, s) =

∂

∂s
ρ(x, t− s|x0, 0) = − ∂

∂t
ρ(x, t− s|x0, 0)

Letting s→ 0, one gets the adjoint equation

∂

∂t
ρ(x, t|a, 0) = −L†

FP ρ(x, t|a, 0)

According to the previous result, the average first passage time reads

L†
FP τ(a) = −

∫ ∞

0

∫
Ω

L†
FP ρ(x, t|a)dx dt

=

∫
Ω

∫ ∞

0

∂

∂t
ρ(x, t|a, 0)dt dx = −

∫
Ω

δ(x− a)dx = −1

since limt→∞ ρ(x, t|a) = 0 due to the presence of an absorbing boundary condi-
tion. In an explicit form we have the equation

L†
FP τ(a) = −1 (D.2)

Similar equation can be obtained for the variance of the distribution p(t|a)

σ2(a) =

∫ ∞

0

t2p(t|a)dt− τ2(a) = −2

∫ ∞

0

∫
Ω

tρ(x, t|a)dx dt− τ2(a)

Then we have

L†
FPσ

2(a) = −2

∫ ∞

0

∫
Ω

tL†
FP ρ(x, t|a)dx dt− L†

FP τ
2(a)

Using the relation

2

∫
Ω

∫ ∞

0

t
∂

∂t
ρ(x, t|a, 0)dt dx = −2

∫
Ω

∫ ∞

0

ρ(x, t|a, 0)dt dx

= −2

∫ ∞

0

tp(t|a)dt = −2τ(a)
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we finally get the equation

L†
FPσ

2(a) = −2τ(a)− L†
FP τ

2(a) (D.3)

We specify the previous relation in the self-adjoint case (1D-Hamiltonian case)

LFP =
1

2

∂

∂x
D(x)

∂

∂x

one gets ∫
Ω

LFP ρ(x, t|a)dx = −
∫
∂Ω

D(x)
∂ρ

∂x
· dσ

that defines the outgoing current through the boundary ∂Ω at time t. It is
possible to evaluate an average value τ(a) for the first passage time starting
form a point a

1

2

∂

∂a
D(a)

∂

∂a
= −1

so that

τ(a) = 2

∫ xa

a

x

D(x)
dx (D.4)

where we set the boundary condition τ(xa) = 0 at the absorbing boundary
condition xa. Then from the relation

1

2

∂

∂x
D(x)

∂

∂x
τ2(x) =

∂

∂x
D(x)τ(x)

∂τ

∂x
= −2τ(x) +D(x)

(
∂τ

∂x

)2

we get

1

2

∂

∂a
D(a)

∂σ2

∂a
= −D(a)

(
∂τ

∂a

)2

= − 4a2

D(a)
(D.5)

and

σ2(a) = 8

∫ xa

a

x2

D(x)

∫ xa

x

1

D(y)
dy dx

We remark that the computation of the average first passage time requires the
knowledge of the evolution at all times, however this result can be related to
the escape probability rate. Let us apply the first average passage time to the
computation of the Kramer probability escape from a potential well. We start
from the Fokker-Planck equation

∂

∂x

∂V

∂x
ρ+D

∂2ρ

∂x2
=
∂ρ

∂t

where the potential V (x) has a minimum at x = x0 and a saddle point at x = x1.
The average first time τ(x) is written

−∂V
∂x

∂τ

∂x
+D

∂2τ

∂x2
= −1

and we get
∂

∂x
exp

(
−V (x)

D

)
∂τ

∂x
= − 1

D
exp

(
−V (x)

D

)
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The previous equation can be integrated

dτ

dx
= − 1

D
exp

(
V (x)

D

)∫ x

−∞
dz exp

(
−V (z)

D

)
where we assume limx→−∞ V (x) = ∞. The final result is

τ(x) =
1

D

∫ xa

x

exp

(
V (y)

D

)∫ y

−∞
exp

(
−V (z)

D

)
dzdy (D.6)

Then the Kramer’s estimate follows by approximating the integral at the critical
points of the potential (xa is not set near the local maximum x1) so that the
result independent from x. The transition rate is defined

kc =
1

τ

It is critical to understand the underlying assumptions for the previous estimate:
the fact that kc does not depend on x is due to the fast relaxation scale time
inside the potential well with respect to the escape time scale from the potential
well and to the quasi-stationary distribution that concentrates the particles near
the local minimal point where the effect of the potential can be approximated
by a parabolic potential: then we estimate τ ≃ τ(x) where x ≃ x0.
In a analogous way one considers the stationary solution in presence of a local
source at xs ≪ x0 and the absorbing barrier at x1 ≪ xa. The stationary
solution obeys to the differential equation

∂

∂x

∂V

∂x
ρ(x) +D

∂2ρ

∂x2
= −Jδ(x− xs)

that can be integrated

ρ(x) =
J

D
exp

(
−V (x)

D

)∫ xa

x

exp

(
V (y)

D

)
Θ(y − xs)dy

The parameter J defines the current at the absorbing barrier and the transition
rate can be computed as the ratio between J and the number of particles in the
potential well, kc = J/N where

N =
J

D

∫ x1

−∞
exp

(
−V (x)

D

)∫ xa

x

exp

(
V (y)

D

)
Θ(y − xs)dy dx (D.7)

and the Kramer’s estimate follows by approximating the integral (D.7). Assum-
ing that V (x) has a local minimum A and a local maximum B xs < xA < xB
We apply the previous results in the Hamiltonian case when the operator LFP

is a self-adjoint operator and the first passage time equation (D.3) is

∂

∂a
h2(a)

∂

∂a
τ(a) = −2

with lima→0 h(a) = 0. In the 1d case with an absorbing boundary condition at
xa, the equation reads

∂

∂a
τ(a) = − 2a

h2(a)

so that

τ(a) =

∫ xa

a

2x

h2(x)
dx a ≥ 0 (D.8)



Appendix E

Gaussian Processes

Given xj j = 1, .., n Gaussian variables we have the join distribution

ρ(x1, .., xn) = [(2π)ndet Σ]
−1/2

exp

(
−1

2
xTΣ−1x

)
where Σ is the correlation matrix. It is clear that the second moments have to
define all the higher order moments of the distribution. It exists an orthogonal
matrix O such that OTΣO = Λ where Λ is a diagonal matrix and we can
introduce the independent variables u = Otx with variance Λ. Then we compute

< xi1 ..xi2k > = ⟨Oi1,j1uj1 .....Oi2k,j2kuj2k⟩
(E.1)

=
∑

{(r1,s1),..,(rk,sk)}

Or1,j1Λj1Os1,j1 .....Ork,jkΛjkOsk,jk

=
∑

{(r1,s1),..,(rk,sk)}

Σr1,s1 .....Σrk,sk

where the sum runs over all the possible different k couples (not ordered) that
can be obtained from the sequence of index i1, ...., i2k and we have used the
definition Σ = OΛOT . In case the previous expression is independent from the
couples {(r1, s1), .., (rk, sk)}, we have

< xi1 ..xi2k >= (2k − 1)!!Σi1,i2 .....Σi2k−1,s2k

which generalizes the relations among the cumulants for Gaussian variables.
Let us consider a Örstein-Uhlenbeck process x(t) so that

< x(t)x(t+ τ) >= σ2 exp(−γ|τ |)

Given n-times t1 < t2 < ... < tn we can construct n Gaussian variables xi =
x(ti) whose correlation matrix reads

Cij = σ2 exp(γ|ti − tj |)

and the joint probability function is

ρ(x1, .., xn) = [(2π)ndetC]
−1/2

exp

(
−1

2
xTC−1x

)
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The inverse matrix C−1 has a very simple tri-diagonal structure

C−1 = σ−2


d1 −e1 0 .... 0 0 0
−e1 d2 −e2 .... 0 0 0

....
0 0 0 .... −en−2 dn−1 −en−1

0 0 0 .... 0 −en−1 dn


where introducing

ri =

{
0 i = 0

exp[−γ(ti+1 − ti)] 1 ≤ i ≤ n− 1

we define

ei =


0 i = 0

ri/(1− r2i ) 1 ≤ i ≤ n− 1

0 i = n

and
di = 1 + riei + ri−1ei−1

Let us explicitly compute

xTC−1x = σ−2
n∑

i=1

(dix
2
i − 2ei−1xixi−1)

then a direct substitution of the definitions give

σ−2
n∑

i=1

[
(1 + ri−1ei−1)x

2
i − 2ei−1xixi−1

]
+ σ−2

n∑
i=1

rieix
2
i =

σ−2
n∑

i=1

[
(1 + ri−1ei−1)x

2
i − 2ei−1xixi−1 + ri−1ei−1x

2
i−1

]
and finally we get the expression

n∑
i=1

(xi − ri−1xi−1)
2

σ2(1− r2i−1)

so that the joint distribution can be written in the form

ρ(x1, .., xn) = [(2π)ndetC]
−1/2

exp

(
−

n∑
i=1

(xi − ri−1xi−1)
2

2σ2(1− r2i−1)

)
Remark that the distribution is singular if ri = 1 (i.e. ti+1 = ti). After some
calculation we also get

detC−1 =

n∏
i=1

1

σ2(1− r2i−1)

Let us estimate the expectation value∫ n∏
i=1

xiρ(x)dx
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(n should be even otherwise the expression vanishes). According to the result
(A.1) we ave to consider all the possible n/2 couples obtained from the indexes
1, ..., n and compute the corresponding correlation coefficients. Starting from
the case (n, n− 1), (n− 2, n− 3), .., (2, 1) we have a contribution

σn exp

−γ
n/2∑
i=1

(t2i − t2i−1)


and all the other cases can be obtained by exchanging indexes among the cou-
ples. Any exchange between the indexes j, k (j > k) implies a factor

exp(−2γ(tj − tk)) tj > tk

which multiplies the previous contribution. Therefore in the white noise limit
γ, σ → ∞ and σ2/γ finite, we have the weak limit

∫ n∏
i=1

xiρ(x)dx→
n/2∏
i=1

δ(t2i − t2i−1)

Finally we consider the expression∫ t

0

dtn....

∫ t2

0

dt1⟨
n∏

i=1

x(ti)⟩ =
1

2n−1

〈(∫ t

0

x(s)ds

)n
〉

since we can exchange the integration indexes.
∫
x(s)ds is a Gaussian variable

and we have the relation∫ t

0

dtn....

∫ t2

0

dt1⟨
n∏

i=1

x(ti)⟩ = σn (n− 1)!!

2n−1

(∫ t

0

∫ t

0

exp(−γ|s− u|)dsdu
)n/2

This result has to be consistent with the relation (A.1) so that we get the
equality∫ t

0

dtn....

∫ t2

0

dt1⟨
n∏

i=1

x(ti)⟩ = σn (n− 1)!!

2n/2−1

(∫ t

0

∫ s

0

exp(−γ|s− u|)dsdu
)n/2

For a Gaussian variable x of average value < x > and variance σ2, we have the
following equality

< exp(x) >= exp

(
< x > +

σ2

2

)
(E.2)

For the proof we use the identity

< xn > = < ((x− < x >)+ < x >)n >=

n∑
j=0

n!

j!(n− j)!
< (x− < x >)j >< x >n−j

=

n/2∑
k=0

n!

2k!(n− 2k)!
(2k − 1)!!σ2k < x >n−2k
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then we get

< xn >=

n/2∑
k=0

n!

2kk!(n− 2k)!
σ2k < x >n−2k

Then we consider the exponential expansions

exp(< x >) exp

(
σ2

2

)
=
∑
m≥0

∑
k≥0

< x >m

m!

σ2k

2kk!
=
∑
n≥0

n/2∑
k=0

< x >m

(n− 2k)!

σ2k

2kk!

(n = m+ 2k) and

∑
n≥0

< xn >

n!
=
∑
n≥0

n/2∑
k=0

1

2kk!(n− 2k)!
σ2k < x >n−2k

The comparison between the two expressions gives the equation (A.2). We
remark that the algebraic properties of the exponential function are fundamental
for the proof.

The evolution of Gaussian processes is completely defined by the first and second
moment of the distribution and it is described by the Fokker-Planck equation

∂ρ

∂t
=
Dij

2

∂2ρ

∂xi∂xj
(E.3)

(Dij is a strictly positive defined symmetric matrix), with an initial condition
ρ(x, 0) = ρ0(x) and suitable boundary conditions. The equation (A.3) allows to
compute directly the evolution of the distribution moments. In particular the
mean value is zero and the covariance is

d < xhxk >

dt
=

∫
xhxk

∂ρ

∂t
dx =

∫
Dhkρdx = Dhk

Then the solution of eq. (A.3) with initial condition ρ0(x) = δ(x− x0) reads

ρ(x, t) =
1

(2π)n/2
√
DetDt

exp

(
− ((x− x0)D

−1(x− x0))

2t

)
with open boundary conditions. Since the equation is linear, any superposition
of the previous fundamental distribution, is still a solution of the FP equation. In
the one degree of freedom case, if one introduces a reflecting boundary condition
at x = 0 we can find a solution for x > 0 with initial condition ρ0(x) = δ(x−x0)
in the form

ρ(x, t) =
1√
2πDt

exp

(
− (x− x0)

2

2Dt

)
+

1√
2πDt

exp

(
− (x+ x0)

2

2Dt

)
Analogously the presence of an absorbing boundary condition at x = 0 can be
realized by the superposition

ρ(x, t) =
1√
2πDt

exp

(
− (x− x0)

2

2Dt

)
− 1√

2πDt
exp

(
− (x+ x0)

2

2Dt

)
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We remark as ρ(x = 0, t) = 0 and it is possible to evaluate the surviving
probability

dP

dt
=

∫ ∞

0

∂ρ

∂t
dx =

D

2

∫ ∞

0

∂2ρ

∂x2
dx = −D

2

∂ρ

∂x
(0, t)

that implies

P (t) = 1− D

2

∫ t

0

∂ρ

∂x
(0, t)dt

A direct computation gives

D

2

∂ρ

∂x
(0, t) =

x0√
2πDt3

exp

(
− x20
2Dt

)
If one considers an initial population density µ(x0), the probability flow on the
barrier is estimated

J(t) =

∫ ∫ Dt

0

x0√
2πu3

exp

(
−x

2
0

2u

)
duµ(x0)dx0

Let s = 1/u and y =
√
s we get the integrals∫ ∞

1/Dt

x0√
2πs

exp

(
−x

2
0s

2

)
ds =

∫ ∞

1/
√
Dt

2x0√
2π

exp

(
−x

2
0y

2

2

)
dy

and performing the final scaling v = yx0 we compute

J(t) =
2√
2π

∫ ∫ ∞

x0/
√
Dt

exp

(
−v

2

2

)
dvµ(x0)dx0 = 2

∫ (
1− Erf

(
x0√
Dt

))
µ(x0)dx0

(E.4)
This result is related to the estimate of the first passage time through a barrier
x = b. For the usual Brownian motion we have the definition

Tb = inf {t / wt = b}

with w0 = 0. Using the Markov property we get

P(wt > b / Tb < t) = P(wt−Tb
> 0)

i.e. since wTb
= b one evaluates the probability that the trajectory moves left

or right. By definition we get

P(wt > b / Tb < t) =
P(wt > b, Tb < t)

P(Tb < t)
=

P(wt > b)

P(Tb < t)

In a random walk we have

P(wt > b)

P(wt > b)
= P(wt−Tb

> 0) =
1

2

and we get the relation

P(Tb < t) = 2P(wt > b)
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Given the probability distribution ρ(x, t) we get

P(wt > b) =

∫ ∞

b

ρ(x, t)dx

which implies for the probability density

pb(t) = 2

∫ ∞

b

∂ρ

∂t
(x, t)dx = −D∂ρ∂x(b, t)

Therefore the probability density of the first passage time al b is two times the
density current at b.
In the case of an absorbing barrier at x = 0 one can solve the FP equation with
open boundary condition

∂ρ

∂t
=

∂

∂x
a(|x|)ρ+ D

2

∂2ρ

∂x2

(the solution at x = 0 is computed by continuity) and the required solution
is the difference between two solutions with symmetric initial conditions with
respect to the barrier. The probability flow at the barrier is twice the flow from
the right at x = 0

dp

dt
= −2

(
a(x)ρ+ +

D

2

∂ρ+
∂x

)
When a(|x|) > 0 we can use a stationary solution to estimate the current

a(x)ρs +
D

2

∂ρs
∂x

= 0 ⇒ ρs(x) ∝ exp

(
−2V (x)

D

)
where

V (x) =

∫
a(x)dx

and the normalization constant change in time according to 1 − p(t): this ap-
proximation is correct if the exit flow is sufficiently small to allow a relaxation
of the distribution.

E.1 Time ordering operator and averaging

Let ξ(s)D(s) a stochastic processes of linear time dependent operators, we con-
sider the linear equation

ẋ = ξ(t)D(t)x

whose formal solution reads

x(t) = T exp

(∫ t

0

ξ(s)D(s)ds

)
x0

where T is the time ordering operator

T D(t1)D(t2) =

{
D(t1)D(t2) if t1 ≥ t2

D(t2)D(t1) if t2 ≥ t1
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Indeed

T
(∫ t

0

D(s; ξ)ds

)n

=
∑

(j1,...,jn)

∫ t

0

ds1

∫ s1

0

ds2....

∫ sn−1

0

dsnξ(s1)....ξ(sn)T D(sj1)...D(sjn)

=
∑

(j1,...,jn)

∫ t

0

ds1

∫ s1

0

ds2....

∫ sn−1

0

dsnξ(s1)....ξ(sn)D(s1)...D(sn)

where the sum runs over all the possible permutation of the indexes (1, ..., n),
and we get

T exp

(∫ t

0

ξ(s)D(s)ds

)
=
∑
n≥0

∫ t

0

ds1

∫ s1

0

ds2....

∫ sn−1

0

dsnξ(s1)....ξ(sn)D(s1)...D(sn)

The averaging of the evolution operator gives the expression

∑
n

1

n!

〈
T
(∫ t

0

ξ(s)D(s)ds

)n
〉

and it is possible to proof that〈
T
(∫ t

0

ξ(s)D(s)ds

)n
〉

= T

〈(∫ t

0

ξ(s)D(s)ds

)n
〉

(E.5)

We proceed using an explicit computation〈
T

n∏
j=1

(∫ t

0

ξ(sj)D(sj)dsj

)〉
= n!

∫ t

0

ds1....

∫ sn−1

0

dsn−1 ⟨ξ(s1)...ξ(sn)⟩D(s1)...D(sn)

and analogously

T

〈
n∏

j=1

(∫ t

0

ξ(sj)D(sj)dsj

)〉

=
∑

(j1,...,jn)

∫ t

0

ds1....

∫ sn−1

0

dsn−1 < ξ(s1)....ξ(sn) > D(s1)...D(sn)(E.6)

The equation (E.5) follows.

There is a strict relation between Gaussian processes and the linear Fokker-
Planck equation

∂ρ

∂t
=

1

2
Dij(t)

∂2ρ

∂xi∂xj

where D(t) is a positive defined symmetric matrix. Let

Σ(t) =

∫ t

0

D(s)ds (E.7)
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the solution can be written in the form

ρ(x, t) =
1

(2π)n/2
√
detΣ(t)

exp

(
− (x− x0)Σ

−1(t)(x− x0)

2

)
(E.8)

To prove the assertion one considers the stochastic differential equation

dx =
√
D(t)dw

where dw are differential of Wiener processes and
√
D(t) is well defined since

D(t) is symmetric positive defined. It follows that x(t) is a Gaussian process
since it is a linear transformation of the Wiener process and, using the Ito
formula, its covariance cij= < xixj > satisfies the equation

dcij =< dxidxj >= Dij(t)

Then we recover eq. (E.7) and the distribution (E.8) is the probability density
of x(t) with the initial condition x(0) = x0. However the direct substitution of
(E.8) in the Fokker-Planck equation shows non-trivial identities: we have

1

2
Dij(t)

∂2ρ

∂xi∂xj
=

1

2
xΣ−1DΣ−1xρ− 1

2
Tr(DΣ−1)ρ

and
∂ρ

∂t
= −1

2
xD−1xρ− 1

detΣ

d

dt
detΣ

The first terms coincide since

d

dt
ΣΣ−1 = DΣ−1 +ΣD−1 = 0

that implies
Σ−1DΣ−1 = −D−1

To compute Tr(DΣ−1) we use the relation Σ(t) = OT (t)Λ(t)O(t) where Λ is a
diagonal matrix and O(t) an orthogonal matrix, then

D(t) =
dOT

dt
(t)O(t)Σ(t) + Σ(t)OT (t)

dO

dt
(t) +OT (t)

dΛ

dt
(t)O(t)

and we recall that

A(t) =
dOT

dt
(t)O(t)

is an antisymmetric matrix. Finally we have

Tr(DΣ−1) = Tr(A(t)Σ(t)Σ−1(t))− TrΣ−1(t)Σ(t)A(t) + TrOT (t)
dΛ

dt
(t)O(t)Σ−1

so that since TrA(t) = 0 we have

Tr(DΣ−1) = Tr

(
OT (t)

dΛ

dt
(t)Λ−1O(t)

)
=
dΛ

dt
(t)Λ−1 =

∑
i

1

λi

dλi
dt

This expression has to be compared with

1

detΣ

d

dt
detΣ =

d

dt
log detΣ =

d

dt

∑
i

log(λi(t))
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and the result follows.
The usual form of Gaussian distribution is related to the boundary conditions
at ±∞. In the case of an angle variable on a torus one has to impose periodic
boundary conditions and we get

ρ(θ) =
1√
2πσ

∞∑
k=−∞

exp

(
− (θ − 2πk)2

2σ

)
The normalizing condition requires∫ 2π

0

ρ(θ)dθ =
1√
2πσ

∞∑
k=−∞

∫ 2π(k+1)

2πk

exp

(
− θ2

2σ

)
dθ =

1√
2πσ

∫ ∞

−∞
exp

(
− θ2

2σ

)
dθ = 1

In this way one recover the fundamental solution of the diffusion equation

∂ρ

∂t
=
D

2

∂2ρ

∂θ2
θ ∈ [0 : 2π]

on the 1D torus with initial condition δ2π(θ)

ρ(θ, t) =
1√
2πDt

∞∑
k=−∞

exp

(
− (θ − 2πk)2

gt

)
An alternative approach considers the Fourier development of the solution

ρ(θ, t) =

k=∞∑
k=−∞

ck(t) cos(kθ)

that inserted in the diffusion equation gives

dck(t)

dt
= −Dk

2

2
ck(t) ck(t) =

1

2π
exp

(
−Dk

2

2
t

)
according to the initial condition. Then we get

ρ(θ, t) =

k=∞∑
k=−∞

exp

(
−Dk

2

2
t

)
cos(kθ)

which implies the remarkable identity

1√
2πDt

∞∑
k=−∞

exp

(
− (θ − 2πk)2

2Dt

)
=

1

2π

k=∞∑
k=−∞

exp

(
−Dk

2

2
t

)
cos(kθ)

The distribution tends exponentially to a stationary constant distribution.
An interesting example is a skew Hamiltonian system of the form

dθ = αIdt

dI = ϵdwt

The solution is a Gaussian distribution with covariance matrix

Σ(t) = ϵ2
(
α2t3/3 αt2/2
αt2/2 t

)
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with periodic boundary conditions. It can be written in the form

ρ(θ, I, t) =
1√

2πdetΣ(t)

∞∑
k=−∞

exp

[
− 6

α2ϵ2t3

(
θ − 2πk − αI

2
t

)2

− I2

2ϵ2t

]

where we set the initial condition I(0) = 0. The corresponding F-P equation
reads

∂ρ

∂t
= −αI ∂ρ

∂θ
+
ϵ2

2

(
t
∂2ρ

∂I2
+ αt2

∂2ρ

∂θ∂I
+
α2t3

3

∂2ρ

∂I2

)
We introduce the diffusion time τ = ϵ2t so that the previous equation reads

∂ρ

∂τ
= − α

ϵ2
I
∂ρ

∂θ
+

1

2

(
∂2ρ

∂I2
+ 2

α

ϵ2
τ
∂2ρ

∂θ∂I
+
α2

ϵ4
τ2
∂2ρ

∂θ2

)
whose solution is

ρ(θ, I, τ) =
1√

2πdetΣ(τ)

∞∑
k=−∞

exp

[
− 6ϵ4

α2τ3

(
θ − 2πk − αI

2ϵ2
τ

)2

− I2

2τ

]

In the diffusion scale time (ϵ2/α≪ 1) the solution is well approximated by

ρ(I, τ)
1√
2πτ

= exp

(
− I2

2τ

)
since the angle relaxes quickly to a uniform distribution (the variance is propor-
tional to α2/ϵ4). This result proves an averaging principle for the F-P equation
which admits a solution ρ(θ, I, τ) = ρ(I, τ) in the diffusion time scale.



Appendix F

Fokker-Planck equation and
Stochastic dynamical
systems

The statistical properties of stochastic dynamical systems

ẋ = a(x) + σ(x)ξ(t)

that satisfy the stochastic by a Fokker-Planck equation in the Stratonovich
interpretation

∂ρ

∂t
= − ∂

∂x
a(x)ρ+

1

2

∂

∂x
σ(x)

∂

∂x
σ(x)ρ (F.1)

performing the white noise limit for the fluctuation ξ(t). In a multidimensional
case the FP equation (F.1) reads

∂ρ

∂t
= − ∂

∂xk
ak(x)ρ+

1

2

∂

∂xk
σkj(x)

∂

∂xh
σhj(x)ρ

We consider the particular case when the differential form

dyk = σkh(x)dxh

is exact (at least closed). Then we have the condition

∂σkh
∂xl

− ∂σkl
∂xh

= 0

In such a case we can perform a change of variables ************** We intro-
duce a change of variable x = x(y) such that

dx

dy
= σ(x)

Remark: σ(x) ̸= 0 is an assumption to avoid singularity in the solution ρ(x, t).
Then we have the relation

ρ(x, t)dx = ρ(x, y)σ(x)dy = ρ̂(y, t)dy
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and we write the FP equation in the form

∂ρ̂

∂t
= − ∂

∂y

a(y)

σ(y)
ρ̂+

1

2

∂2ρ̂

∂y2
(C.2)

We consider the simple case a(y) = 0, then we have the Gaussian solution

ρ̂(y, t) =
1√
2πt

exp

(
− (y − y0)

2

2t

)
and in the initial variables

ρ(x, t) =
1√

2πσ2(x)t
exp

(
− (y(x)− y0)

2

2t

)
where

y(x) =

∫ x dx

σ(x)

Interestingly average value of y is constant < y >= y0 and we have no drift
term, but the average value < x > can be computed from the formula

dx =
dx

dy
dy +

1

2

d2x

dy2
dy2

where from our assumptions we have dy = dwt. Therefore we get the stochastic
differential equation

dx = σ(x)dwt +
1

2
σ(x)

dσ

dx
dt

The average dynamics reads

< ẋ >=
1

2

〈
σ(x)

dσ

dx

〉
and in the mean field approximation one gets

< ẋ >=
1

2
σ(< x >)

dσ

dx
(< x >)

A direct computation shows that

< ẋ >=

∫
x(y)

∂ρ̂

∂t
(y, t)dy = −1

2

∫
σ(y)

∂ρ̂

∂y
dy =

1

2

∫
σ(x)

dσ

dx
ρ(x, t)dx

The mean field approximation is valid when the distribution is peaked around
the mean value, the given the distribution ρ̂(y, t) which solves the FP equation
(C.2) we can approximate the evolution as

ρ̂(y, t+∆t) =
1√
2π∆t

∫
exp

(
−y − (Φ∆t(x))2

2∆t

)
ρ̂(x, t)dx

where Φt(x) is the phase flow associated to the average dynamics

< ẏ >=
a(< y >)

σ(< y >)
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(mean field approximation). Indeed for ∆t≪ 1 we have

Φ∆t(x) ≃ x+
a(x)

σ(x)
∆t = x+ â(x)∆t

We recall that the Gaussian

1√
2π∆t

exp

(
− (y − x̄)2

2∆t

)
is the solution of the FP equation

∂ρ

∂t
=

1

2

∂2ρ

∂y2

for any value x̄ with initial condition lim∆t→0 ρ = δ(x̄− x), therefore we get

1√
2π∆t

exp

(
− (y − x̄)2

2∆t

)
≃
[
δ((y − x̄) +

1

2

∂2

∂y
δ((y − x̄)∆t

]
Let x̄ = Φ∆t(x) ≃ x+ â(x)∆t, then we have to evaluate the integral∫

δ(y − x− â(x)∆t)

[
1 +

1

2

∂2

∂x2
∆t

]
ρ̂(x, t)dx =∫

δ((y − u)

[
ρ̂(u− â(u)∆t, t) +

1

2

∂2

∂y2
∆tρ̂(u, t)

](
1− ∂â

∂x
(u)∆t

)
du

where u = x+ a(x)∆t. Performing the integral, the final results is

ρ̂(y, t+∆t) = ρ̂(y, t)− ∂ρ̂

∂y
â(y)∆t− ρ̂(y, t)

∂â

∂y
∆t+

1

2

∂2ρ̂

∂y2
∆t

so that performing the limit ∆t → 0 we recover the FP equation (C.2). In the
mean field approximation can be applied, an approximate solution of the FP
equation (C.2) is written in the form

ρ̂(y, t) =
1√
2πt

∫
exp

(
−y − (Φt(x))2

2t

)
ρ̂(x)dx

This approximation may be applied if the drift term a(x)/σ(x) is small or the
effect of diffusion is limited. A better approximation is achieved by considering
a local linear approximation of the drift term

a(x)

σ(x)
≃ c0(x0) + c1(x0)(x− x0)

Then the solution is Gaussian with a local variance σ(t;x0)

dσ

dt
= c1(x0)σ(t) + 1 ⇒ 2

c1(x0)
(ec1t − 1)

and the formula (F) changes as

ρ̂(y, t) =
1√
2πt

∫
exp

(
−y − (Φt(x))2

2σ(t;x)

)
ρ̂(x)dx (F.2)
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F.1 Change of variables for the Laplacian oper-
ator: polar coordinates

We consider a 2D Laplacian operator of the form

1

2

∂

∂ri
σijD(rΣ−1r)

∂

∂rj
(F.3)

where Σ = σij is a positive defined symmetric matrix and

rΣ−1r =
∑
hk

rhσ
−1
hk rk

By performing an orthogonal transformation we can diagonalize the matrix Σ
and the operator (F.3) reads

1

2

∑
i

∂

∂ri
σ2
iD

(
r21
σ2
1

+
r22
σ2
2

)
∂

∂ri
(F.4)

Then we scale the variables ri → ri/σi and the new operator (F.4) is

1

2

∑
i

∂

∂ri
D(r21 + r22)

∂

∂ri
(F.5)

We perform the change of variables

J =
r21 + r22

2
θ = atan

r1
r2

on the Langevin dynamics associated to the Fokker-Planck equation with Lapla-
cian operator (F.5)

dri =
1

2

∂D

∂ri
dt+

√
D(J)dwi (F.6)

By a direct calculation using the Ito formula, we get

dJ = r1dr1 + r2dr2 +D(I)dt

dθ =
r2
2J
dr2 −

r1
2J
dr2

and the FP operator reads

−1

2

∂

∂J

(
r1
∂D

∂r1
+ r2

∂D

∂r2
+ 2D(J)

)
ρ− 1

2

∂

∂θ

(
r2
2J

∂D

∂r1
− r1

2J

∂D

∂r2

)
ρ

+
∂2

∂J2
JD(J)ρ+

1

4

∂2

∂θ2
ρ
D(J)

J

According to the definitions we have in the drift term

I21
2

∂D

∂J
+
I22
2

∂D

∂J
+D(J) =

∂

∂J
JD(J)

and the angular drift term cancels. We obtain a FP equation of the form

∂ρ

∂τ
= − ∂

∂J

∂

∂J
(JD(J))ρ+

∂2

∂J2
JD(J)ρ+

D(J)

4J

∂2ρ

∂θ2

that can be averaged on the angle variable

∂ < ρ >

∂τ
=

∂

∂J
JD(J)

∂ < ρ >

∂J
(F.7)


